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Problem set 3

Problem 1 Neutron scattering and magnetic moments

In the lecture we ignored the fact that the neutron carries a spin S = 1/2, in this exercise we want
to account for that simplification by also incorporating a spin-spin interaction into the interaction
Hamiltonian Ĥint. Assume that the latter is now given by

Ĥint = α∑
j

δ(R⃗ − r⃗j)
ˆ⃗Sn ⋅

ˆ⃗Sj , (1)

where ˆ⃗Sn denotes the spin operator of the neutron and ˆ⃗Sj may describe the spin of the nucleus
(but it can be considered to also represent the magnetic moment of an atomic or molecular orbital).
Show that the dynamical structure factor of this interaction (using the same notation as in the
lecture) is given by

S−+(q⃗, ω) =
1

N ∫
∞

−∞
dt eiωt

N

∑
j,l=1
⟪Ŝ−j (t)e

iq⃗⋅r⃗j(t)e−iq⃗⋅r⃗lŜ+l ⟫ . (2)

Hint: You may assume, that the spin of the incident neutron is polarized along the z-direction.

Problem 2 Polarization function of the harmonic oscillator

We consider a harmonic oscillator of a particle with mass M and oscillator frequency Ω, which is
described by the Hamiltonian

H =
P 2

2M
+
1

2
MΩ2X2 , (3)

where P denotes the (center of mass) momentum and X the displacement from its equilibrium
position.

(2.a) Let us first consider the classical case. Show that the classical polarization function is given
by

Π(q, t) = ⟨eiqX(t)e−iqX⟩ = e−q
2⟨X2

0 ⟩(1−cos(Ωt)) , (4)

with the initial condition X0 =X(t = 0).

(2.b) Compute the dynamical structure factor S(q,w) = ∫
∞
−∞ dt eiωtΠ(q, t).

(2.c) Now we consider the quantum mechanical case replacing X → X̂ and P → P̂ which obey
the canonical commutation relation for position and momentum operator. In this problem,
use the relation ⟪eᾱâ

†
eαâ⟫ = e−∣α∣2n(β) where â(†) denotes the usual ladder operators for
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the harmonic oscillator, α ∈ C and n(β) = 1
e−βΩ−1 . Show that quantum mechanically, the

polarization function is given by
Π(q, t) = eq

2g(t) , (5)

with g(t) = ⟨X̂2⟩ (cos(Ωt) − 1) − ix2
0 sin(Ωt) and the characteristic length scale x0 =

√
h̵

2MΩ

of the harmonic oscillator.
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