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Contents

• Last lecture:

• Machine Learning Intro – k-means exercise

• This Lecture:

• Fourier transform

• Focus on discrete signals (as in imaging)

• Inverse discrete Fourier transform - signal synthesis



Lecture material

• Some material taken from:

The Scientist and Engineer's Guide to Digital Signal Processing, 

copyright ©1997-1998 by Steven W. Smith

http://www.dspguide.com/



The Fourier Transform

• A mathematical operation which maps a function defined in the domain of 

space or time (x), to a function in the domain of wavelength or frequency (ξ)

• Where              given by the Euler’s formula:
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The Fourier Transform

• A mathematical operation which maps a function defined in the domain of 

space or time (x), to a function in the domain of wavelength or frequency (ξ)
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The Fourier Transform

• A mathematical operation which maps a function defined in the domain of 

space or time (x), to a function in the domain of wavelength or frequency (ξ)
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The Fourier Transform

• It is a complex formula:

• Imaginary part: describes the phase shift of each sinusoid with frequency (ξ)

• Magnitude: describes the amplitude (strength of the contribution) 

of a given frequency (ξ)

• In two dimensions:
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Properties

• Some properties of the Fourier Transform generally annotated as:
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Linearity:

Shift property:

Derivative property:
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Derivative property

• Why is it so useful?

• On differential equations:
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Derivative property

• Why is it so useful?

• On differential equations:
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Derivative property

• Why is it so useful?

• On differential equations:

• Through Fourier transform, differential equations are transformed 

into simple algebraic equations
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Convolution theorem

• Why is it so useful?

• The convolution theorem:

• Through Fourier transform, convolution operations are transformed 

into multiplications

• Filtering in signal/image processing can take place in the frequency domain

and then the signal can be converted back to space domain with inverse

Fourier transform

}{}{}{ gFfFgfF 



Rectangular signals

• Simple example:

• Rectangular pulse: )(xf

1,   -x0 ≤ x ≤x0

0,   |x|>x0

-x0 x0
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Discrete Fourier Transform

• In signal processing, the signals are very often in discrete form

• A discrete version of the Fourier Transform that assumes periodic signals is used:

• Transforms a finite sequence of equally spaced samples of f into a series of

complex-valued samples of the same length in the frequency domain

Where:

N is the length of samples vector taken from f (0->N-1)

n is an integer that ranges in [0,N-1]. It signifies the discrete signal index

k is an integer that ranges in [0,N-1]. It signifies the discrete frequency index
መ𝑓[k] is the set of complex numbers indicating the amplitude and frequency

Often: መ𝑓 𝑘 = ෍

𝑛=0

𝑁−1

𝑓 𝑛 ∙ 𝑐𝑜𝑠 2𝜋𝑘
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Discrete Signal Example

• Simple example:

• A continuous real and periodical signal in the form of: 

http://www.robots.ox.ac.uk/~sjrob/Teaching/SP/l7.pdf

)4cos(3)2/2cos(25)( tttf  



Discrete Signal Example

• Simple example:

• A continuous real and periodical signal in the form of:

• Then we create an equidistant discrete set of data spanning T = 1sec

by sampling 4 times (4/sec = 4 Hz) at t = 0 sec, ¼ sec, ½ sec, ¾ sec

)4cos(3)2/2cos(25)( tttf  

,

,

𝑓 0 = 𝑓 0 = 8 𝑓 1 = 𝑓 1/4 = 4

𝑓 2 = 𝑓 1/2 = 8 𝑓 3 = 𝑓 3/4 =0



DFT Example

• Simple example:

• Using Euler’s formula:

and

መ𝑓[𝑘] = ෍

𝑛=0

𝑁−1

𝑓[𝑛]𝑒−2𝜋𝑖𝑘𝑛/𝑁 = ෍

𝑛=0

3

𝑓[𝑛]𝑒−𝜋𝑖𝑘𝑛/2

መ𝑓[𝑘] = ෍

𝑛=0
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𝑓[𝑛]𝑒−2𝜋𝑖𝑘𝑛/𝑁 = ෍
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𝑓[𝑛] 𝑐𝑜𝑠 𝑘𝜋𝑛/2 − 𝑖 𝑠𝑖𝑛 𝑘𝜋𝑛/2

𝑓 0 = 8, 𝑓 1 = 4, 𝑓 2 = 8, 𝑓 3 = 0



DFT Example

• Simple example:

and

መ𝑓 0 = 𝑓 0 + 𝑓 1 + 𝑓 2 + 𝑓 3

መ𝑓 0 = 8 + 4 + 8 + 0 = 20

k = 0:

𝑓 0 = 8, 𝑓 1 = 4, 𝑓 2 = 8, 𝑓 3 = 0

መ𝑓[𝑘] = ෍

𝑛=0

𝑁−1

𝑓[𝑛]𝑒−2𝜋𝑖𝑘𝑛/𝑁 = ෍

𝑛=0

3

𝑓[𝑛] 𝑐𝑜𝑠 𝑘𝜋𝑛/2 − 𝑖 𝑠𝑖𝑛 𝑘𝜋𝑛/2



DFT Example

• Simple example:

and

መ𝑓 1 = 𝑓 0 + 𝑓 1 𝑒−2𝜋𝑖/4 + 𝑓 2 𝑒−4𝜋𝑖/4 + 𝑓 3 𝑒−6𝜋𝑖/4

መ𝑓 1 = 8 + 4 cos
𝜋

2
− 𝑖 sin

𝜋

2
+ 8 cos 𝜋 − 𝑖 sin 𝜋 + 0 = −4𝑖

k = 1:

𝑓 0 = 8, 𝑓 1 = 4, 𝑓 2 = 8, 𝑓 3 = 0

መ𝑓[𝑘] = ෍

𝑛=0

𝑁−1

𝑓[𝑛]𝑒−2𝜋𝑖𝑘𝑛/𝑁 = ෍

𝑛=0

3

𝑓[𝑛] 𝑐𝑜𝑠 𝑘𝜋𝑛/2 − 𝑖 𝑠𝑖𝑛 𝑘𝜋𝑛/2



DFT Example

• Simple example:

and

k = 2:

መ𝑓 2 = 𝑓 0 + 𝑓 1 𝑒−4𝜋𝑖/4 + 𝑓 2 𝑒−8𝜋𝑖/4 + 𝑓 3 𝑒−12𝜋𝑖/4

መ𝑓 2 = 8 + 4 cos 𝜋 − 𝑖 sin 𝜋 + 8 cos 2𝜋 − 𝑖 sin 2𝜋 + 0 = 12

𝑓 0 = 8, 𝑓 1 = 4, 𝑓 2 = 8, 𝑓 3 = 0

መ𝑓[𝑘] = ෍

𝑛=0

𝑁−1

𝑓[𝑛]𝑒−2𝜋𝑖𝑘𝑛/𝑁 = ෍

𝑛=0

3

𝑓[𝑛] 𝑐𝑜𝑠 𝑘𝜋𝑛/2 − 𝑖 𝑠𝑖𝑛 𝑘𝜋𝑛/2



DFT Example

• Simple example:

and

k = 3:

መ𝑓 3 = 𝑓 0 + 𝑓 1 𝑒−6𝜋𝑖/4 + 𝑓 2 𝑒−12𝜋𝑖/4 + 𝑓 3 𝑒−18𝜋𝑖/4

መ𝑓 3 = 8 + 4 cos
3𝜋

2
− 𝑖 sin

3𝜋

2
+ 8 cos 3𝜋 − 𝑖 sin 3𝜋 + 0 = 4𝑖

𝑓 0 = 8, 𝑓 1 = 4, 𝑓 2 = 8, 𝑓 3 = 0

መ𝑓[𝑘] = ෍

𝑛=0

𝑁−1

𝑓[𝑛]𝑒−2𝜋𝑖𝑘𝑛/𝑁 = ෍

𝑛=0

3

𝑓[𝑛] 𝑐𝑜𝑠 𝑘𝜋𝑛/2 − 𝑖 𝑠𝑖𝑛 𝑘𝜋𝑛/2



DFT Example

• Simple example:

and

መ𝑓 0 = 20, መ𝑓 1 = −4𝑖, መ𝑓 2 = 12, መ𝑓 3 = 4𝑖

𝑓 0 = 8, 𝑓 1 = 4, 𝑓 2 = 8, 𝑓 3 = 0

መ𝑓[𝑘] = ෍

𝑛=0

𝑁−1

𝑓[𝑛]𝑒−2𝜋𝑖𝑘𝑛/𝑁 = ෍

𝑛=0

3

𝑓[𝑛] 𝑐𝑜𝑠 𝑘𝜋𝑛/2 − 𝑖 𝑠𝑖𝑛 𝑘𝜋𝑛/2



DFT - Signal synthesis

• DFT:

• Inverse DFT:

• Discrete Fourier Transform (DFT) and signal synthesis (next slides)

መ𝑓[𝑘] = ෍

𝑛=0

𝑁−1

𝑓[𝑛]𝑒−2𝜋𝑖𝑘𝑛/𝑁

𝑓[𝑛] =
1

𝑁
෍

𝑛=0

𝑁−1

መ𝑓[𝑘]𝑒2𝜋𝑖𝑘𝑛/𝑁



DFT - Signal synthesis

• Simple example:

• A continuous signal in the form of: 

)4cos(3)2/2cos(25)( tttf  

1Hz 2HzDC



Sampling

• We have a periodic signal with frequency ξc

• When we sample that signal N times within a period then 

the sampling (measuring) frequency ξs is:

• The frequency bins we decompose our signal to are equidistant, 

starting from the lowest frequency ξc (in addition to a zero frequency) and spaced by:

• In our particular example, the signal has a period of T=1sec, thus ξc=1Hz 

• With N=4: ξs=4Hz, incrementing by Δξ = 1Hz from ξs=1Hz to higher frequencies

(including zero frequency)

Δ𝜉 =
𝜉𝑠

𝑁
= 𝜉𝑐

𝜉𝑠 = 𝑁 ∙ 𝜉𝑐



Nyquist Frequency

• In our example, sampling at ξs = 4Hz was a barely adequate sampling frequency

• Why? Because of the Nyquist-Shannon theorem

• The Nyquist-Shannon theorem tells us that: 

in order to fully determine a system via sampling, we need to sample with frequency 

(measuring frequency) at least twice the highest signal frequency component 

• Alternatively: the Nyquist frequency ξN, which is defined as the half of the sampling 

(measuring) frequency ξN = ξs/2, should be larger than the highest frequency of 

the signal

• In our example the highest signal frequency component is 2Hz 

• The sampling (measuring) was done at 4Hz, therefore the ξN = 4Hz / 2 = 2Hz is 

exactly equal to the highest frequency of the signal



Nyquist Frequency

• If the Nyquist-Shannon criterion is not fulfilled, then we observe aliasing

http://195.134.76.37/applets/AppletNyquist/Appl_Nyquist2.htmlR
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DFT - Signal synthesis

• Revisiting Discrete Fourier Transform (DFT)

• From 0 up to Nyquist frequency we increment by Δξ

• From Nyquist frequency on we decrement by Δξ

• “Negative” frequencies are just complex conjugates of the “positive” frequencies

• They can be interpreted as oppositely rotating phasors (but not as new frequencies)

𝑓 𝑛 መ𝑓 𝑘

+Δξ
−Δξ

https://www.gaussianwaves.com/buy-books/


DFT - Signal synthesis

• Our example:

• The frequencies for k=1 and k=3 are the same frequency: ξ1 = Δξ = ξ3 = ξ2 - Δξ

𝑓 𝑛 መ𝑓 𝑘

0    1    2    3 0    1    2 3

DC frequency 

component

“positive” 

frequency

“negative” 

frequency

Nyquist

frequency

https://www.gaussianwaves.com/buy-books/
https://www.gaussianwaves.com/buy-books/
https://www.gaussianwaves.com/buy-books/
https://www.gaussianwaves.com/buy-books/


DFT - Signal synthesis

• Each coefficient መ𝑓[k] signifies a contribution at frequency ξk, with:

• An amplitude of:

• And a phase of: 

• Where tan2 is the “two-argument tan”

𝑎𝑟𝑐𝑡𝑎𝑛2 𝐼𝑚 መ𝑓 𝑘 , 𝑅𝑒 መ𝑓 𝑘

1

𝑁
መ𝑓 𝑘 =

1

𝑁
𝑅𝑒 መ𝑓 𝑘

2
+ 𝐼𝑚 መ𝑓 𝑘

2



DFT - Signal synthesis

• Interpretation of DFT of our example signal:

• Amplitudes of:

መ𝑓 0 :
1

𝑁
𝑅𝑒 መ𝑓 𝑘

2
+ 𝐼𝑚 መ𝑓 𝑘

2
= 5

መ𝑓 1 :
1

𝑁
𝑅𝑒 መ𝑓 𝑘

2
+ 𝐼𝑚 መ𝑓 𝑘

2
= 1

መ𝑓 2 :
1

𝑁
𝑅𝑒 መ𝑓 𝑘

2
+ 𝐼𝑚 መ𝑓 𝑘

2
= 3

መ𝑓 3 :
1

𝑁
𝑅𝑒 መ𝑓 𝑘

2
+ 𝐼𝑚 መ𝑓 𝑘

2
= 1

መ𝑓 0 = 20, መ𝑓 1 = −4𝑖, መ𝑓 2 = 12, መ𝑓 3 = 4𝑖



DFT - Signal synthesis

• Interpretation of DFT of our example signal, መ𝑓[0] is 0Hz:

𝑎𝑟𝑐𝑡𝑎𝑛2 20,0 = 0

)4cos(3)2/2cos(25)( tttf  

DC

መ𝑓 0 :
1

𝑁
𝑅𝑒 መ𝑓 𝑘

2
+ 𝐼𝑚 መ𝑓 𝑘

2
= 5መ𝑓 0 = 20



DFT - Signal synthesis

• Interpretation of DFT of our example signal, መ𝑓[1] is Δξk = 1Hz:

• But also መ𝑓[3] will represent the same frequency (opposite rotation)

𝑎𝑟𝑐𝑡𝑎𝑛2 0,−4 = −
𝜋

2

መ𝑓 1 :
1

𝑁
𝑅𝑒 መ𝑓 𝑘

2
+ 𝐼𝑚 መ𝑓 𝑘

2
= 1መ𝑓 1 = −4𝑖



DFT - Signal synthesis

• Interpretation of DFT of our example signal, መ𝑓[3] is ξN - Δξk = 2Hz – 1Hz = 1Hz :

• Because of the opposite rotation we have ξN – (Δξk + φ) = 1Hz – π/2

𝑎𝑟𝑐𝑡𝑎𝑛2 0,4 =
𝜋

2

መ𝑓 3 :
1

𝑁
𝑅𝑒 መ𝑓 𝑘

2
+ 𝐼𝑚 መ𝑓 𝑘

2
= 1መ𝑓 3 = 4𝑖



DFT - Signal synthesis

• Interpretation of DFT of our example signal, መ𝑓[1] and መ𝑓[3] are 1Hz components:

)4cos(3)2/2cos(25)( tttf  

1Hz

መ𝑓 1 = −4𝑖

መ𝑓 3 = 4𝑖

መ𝑓 1 :
1

𝑁
𝑅𝑒 መ𝑓 𝑘

2
+ 𝐼𝑚 መ𝑓 𝑘

2
= 1

መ𝑓 3 :
1

𝑁
𝑅𝑒 መ𝑓 𝑘

2
+ 𝐼𝑚 መ𝑓 𝑘

2
= 1



DFT - Signal synthesis

• Interpretation of DFT of our example signal, መ𝑓[2] is 2Hz (Nyquist frequency):

𝑎𝑟𝑐𝑡𝑎𝑛2 12,0 = 0

)4cos(3)2/2cos(25)( tttf  

መ𝑓 2 :
1

𝑁
𝑅𝑒 መ𝑓 𝑘

2
+ 𝐼𝑚 መ𝑓 𝑘

2
= 3

2Hz

መ𝑓 2 = 12



DFT - Signal synthesis

• In this simple example

• with adequate sampling at just 4 points and DFT

• we could synthesize the whole underlying continuous signal

)4cos(3)2/2cos(25)( tttf  

1Hz 2HzDC



Thank you for your attention

Exam Date?

Tentatively the 27th of February. 10:00 – 13:00


