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® Inverse Transform example 1.

¢ Sample y from a uniform distribution U[0,1]

®* Normalize pdf f(x) = 3*x> and calculate cdf F(x) =y = x3/3
(if f(x) is a pure pdf, then it is already normalized)

® Invert cdf F(x) (solve for x) so that x=F1(y)
® xis then distributed according to f(x)
® Pseudo-code for f(x) = 3*x?
(next slide)

® Python code for f(x) = 3*x?
(gitlab)
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® Inverse Transform pseudo-code for f(x)=3*x?:

1 N = number of trials
2

3 FOR each trial in N
4 rand = random number [0, 1]
5

3 f = 3*x"2

7 F = x"3/3

8 ®x = rand”™(1/3)

9
10
11 END FOR
12

13 plot distribution of x

® Actual code In:
https://qitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/blob/main/InverseTransform/inverse transform.py



https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/blob/main/InverseTransform/inverse_transform.py
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® Inverse Transform example 2:

¢ Sample y from a uniform distribution U[0,1]

® Normalize pdf f(x) = sin(x) and calculate cdf F(x) =y = 1-cos(x)
(if f(x) is a pure pdf, then it is already normalized)

® Invert cdf F(x) (solve for x) so that x=F1(y)
® xis then distributed according to f(x)
® Pseudo-code for f(x) = sin(x) in (0,11/2)
(next slide)

® Python code for f(x) = sin(x) in (0,11/2)
(gitlab)
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® Inverse Transform pseudo-code for f(x)= sin(x) :

1 N = number of trials

2

3 FOR each trial in N

4 rand = random number [0, 1]
5

6 f = sin(x)

] F =1 - cos(x)

8 ¥ = arccos(l-rand)

9

10 END FOR
11
12 plot distribution of x

® Actual code In:
https://qitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/blob/main/SamplingFromSinx/SamplingFromSinx.py



https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/blob/main/SamplingFromSinx/SamplingFromSinx.py
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Monte Carlo
Gaussian: Box-Muller transform

Pseudo code for sampling from a Gaussian distribution
using the Box-Muller method:

® Two uniformly distributed [0,1] random numbers y,, y,

* z=.,-2In(y,) cos(2my,) is distributed according to a Gaussian
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Box-Muller Transformation
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®* Proof:

® The joint pdf distribution of two independent variables is the product
of their pdf's:  f(xy,x2) = f(x1) - f(x2)

® Let'sassume f(x;) and f(x,) Gaussian with mean at 0 and std 1:

1 —x,? 1 —x,2
Flx) = fitr) - fo(ap) = —=€  /2o—=¢ /2

V21 V2m
1 —(x12+x22) 1 —r2
=5 /2=%‘e 2| 72 = x,2 + x,?

fix1) f3(x2)
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®* Proof:

filx) = Py Uniform (angle) from O to 27 Y
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Expo(1)

Monte Carlo

Gaussian: Box-Muller transform

Uniform random numbers

1
DB _‘-:.i
06 [\
0.4 (2 *

0.2}

__\-_-:. L -:?:.1.-: '?:'..r"- iR

COF:F=[ftdr=[L] =2

21
x = 2wy,

Box-Muller Transformation

150

210

90 4
120 60
30
“ 0
330
240 300

For an one dimensional projection on each axis: cos(2my,) or sin(2my;)

,S = x2%/2
CDF:F = [Je~tdt =[-e7"]§ =
—e_xz/2 +1=y,= e_xz/2 =1-y,

In(e " 72) = In(1 —y,) > ~*°/, =

In(1 —y,)

= x =/=2In(1 — y,) = /—2In(y,)

T y
2

y, uniform [0, 1]
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Monte Carlo
Gaussian: Box-Muller transform

Pseudo code for sampling from a Gaussian distribution

using the Box-Muller method:

® Two uniformly distributed [0,1] random numbers y,, y,
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* z=.,-2In(y,) cos(2my,) is distributed according to a Gaussian

FOR

END

plot distribution of =z

number of trials

each
vyl =
y2 =

Z:

FOR

trial in N

random number [0, 1]
random number [0,1]

sgro(—2*1n(yl) ) *cos (2*Fpi*y2)

0.4 ¥

0.2

0.8 7.,

06 ..

Uniform random numbers

Box-Muller Transformation

S0 4
120 60
150 30
180 -
210 330
240 - 300
270

https://qitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/blob/main/BoxMueller/boxmueller transform.py



https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/blob/main/BoxMueller/boxmueller_transform.py
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Programming Exercise 3:
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® Let’s build our own simple (simplistic) MC simulation of particle transport

® Modelling of exact physical processes can be cumbersome. So assume simulation

of a fictional particle (you name it)

® Write a small MC simulation program that does the following:

® “Builds” a small, two dimensional homogeneous world with size 105x100 mm

from x=-5 to x=100 and y=-50 to y=50

® Creates a source of fictional particles at (x,y)(0,0) that are emitted towards the

X axis

® Assume that this type of particle has only two types of interaction

® Absorption
® Elastic scattering
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® Programming Exercise 3:

1) The particle source for you is simply the
starting position in space of your simulation

Monte Carlo Simulation
Programming Exercise

" & DY

Particle Source
(0,0)

World
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Monte Carlo Simulation
Programming Exercise

® Programming Exercise 3:

1) The particle source for you is simply the
starting position in space of your simulation

2) Then you will have to transport your particle
to the next interaction point:
® “Theory” shows that the particle path

T
NY

Particle Source
(0,0)
—
Step:
Path length

World

length is a stochastic process of exponential form| f(x) =e™ |, x (0,)
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® Programming Exercise 3:

® Distribution of particle path lengths

i |
1 1 ]

Path length [mm]
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Monte Carlo Simulation
Programming Exercise

® Programming ExerC|se3 |

1) The particle source for you is simply the
starting position in space of your simulation

2) Then you will have to transport your particle
to the next interaction point:
® “Theory” shows that the particle path

length is a stochastic process of exponential form| f(x) =e™ |, x (0,)

3) You have then to decide what process will take place (remember you have two

R & D)
World
Particle Source _
(0,0) Interaction
rrat
Step:
Path length

® Possibilities — Absorption or Elastic scattering). Again our “theory” tells us that

there is an 80% probability for Elastic scattering and 20% for Absorption

® If the particle is absorbed, its “history” ends there and you proceed to the next
particle from the source position and with direction X (step 1)
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® Programming ExerC|se3 |

1) The particle source for you is simply the
starting position in space of your simulation

2) Then you will have to transport your particle
to the next interaction point:
® “Theory” shows that the particle path
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Monte Carlo Simulation
Programming Exercise
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World
Particle Source _
(0,0) Interaction
Step: I Step:
Path length Path length -Direction

* Interaction

length is a stochastic process of exponential form| f(x) =e™*

, X (0,%)

3) You have then to decide what process will take place (remember you have two
® Possibilities — Absorption or Elastic scattering). Again our “theory” tells us that
there is an 80% probability for Elastic scattering and 20% for Absorption

® If the particle is absorbed, its “history” ends there and you proceed to the next
particle from the source position and with direction X (step 1)

4) If the particle is scattered, you will have to decide which direction:
® Past scattering “experiments” with this particle show that the distribution of

angles can be fitted with:  g(x) = xe~

x?/a?

® Resample next interaction point (step 2 and continue)

, X [0,180°] and a=25°
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® Programming Exercise 3:

® Distribution of particle scattering angles

- 14

=12

Scattering angles [degrees]
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®* Programming Exercise 3:

® Some technical hints:

1) Always check if the pdf's are normalized before sampling

2) The programming exercise is designed so that it can be easily solved
using Inverse Transformation

3) At some point during the normalization of the scattering angle pdf g(x),
you will find ¢~180%/625 Consider that equal to 0

4) Finally, the sampling of the angles will give you two possible
solutions (square root). Use again random numbers to decide
which one you will use

5) The world will be simply used in order to stop the simulation/tracking
of a particle when it exits the world area



Monte Carlo Simulation
Programming Exercise

| LubwiG- FACULTY OF PHYSICS

MAXIMILIANS-| CHAIR OF Exremmeurm. pnvsms
UNIVERSITAT | ey o .
MONCHEN

® Programming Exermse 3:

T

® Results:
® Angular distribution of scattered particles
® Path length distribution of particles
® Ratio of absorption— scattering interactions
® Do the above for a few different number of particles N
® Plot a 2D tracking for a couple of particles
® Assuming that you put detectors at x=5mm and x=20 mm,

score number of particles that cross them and the position distribution
of particles hitting the detector planes
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® Website of the lecture material (slides):

https://www?2.physik.uni-muenchen.de/lehre/vorlesungen/wise 23 24/Vorlesung -Computational-methods-in-medical-physics/index.html

® Exercises to be sent via email (G.Dedes@physik.uni-muenchen.de) as a zip file:

® Containing all source code and make files
® Short report on the findings

® The name of the zip file should be:
® Exercise3 FirstnamelLastname.zip


https://www2.physik.uni-muenchen.de/lehre/vorlesungen/wise_23_24/Vorlesung_-Computational-methods-in-medical-physics/index.html
mailto:G.Dedes@physik.uni-muenchen.de

