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Monte Carlo Simulation

• Everything discussed so far had to do with uniformly distributed “probability” of events

• We (almost*) always used uniform random sampling, uniform random number 

generators etc …

• In addition, we have not explained how to do a MC simulation

• When MC technique is used to solve a problem of statistical/probabilistic nature 

(for example radioactive nuclei decays), then the process is called MC Simulation

* With the exception of Importance Sampling that we’ll meet again in the next slides



Monte Carlo Simulation

• In MC Simulation, the function that we have to treat with the MC technique, 

represents the pdf of the possible outcomes of the process under study

• In some cases, this pdf is constant (uniform pdf) and a direct usage of 

a random number generator provides the solution to the simulation problem

(Everyday examples: Coin toss, Dice roll, Lottery, …)

• In a large number of other interesting cases, the pdf of the process is not uniform. 

Then we have to cope with non-uniform sampling

(Examples: Radioactive nuclei decay, Neutron elastic scattering, Stock market)

• We will study next methods for non-uniform sampling, else called 

“Sampling from (specific) distributions”



Monte Carlo

Inverse Transform method

• We have seen this method already in the Importance Sampling

• Quite simple and elegant, sometimes called the “Golden Rule for Sampling”

• First described in 1947 by von Neumann in a letter to Ulam:

• Sample y from a uniform distribution U[0,1]

• Normalize pdf f(x) and calculate cdf F(x)=y

(if f(x) is a pure pdf, then it is already normalized)

• Invert cdf F(x) (solve for x) so that x=F-1(y)

• x is then distributed according to f(x)



Monte Carlo

Inverse Transform method

• With F(x) being the cumulative of f(x), the slope of F(x) is related to the shape of f(x)

• By transforming a uniform y via x=F-1(y)

• Achieve sampling in a non-uniform x

• Denser (most probable sampling) where 

F(x) has a steeper slope

:

• Higher probability to get a random x in the 

region where the pdf f(x) is higher

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/InverseTransform

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/InverseTransform


Monte Carlo

Inverse Transform method

• Plotting the frequency of x will strongly resemble the pdf f(x)

(with some statistical fluctuation depending on the total number of trials)



Monte Carlo

Inverse Transform method

• Example of f(x) = sin(x) in (0,π/2)

• normalization:

• cdf calculation: 

• invert cdf:

• sample for uniform y (0, 1)
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sin 𝑡 𝑑𝑡 = 1 − cos 𝑥 = 𝑦

𝑥 = 𝑐𝑜𝑠−1 1 − 𝑦

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/SamplingFromSinx

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/SamplingFromSinx


Monte Carlo

Inverse Transform method

• There is always a “but”:

• In order to use the Inverse Transform method, cdf F(x) has to be known and 

be simple enough to be inverted

• There is a good number of cases that the application of the Inverse Transform is 

impossible or too complicated 

• In the next few slides we will present a flexible alternative called the 

Acceptance – Rejection method or simply Rejection method



Monte Carlo

Acceptance-Rejection method

• Assume that we want to sample x from the pdf f(x), but F(x)

quite complicated to cope with 

• Find a proposal pdf          normalized 

for which cdf G(x) is invertible 

• So that

for any x, and

𝑔(𝑥)

𝑀𝑔(𝑥) ≥ 𝑓(𝑥)

M∙

𝑀 ≥ 1



Monte Carlo

Acceptance-Rejection method

• Assume that we want to sample x from the pdf f(x), but F(x)

quite complicated to cope with 

• Find a proposal pdf          normalized 

for which cdf G(x) is invertible 

• So that

for any x, and

• Generate uniform yi U[0,M]

this step is exactly an Inverse Transform 

for   

• Transforms yi to xi=G-1(yi/M)

𝑀𝑔(𝑥)xi

yi

𝑔(𝑥)

𝑀𝑔(𝑥) ≥ 𝑓(𝑥)

𝑀 ≥ 1

M∙



Monte Carlo

Acceptance-Rejection method

• Assume that we want to sample x from the pdf f(x), but F(x)

quite complicated to cope with 

• The derived xi is distributed according to 

• As            envelopes f(x), xi might be 

distributed according to f(x) or might not

• From all the xi we have to get rid of the 

ones that are not distributed according to f(x)

• The ratio of xi that “belong” to f(x) is 

xi

𝑀𝑔(𝑥)

• In order to decide whether we keep or not xi according to the above ratio

we draw another uniform random number yj U[0,1]

𝑀𝑔(𝑥)

𝑓(𝑥𝑖)

𝑀𝑔(𝑥𝑖)

M∙



Monte Carlo

Acceptance-Rejection method

• Assume that we want to sample x from the pdf f(x), but F(x)

quite complicated to cope with 

• If then reject this xi

xi

yj

𝑦𝑗 >
𝑓(𝑥𝑖)

𝑀𝑔(𝑥𝑖)

M∙



Monte Carlo

Acceptance-Rejection method

• Assume that we want to sample x from the pdf f(x), but F(x)

quite complicated to cope with 

• If then reject this xi

• If then keep it and 

consider it as a random number 

distributed according to f(x)

𝑦𝑗 >
𝑓(𝑥𝑖)

𝑀𝑔(𝑥𝑖)

𝑦𝑗 ≤
𝑓(𝑥𝑖)

𝑀𝑔(𝑥𝑖)

xi

yj

M∙



Monte Carlo Simulation

• As already mentioned, the Monte Carlo method was not originally a 

simulation method, but a technique to solve multidimensional integro-differential 

equations

• The basis of the technique is to build a stochastic process (use of random numbers)

in order to solve this equation (we have seen how to solve integrals)

• It was soon realized that when this stochastic technique was applied to an equation

describing a physical/mathematical stochastic process, then the technique could be 

identified with the process itself

• This is then called an analog Monte Carlo and is the basic notion of an MC simulation

• Every “step” in the technique/method corresponds to an identical step of the 

simulated process



Monte Carlo Simulation

• In the case of a fully analog MC simulation, the natural laws 

(or the description we have of them) are preserved

• We are “imitating” what could happen to the particle, we try to reproduce an exact 

and realistic particle history

• There is also the non-analog MC simulation. We need it in order to reduce 

computational time, acquire statistically more significant results for more interesting 

cases/events

• In the case of non-analog or biased MC simulations, we “enhance” some probable 

outcomes, while we “suppress” some others, with the usage of biasing techniques:

• Absorption suppression

• Particle splitting

• Russian roulette

• Range rejection

• Interaction forcing

• …. 



Monte Carlo Simulation

• Main components of an MC simulation:

• Have a set of pdf’s that describe our physical/mathematical system

• A good uniform random number generator

• One or more sampling methods (worked with some simple ones 

during the last weeks). In this way we go from uniform random sampling to 

random “steps” that exactly reproduce the pdf of our system 

(ie particle interactions)

• Scoring of the results

• Error estimation. Variance determination as a function of at least the 

number of trials



Monte Carlo Simulation

Phase Space

• Phase Space is a concept of classical Statistical Mechanics

• Each dimension of the Phase Space represents a degree of freedom of the 

studied system

• For example, in the case of a simple pendulum, the momentum and the position 

can be the dimensions of a two-dimensional Phase Space



Monte Carlo Simulation

Phase Space

• Phase Space is a concept of classical Statistical Mechanics

• Each dimension of the Phase Space represents a degree of freedom of the 

studied system

• For the description of a particle:

• 3 dimensions correspond to the position in real space: x, y, z

• 3 dimensions correspond to the momentum: px, py, pz

• More dimensions can be the mass, particle type, spin, …

• Each particle is represented by a point in the Phase Space

• Time can be also considered as an extra dimension. Alternatively, it can be treated 

as an independent variable. In the latter case, the Phase Space will evolve in time 

and the variation of a point along a multi-dimensional trajectory will represent the 

“history” of a particle.



Monte Carlo Simulation

Boltzmann equation

• The Boltzmann equation is a conservation equation of particle “flow” in the 

Phase Space

• It involves the integration of particle interaction probabilities over position r (x, y, z), 

time t and over all directions Ω (Ω1, Ω2, Ω3) => multidimensional integration

• Φ(r, Ω, E, t) : particle fluence

• Ψ(r, Ω, E, t) : derivative of fluence with respect to the phase space coordinates

• E : particle energy

• Ω : initial particle propagation direction (flight path)

• Ω’ : particle propagation direction after interaction

• Σt : total cross section per unit path length

• Σ(Ω, E) : differential cross section per unit path length

1

𝑣

𝑑

𝑑𝑡
Ψ 𝒓,𝛀, 𝐸, 𝑡 + 𝛀 ∙ 𝜵Ψ 𝒓,𝛀, 𝐸, 𝑡 − Σ𝑡Ψ 𝒓,𝛀, 𝐸, 𝑡 + 𝑆 = ඵΣ 𝛀′ → 𝛀,𝐸′ → 𝐸 Ψ 𝒓,𝛀, 𝐸, 𝑡 𝑑𝐸′ 𝑑𝛀′



Monte Carlo Simulation

Boltzmann equation

• The Boltzmann equation is a conservation equation of particle “flow” in the 

Phase Space

• It involves the integration of particle interaction probabilities over position r (x, y, z), 

time t and over all directions Ω (Ω1, Ω2, Ω3) => multidimensional integration

time 

dependence

translation absorption

source

interaction - scattering
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Monte Carlo Simulation

Particle transport

• All particle transport calculations are attempts to solve the Boltzmann equation

• The latter is a balance equation in Phase Space: at any phase space point, 

the change of the particle flux in an infinitesimal Phase Space volume is equal to:

• Production: Sources, Translational motion in to the volume element, Scattering in, 

Particle production, Decay in to the volume element

• Destruction: Absorption, Translational motion out of the volume element, 

Scattering out, Decay outwards the volume element

Sum of all “production terms”

minus

Sum of all “destruction terms”



Monte Carlo Simulation

Particle transport

• A schematic example of applying Monte Carlo to particle transport and interactions:

1) Each particle is created with 

some properties (E, position, direction etc),

either predefined or selected from 

distributions using random numbers
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Particle transport

• A schematic example of applying Monte Carlo to particle transport and interactions:

1) Each particle is created with 

some properties (E, position, direction etc),

either predefined or selected from 

distributions using random numbers

2) The particle is transported along a step.

The length of the step is decided by random 

selection (total cross section)



Monte Carlo Simulation

Particle transport

• A schematic example of applying Monte Carlo to particle transport and interactions:

1) Each particle is created with 

some properties (E, position, direction etc),

either predefined or selected from 

distributions using random numbers

2) The particle is transported along a step.

The length of the step is decided by random 

selection (total cross section)

3) The type of interaction and the 

change of particle status is determined

by random selection (partial cross sections, 

interaction kinematics, …)



Monte Carlo Simulation

Particle transport

• A schematic example of applying Monte Carlo to particle transport and interactions:

1) Each particle is created with 

some properties (E, position, direction etc),

either predefined or selected from 

distributions using random numbers

2) The particle is transported along a step.

The length of the step is decided by random 

selection (total cross section)

3) The type of interaction and the 

change of particle status is determined

by random selection (partial cross sections, 

interaction kinematics, …)

4) Secondaries are stored for further simulation and a new particle step is again 

defined using random selection as in 1)



Monte Carlo Simulation

Discrete events

• Most of the interactions are described in a discrete way. The particle traverses a 

medium and according to the properties of the region and the particle an interaction 

takes place

• These kind of interactions are:

• Atomic interactions: 

• Photons: Compton, photoelectric, pair production, …

• Charged particles: bremsstrahlung, δ ray emission, …

• Nuclear interactions:

• Nuclear elastic scattering

• Nuclear inelastic reactions

• Absorption

• Decays

• Geometrical “events”: boundary crossing, escape



Monte Carlo Simulation

Continuous processes

• Nevertheless, especially for charged particles, there can be a very high number of 

interactions along a single step. For example, charged particle energy loss and 

scattering is the result of thousands discrete collisions (very CPU time consuming)

• A way around this problem is to simulate many discrete interactions as a 

“continuous” process all along the step. For example, all the collisions with 

the atomic electrons are “condensed” into a single energy loss dE/dx along 

the step and all the changes in directions 

to an overall scattering angle

• This is called the condensed-history

technique



Monte Carlo Simulation

Continuous processes

• Class I (condensed history models): 

all processes of a certain type are grouped together into a continuous process

• Class II (condensed history models): 

only some processes of a certain type, below some energy threshold, are grouped 

into a continuous process. The rest, above the energy threshold, are simulated explicitly



Monte Carlo Simulation

Variance and CPU time reduction

• The figure of merit for the efficiency of a MC estimation ran in a CPU is:

• Where σ is the standard deviation of our estimation and t is the CPU time needed

• In order to increase the efficiency we use techniques that either aim in reducing 

the variance or the CPU time (or combinations of both)

• Often reducing σ increases t and vice versa

• A careful selection is needed otherwise we produce unreliable results or 

explode CPU consumption

• The methods that reduce variance are called variance reduction techniques 

σ2 ∙ 𝑡



Monte Carlo Simulation

Basic rules of biasing

• The basic ideas of biasing can be explained from the Boltzmann equation

• which has two ingredients: particle fluence derivative Ψ and 

various operators acting on Ψ
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Monte Carlo Simulation

Basic rules of biasing

• The basic ideas of biasing can be explained from the Boltzmann equation

• which has two ingredients: particle fluence derivative Ψ and 

various operators acting on Ψ

• Both ingredients can be biased, leading to the assignment of a statistical weight to

each particle

• Actual Ψ can be replaced by a fictitious Ψ’. The weight w must be such that Ψ=w Ψ’

For example, each particle can be duplicated by assigning a statistical weight of 0.5 

to each new particle

• Operators are based on probability distribution functions (pdf)

• Total cross section Σ is probability of interaction per unit distance

• Differential cross section Σ(Ω,E) is probability distribution in energy and angle

• Sources are space-energy-angle pdf’s 

• …
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Basic rules of biasing

• The basic ideas of biasing can be explained from the Boltzmann equation

• which has two ingredients: particle fluence derivative Ψ and 

various operators acting on Ψ

• Both ingredients can be biased, leading to the assignment of a statistical weight to

each particle

• Actual Ψ can be replaced by a fictitious Ψ’. The weight w must be such that Ψ=w Ψ’

For example, each particle can be duplicated by assigning a statistical weight of 0.5 

to each new particle

• Operators are based on probability distribution functions (pdf)

• The pdf of an operator can be changed as P=w P’. For example for each photon, 

duplicate the cross section for photoelectric effect and assign a statistical weight of 

0.5 to each new photoelectron 
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