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Next semester

T

® Seminar and hands-on training on Monte Carlo applications for Medical Physics,
Lecturers: Dr. Dedes, Dr. Pinto,
Schellingstr. 4, HO22 (CIP-2), 2-hours/week
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A SIMULATION TOOLKIT

(a) phase |l pCT prototype scanner (b) Monte Carlo model



https://www2.physik.uni-muenchen.de/lehre/vorlesungen/sose_22/Vorlesung_Hands-on-training-on-Monte-Carlo-applicatiions-for--for-Medical-Physics-applications1/index.html
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® Programming exercise 2:

® Write a program that integrates a Gaussian function

2

flx) =e™™
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® Programming exercise 2:

® Write a program that integrates a Gaussian function

2

flx)=e™*
In [0,1] using three MC integration techniques:
® Sampling mean
® Importance sampling (hint use e™* as your g(x))
® Control variates (hint use e™ as your g(x))
® Correct answer with 6 decimal digits: 0.746824

® Compare the three methods in terms of convergence and
standard error of the mean
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® Website of the lecture material (slides):

https://www?2.physik.uni-muenchen.de/lehre/vorlesungen/wise 23 24/Vorlesung -Computational-methods-in-medical-physics/index.html

® Exercises to be sent via email (G.Dedes@physik.uni-muenchen.de) as a zip file:

® Containing all source code and make files
® Short report on the findings

® The name of the zip file should be:
® Exercise2_FirstnamelLastname.zip


https://www2.physik.uni-muenchen.de/lehre/vorlesungen/wise_23_24/Vorlesung_-Computational-methods-in-medical-physics/index.html
mailto:G.Dedes@physik.uni-muenchen.de

Monte Carlo Integration
Control Variates
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¢® Example: Estimation of the integral of f(x)=e'X2in [0,1]

® We can get similar shape in [0,1]
2l from g(x)=-0.6x2+1
08f
07} ® g(x) is easy to integrate:
:D.E\- 1 1
— — _ 2
05l I, = fg(x) dx = f( 0.6x“ + 1) dx
0 0
041 — f{x) = expl—x?) 3
— glx) =06+ | | I; ==06—+x| =08
|:}'SIIII 0.2 04 0.6 0.8 1 3 0

X

® Finally we just have to estimate the integral of a slowly varying function

Z[f(xl) g(x)1+1, which is more efficient since all the random points
i=0 will have a similar impact on the <f-g> estimation
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¢ Control variate general case:

®* What was shown on last time was:

b b b b
1= [ rdx = [[F@ - gl dx + | g dx = [[F ) = 9@ dx +1,

=2

® But once we find a general functional form of g(x), there can be infinite M-g(x)
that could be used

® How to we find the optimal M?
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® Ingeneral: [=MB-a)E[f(x)]= N Zf(xl)

® Let's assume a=0 and b=1 to avoid carrying that (b — a) factor
for the rest of the calculation

N
® For control variates we showed that : ' = %z[f(xi) —g(x)] + 1
i=1

N
1
® But more generally control variates are: I’ = Nz[f(xi) —M-gx)]+ M-I,
i=1

® The variance of f— Mg (variance of our I') is: 0f-yg = 05> —=2-M - Crg + M? - 0
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* And Cy is the covariance:

Crg = EL(f () = {f (D) - (g(x) = (g (x)))]

N
1
= = (PG = (N - (96 = g CoN)
=1
* From: UfZ—Mg =0p"=2-M-Cpg + M 'ng (eq. 1)

C
®* TheoptimalMis: M" = % (the proof will be given in the next slides)
g
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® How to obtain the value of M from (eq. 1):

2

2 _ 2 2
Of_pg =0f" —2-M-Crg + M* - gy

* Whenof p, =0
0=O'f2—2°M'Cfg+M2'O'g

¢ Solve second degree polynomial for M:

_ 2 2 2
O—O'f —2-M-Cfg+M + g
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A= 4(szg — afzagz) > (0 to have solutions

® Then the solution(s):

2 2 .2
2+ Crg VA Cfgi\/cfg_“ff’g
M* = > = > (eq 2)
2.0y ag
® Using (eq. 2)in (eq. 1) 0f 4 = 0f> —2-M - Crg + M? - agz:
2 _A
2 _ 2 Cfg B /4.
Of-m*g = Of g.2
g
e 2 _ icmini - . _ Y
Of_prg 1S minimal for A= 0, which then leads to M* = —= (eq. 3)

2
Og
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® Combining (eq. 1) and (eq. 3):

2 _ 2 2
Of_g = Of —2-M-Cfg+M + Oy

2 2

_ 2 _ 2 Cyg n Crg

= Of 5.2 5.2
g g

Crq® Cry”
2 fg 2 fg 2 2
= 0f“ — =0 1— =07 (1 —
f ng f ( 0f20g2> f ( pfg)
C
® Prg = 9 being the correlation coefficient and prg = 1 indicating max correlation

Or0g
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¢® Example: Estimation of the integral of f(x)=e'X2in [0,1]

® We can get similar shape in [0,1]
2l from g(x)=-0.6x2+1
08f
07} ® g(x) is easy to integrate:
:D.E\- 1 1
— — _ 2
05l I, = fg(x) dx = f( 0.6x“ + 1) dx
0 0
041 — f{x) = expl—x?) 3
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® Finally we just have to estimate the integral of a slowly varying function

Z[f(xl) g(x)1+1, which is more efficient since all the random points
i=0 will have a similar impact on the <f-g> estimation
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https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/ControlVariates

1 N = number of trials

2

2 FOR each trial in N
4 trial = random number [0,1]
5

o f = exp(—-trial”2)
7 g = -0.6*trial”2 + 1
8 f'= £f - g + 0.8

9
10 sum (L)
11 sum(qg)
12 sum(f"')

13

14 sum(£™2)

15 sum(g”2)

16 sum(£'"*2)

17 END FOR

18

19 I £ = sum(f)/N
20 I g = sum(g)/N
21 I f'= sum(f")/N
22

23 Var f = (N/N-1) * [sum(f*2)/N - (sum(f)/N)"2]
24 Var g = (N/N-1) * [sum(g”2)/N - (sum(g)/N)"2]
25 Var f' = (N/N-1) * [sum(f'"2)/N - (sum(f')/N)"2]

28 Print and plot



