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® Previous lecture:
¢ Started discussing the notion of the Monte Carlo technique

® Presented MC basic idea, which is a statistical/stochastic method to
solve integrals (Sampling mean and Hit-or-miss methods)

® Briefly mentioned a few simplistic methods for numerical calculation
of integrals

® This lecture:

® Monte Carlo estimators
® Advanced MC methods for integral estimation

® Random numbers and generators
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® Last lecture we saw how to perform integrations using MC
® An even more general application of the MC technique is it being

an estimator of the expected value of a function f(x) with x sampled according
to a probability density function (PDF) p(x) -> x(®):

b N
1
FIFOI = [ £ p) dx =1 ) FGx®)
a i=1

® The error on this estimate can be calculated as shown last week

® Itis NOT necessary that x is distributed uniformly. It can be any function p(x),
but it should be clear that the expected value we estimate depends on p(x)

® In the special case where itis distributed uniformly, p(x) = 1/(b-a) and:

Ef ()] = j F) dx = —z f)
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® Function p(x), what is its role in the equation?

N N
1 1
E[f(x)] = j () p(x) dx = NE fx) p(x) = Nz £(x®)

uniform x

=

SAT NS

weight according to p(x) estimator of E[f(x)] for each x

weighted according to p(x)
J

|

equivalent to non-uniform sampling x®
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® Inthe case of integrals, we assumed uniform sampling: p(x) = 1/(b-a) (weighting)

® Since the estimator is the arithmetic mean of f(x) within a given intervala<x<b

b N
1 1
Bl = — [ fe) de x5 ) )
a i=1

® We can simply calculate the integral by multiplying with (b - a):

b N
b —
[ = (b—a) E[f ()] = j F) dx = 2 ()
a i=1
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Although MC is a powerful estimator, in some instances convergence can be slow
or sampling from p(x) may be difficult

One can use refined/intelligent methods in order to enhance MC performance
® We will discuss two advanced MC sampling methods:

®* Importance sampling

® Control variates
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® Inthe general form, the estimator when sampling x from a distribution p(x) is:
1% 1%
FIFl = | f@p0 dr x5 ) f@p00) =3 Y FG®)
P =1 =1

® For several reasons, usually when we cannot easily sample from p(x), we use
a proposal function g(x) and apply “importance sampling™:

x (9D
B0l = [ 160 p) dx = [ 160 B gra = Nz ) _szﬁx@% F
P G

® Requirements: when p(x) > 0, then g(x) > 0, otherwise p(x) = g(x) =0

® Which means that we sample x from g(x) and we apply a weight w:

w(x) = ——= LO<W <+
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® We essentially still sample from the same distribution p(x), otherwise the estimator
would be different and that is the role of the weight w(x):

N N
1 1
FIFOI = [ F@ w0 g0 dr 3 Y F(x®) =3 w(x @)
P =1 =1

w=0.3 w=1.8 w=1.0 pP(X)
' 9(x)

® And the variance from that sampling is:

o X [P = fx®)]2 N wxO)f(x9) - f(xP))?
° = N - N
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It is a refined version of the MC sampling mean method described before

In the cases of rapid varying functions, the variance of our result is large

®* We would like to “flatten” our function so as to

reduce variance

For a very steep f(x), we can find a function
g(x) that behaves similarly in the integration
region [a,b], so that f(x)/g(x) is fairly flat
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® Itis arefined version of the MC sampling mean method described before

® Inthe cases of rapid varying functions, the variance of our result is large

1200

®* We would like to “flatten” our function so as to
reduce variance

1000 -

BoOr

® For a very steep f(x), we can find a function

g(x) that behaves similarly in the integration
region [a,b], so that f(x)/g(x) is fairly flat

BOO

400

200

® Then I=ff(x) dx becomes:

1 | |
1 1.2 1.4 1.6 1.6 2

b
_ _ f() f()
I—aff(x)dx g( ) g(x)dx (x)dG(x)
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¢ And the weighting function g(x)

should be normalized in [a,b]:

Monte Carlo Integration
Importance sampling
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It is a refined version of the MC sampling mean method described before

In the cases of rapid varying functions, the variance of our result is large

We would like to “flatten” our function so as to
reduce variance

For a very steep f(x), we can find a function
g(x) that behaves similarly in the integration
region [a,b], so that f(x)/g(x) is fairly flat

With G(x) = fg(x) dx

b
fg(x) dx =1
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* Taking I=ff(x)dx= @g(x)dx= @dG(x)

J g(x) ol g(x)

® And doing a variable change y = G(x) sothat x = G~1(y) (solved for x)

G(b)
f(Gr)) g
9(G1)) "

b
I=[f(x)dx=

G(a)

® The integral can be estimated as in the case of the simple sampling mean method

_G() = 6@\ G 0)

TN L@ o)
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® Going back to the example of f(x)=x%°-1in [1,2]

®* We select a weighting function g(x)=Cx10

1200

® The g(x) should be normalized in [1,2]
2 2

1000

8O0

fg(x)dx=f(,‘x1°dx=1
1

1

0o

11
C=om g

X X

® Th G(x) = dx = 11 0dx =
Then G(x) g(x)dx i) X dx=Y
1 1

400

200

* S0 G =y=-m— and x=6T'0) = [ -Dy + 1
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® So the estimation of | = ff(x) dx = @g(x) dx = @dG(x)
1

/ gx)

G(2) »
¢® Becomes: f(G—"»))

—_ [iJ}
g) (; 1

1000

® With g(1)=0and G2)=1

0o

® So that

400

200

IO fGEIO))

TN LG o0)
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® Forget for the moment the whole discussion about “flattening”

®* Are-interpretation of what happened is that we started from sampling the
function f over the domain of uniformly distributed x

N
b—a
== ;f(x.a)

® We reached at the point of sampling f/g again in the domain x but now starting
from a uniformly distributed y

N
_GB) -GN fE o))
N & g(GH ()

I

* with x = G~ (y)
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® So what we really did is to change from uniform sampling x to
non-uniform sampling x because x = G~1(y)

1200 T T T T

1000

® In our example:
¥ =G71(y) = [(21-D)y + 11

| o With y uniform in [0,1]

800

B00

400

Zo0r
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So what we really did is to change from uniform sampling x to

® In our example:
x=671(y) = [(1-1)y + 1]V

® Withy uniformin [0,1]

® Instead of using directly the flat random number

°
i ling x b =61
non-unirorm sampling X pecause X =

1000 ——
goo} s
800} A
Y
400} R
S
200} fy i
0 1 ; L Y L R e N o
1.2 1.4 1.6 1.8 2

value of random number

generator, we transformed it to an engine that
gives numbers according to a non-uniform
probability density function (pdf) g(x) and a
cumulative distribution function G(x)
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Assume again that we have a known function f(x), that varies very fast in the
region [a,b] where we want to estimate its integral

® We can always use the simple MC Sampling mean or Hit-or-miss methods,
but we started becoming a bit more skilled (and we want to keep this trend!)

® Back to probability theory:

Var(f —g) =Var(f) + Var(g) — 2Cov(f, g)
® This tells us that if we find such a known function g(x) for which:

Var(f — g) <Var(f)

Then we could estimate our f integral more efficiently (accurately - fast)
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Assume again that we have a known function f(x), that varies very fast in the
region [a,b] where we want to estimate its integral

We can always use the simple MC Sampling mean or Hit-or-miss methods,
but we started becoming a bit more skilled (and we want to keep this trend!)

Back to probability theory:

Var(f —g) =Var(f) + Var(g) — 2Cov(f, g)
This tells us that if we find such a known function g(x) for which:

Var(f — g) <Var(f)

For that we need 2Cov(f,g) >Var(g)

Which means that f and g are positively correlated => have similar shapes
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® Stating already a drawback of the method: I = f g(x) dx
has to be known a

® When the requirements mentioned so far are fulfilled, we can write:

b b b b
1= [ rdx = [[F@ - gl dx + | g dx = [[F ) = 9@ dx +1,

® Estimate | in the usual sampling mean way:

=2
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¢® Example: Estimation of the integral of f(x)=e'X2in [0,1]

1

0.9r

0.8

0.7r

fix )

0.6

0.5

0410 — fx) = exp(—x°)
— glx) = —0.6x°+1

|:}'S'EI 0.2 0.4 0.6 0.8

X

® We can get similar shape in [0,1]
from g(x)=-0.6x%+1

® g(x) is easy to integrate:

1 1
Iy = fg(x) dx = f(—0.6x2 +1)dx
0 0
x3 1
I, = —0.6?+x 0= 0.8

®* Finally we just have to estimate the integral of a slowly varying function

N
1
L= ) 16 = g Gl +1

which is more efficient since all the random points

i=0 will have a similar impact on the <f - g> estimation
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® The simple and straightforward uniform random sampling technique is
iInefficient when used on fast varying functions

® Not all subregions of [a,b] are of the same importance

® The effective result is like “wasting” random numbers
and the related calculations

®* We need to “flatten” the function f so as to get rid of less contributing subregions

® Either divide with a similarly behaving weighting function g
(equivalent to non-uniform sampling)

* Subtract g from f. When I, known then | is dependent on a more
stable function and uniform random sampling becomes efficient again
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The most important message of this slide is that the Monte Carlo technigue
IS NOT necessarily a simulation technique

It is a method to solve multidimensional integrals by using a stochastic process

The integrals might not even represent physical processes (they might of course do)
® We have been simply estimating areas between a function and the x-axis
¢ All those integrals had no randomness or stochastic nature
® They had well defined value, we just used a stochastic method to estimate them
Everything we did so far was no simulation of a stochastic/random process

To reach our final goal then, MC simulations, let’s discuss about randomness
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All this time we have been using random numbers like drawing floating point
numbers from a “magic black box”

Time to say a few things about how we get those numbers
=> Discuss about Random Number Generators (RNG)

Disclaimer: Random number generation is a mathematics research field by itself
=> we are not going to get even close to the very fundamentals of it
=> we are going to barely scratch the surface of the topic

® Nevertheless, for the “hardcore” enthusiasts:

® The Art of Computer Programming
D. E. Knuth
® Random Number Generators: Good Ones are Hard to Find
S. Park, K. Miller
® Mersenne Twister: A 623-dimensionally equidistributed uniform
pseudorandom number generator
M. Matsumoto, T. Nishimura
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® Random numbers are used in a wide variety of applications,
such as Natural Sciences, Economics, Insurance, Cryptography, Lotteries, Art ...

® There are different kinds of random numbers

® Real random numbers (RRN)
Obtained by some physical processes, mechanical devices and also humans

® Pseudo random numbers (PRN)
Produced by computer deterministic algorithms

® Quasi random numbers (QRN)
Correlated, non-independent number sequences uniformly distributed

® We will focus on pseudo random numbers (PRN) and generators
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Randomness by Dilbert
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® A short educative story by DILBERT about randomness:

DILBERT By Scorr Apams

OVER HERE
WE HAVE OUR
RANDOM NUMBER
GENERATOR.

————

NINE NINE
NINE NINE
NINE NINE

|

ARE
YOU

SURE
THAT'S
RANDOM?

.o[‘n[., © 2001 United Feature Syndicate. Ine
" o4

THAT'S THE
PROBLEM

WITH RAN-
DOMNESS
YOU CAN

NEVER BE
SURE.
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® We use a computer deterministic algorithm to create (almost) random numbers

Deterministic means that for exactly the same input parameters/conditions,
different invocations of the algorithm will yield the same result

® Some terminology:
® Seed: Initial state(s) used by the algorithm in order to start generation

® Pseudo-Random sequence: A set of PRNSs initiated by a seed

® Period: Repeated pattern in a PRN sequence
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®* Assume the following PRN sequence:

21 5’ 91 1’ 6’ 31 71 91 21 21 31 81 21 51 91 11 61 31 71 91 2’ 2’ 31 81
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®* Assume the following PRN sequence:

21 5’ 91 11 61 31 71 91 21 21 31 81 21 5’ 9’ 1’ 6’ 3’ 7’ 91 21 21 31 81

A repeated number
doesn’t necessarily
signify a period
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®* Assume the following PRN sequence:

21 5’ 91 11 6’ 37 77 91 21 2’ 31 81 21 51 91 1’ 61 3’ 7’ 9’ 21 21 31 81

A number repeated twice
also doesn’t necessarily
signify a period
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® Assume the following PRN sequence:

21 5’ 91 11 6’ 37 77 91 21 21 31 81 21 51 91 11 61 31 7’ 91 21 21 37 87

\ J |\ J
[ [

An exactly repeated pattern
though signifies a period
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®* Assume the following PRN sequence:

21 5’ 9’ 1’ 6’ 37 71 91 21 21 31 81 21 51 91 11 61 31 7’ 91 21 21 37 81

\ J |\ J
[ [

Period = 12 Period = 12
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® Properties of a PRN generator

Statistical properties: Uniform distribution, no correlations
Long period: Finite, but the longer the better (low repetitiveness)

Reproducibility: For various (testing) reasons,
results of applications based on RN should be reproducible
=> RN should be reproducible

Speed: We don’t want PRNG to be the main limiting factor in our application

Parallelizable: For cluster/parallel computing, need uncorrelated,
non-overlapping sequences

® Usually PRN are integers that are converted via normalization to
floating point numbers in the interval [0,1]
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® First described in the 11™ century, but put into practice by von Neumann in 1949
® The seed is a 4-digit number
® Square the seed

® Getthe 4 middle numbers of the result as a PRN and also use it as input
for the next iteration

_

7662 58706244 0.7062
7062 49871844 0.8718
2 8718 76003524 0.0035
3 0035 00001225 0.0012
4 0012 00000144 0.0001
5 0001 00000001 0.0000
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® First described in the 11™ century, but put into practice by von Neumann in 1949

The seed is a 4-digit number
Square the seed

Get the 4 middle numbers of the result as a PRN and also use it as input
for the next iteration

Fast convergence to 0!

An example of a bad PRN generator
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® A better algorithm is the Linear Congruential PRN generator

® Based on a very simple formula:

X, = (ax,_1 + b)mod m

® Starting from a seed integer number, we apply recursively the formula and get a
sequence of PRN

® a, b, mparameters are fixed
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® Let's do a simple example:

® a=4,b=3, m=5

X, = (4x,_1 + 3)mod 5

®* And let’s take x,=2 as seed

>

0 __|_PRN
2

]» Period = 2

w N
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® Let's retry a simple example in order to get a longer period:

Linear Congruential method

® a=3, b=4, m=5

X, = (3x,_1 +4)mod 5

®* And let’s take x,=2 as seed

0 __|_PRN

>

-  Period =4

o B~ W N B
N P B ODN
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® Now let’s do a really nasty trick:

® a=3, b=4, m=5

X, = (3x,_1 +4)mod 5

®* And let’s take x,=3 as seed
® Why does this happen?

NINE NINE
PRN NINE NINE
NINE NINE

o B~ W N B
W W W w w

www. dllbert.com  scotftademe® soi com
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® Yet another example:

Linear Congruential method

® a=1, b=4, m=5

Xp = (Xp_1 +4)mod 5

®* And let’s take x,=2 as seed

0 __|_PRN

>

- Period =5

O 01 A W N B
N W b~ O P DN
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® Yet another example:

® a=1, b=4, m=5

Xp = (Xp_1 +4)mod 5

®* How can we change a, b, X, to get a longer period for this specific generator?
® We basically can’t

® The period is defined by the m parameter. Why?



r

Monte Carlo
Linear Congruential method

LUDWIG-

MAXIMILIANS-
UNIVERSITAT
MUNCHEN

® An easy trick to allow us for a maximum period longer than m is:
Xn = f(x,—1)mod m period < m
Xn = f (¥n-1, Xn—z)mod m period < m*

; 3
Xn = f (Xn-1,Xn—2,Xp-3)mod m period < m
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1 1 m
®* Another example: 2 2
3 2
Xn = (ax,_1 + bx,_5 + c)mod m 4 0
5 1 i
® With a=1, b=1, c=2, m=3 6 0
and seeds x,, ;=1 , X, ,=2 v 0
8 2 _
X, = (X_1 + X, + 2)mod 3 2 1 h
10 2
11 2
12 0
13 1 i
14 0
15 0
2

=
(o))
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® In general the PRN generators of the type:

Xp = (@1 Xp_1 + ArXp_o + -+ apXp_p + c)mod m

are called Multiple Recursive generators

® Periods vary from 10°, which is considered rather short for nowadays
MC applications, to -for example- 108000

¢ Alist of other than Linear Congruential type of PRN generators can be found In:

http://en.wikipedia.org/wiki/List of pseudorandom number generators
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¢ Alast comment following the discussion about long periods:

1.0 DUUE-
035008
0.3 Do -
0.3 5008
0.3 Do
0.7 Z00;-
0.7 Do
0L 500 -
0.6 Do -
D.5500
D.5000
04 EUUE-
0.4 000
03500
0.3 D+
0.2 500
0.2 Do -
04500

01000
0.0500-
00000

Recall that a few slides ago we saw that a long periodicity
IS not the only requirement from a good PRN generator

For example, uniformity is another one:

1.0000:-
0.9500:-
0.9000:-
0. 5003
0.6 0003
0.7 5003
0.7 Doci-
0B&00:-
0.6000;-
055003
0.5000;-
0.4 500:-
0.4 000:-
0.3500;-
030003
0.2500;-
0.2 o
0.1500:-

0.1 000

0.0 500
0.0000-

20,0000 40,0000 a0.0000 G0.0000 1 DU.DDIDUD

xe[0,107%], y € [0, 1]
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Anyone who considers arithmetical methods of
producing random digits is, of course, in a state of

SIn.

(John von Neumann)




