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Past and next lectures’ content

• Next few slides:

• Monte Carlo exercise

• Convergence and error

• Expected value

• Standard error of the mean

• Confidence interval

• History-by-history variance

• Batch-based variance



Monte Carlo Integration

Programming exercise

• Programming exercise 1:

• Write two programs

that integrate 𝑓 𝑥 = cos2
1

𝑥

on (0,1] using the two MC integration techniques we learned:



Monte Carlo Integration

Programming exercise

• Programming exercise 1:

• Write two programs

that integrate 𝑓 𝑥 = cos2
1

𝑥

on (0,1] using the two MC integration techniques we learned:

• Sampling mean method

• Hit-or-miss method

• Hint: use a random number generator available to the 

programming language of your choice which returns numbers (0,1]

• For the two methods test and plot the convergence to the correct answer of 

0.326543 (with 6 decimal digits)

• For the two methods test and plot the standard error of the mean (SE)



Monte Carlo Integration

• Website of the lecture material (slides): 

• Exercises to be sent via email (G.Dedes@physik.uni-muenchen.de) as a zip file:

• Containing all source code and make files (no online notebooks)

• Short report on the findings

• The name of the zip file should be:

• Exercise1_FirstnameLastname.zip

https://www2.physik.uni-muenchen.de/lehre/vorlesungen/wise_23_24/Vorlesung_-Computational-methods-in-medical-physics/index.html

mailto:G.Dedes@physik.uni-muenchen.de


Monte Carlo Integration

Random number generator

• Random number generator:

• We will have a dedicated lecture about it later

• For the moment use it as a “black box”, but still check the output

• Some examples about it for Python and C++:

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/PyRandTest

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/CppRandTest

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/PyRandTest
https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/CppRandTest


Monte Carlo Integration

Terminology

• To avoid confusion in the next slides:

• Population: the whole universe of different outcomes of a stochastic problem

• Sample: a subset of the population
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Monte Carlo Integration

Convergence

• Convergence: graph of the result vs. the sample size

• Example graph:
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Monte Carlo Integration

Error

• Error: graph of the standard error of the mean vs. the sample size

• Example graph:
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Monte Carlo Integration

Statistical moments

• Population expected value: 𝐸 𝑋 = σ𝑖=1𝑝𝑖𝑋𝑖

where Xi is a random variable with probability of occurrence pi

• If we don’t know a priori the probabilities of the population pi but we are sampling 

a sample of size N, then the mean for that sample is:

ത𝑋 =
σ𝑖=1
𝑁 𝑋𝑖

𝑁
(coincides with the arithmetic mean of the sample)

• Strong law of large numbers: for 𝑁 → ∞ , ത𝑋 → E 𝑋

• This is how you will calculate the result within a sample in your exercise



Monte Carlo Integration

Error

• Very often, the error is estimated as:

• From a set of results/measurements, calculate the variance

𝜎2 = 𝐸 𝑋 − 𝐸 𝑋 2 =

=
σ𝑖 (𝑋𝑖 − ത𝑋)2

𝑁

• Then we assume this is the error and we quote the result with a ±σ

• This is a very simple and a usually very wrong estimate of the error

• Why? Let’s look into the Gaussian distribution code example:

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/BoxMueller

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/BoxMueller


Monte Carlo Integration

Central Limit Theorem

• Central limit theorem: 

the distribution of means, each of them coming from a sample of size N,

is Gaussian, regardless of the initial distribution we sampled from

• That’s the basis for treating the standard error of the mean as that from a Gaussian

N

N



Monte Carlo Integration

Error

• Standard error of the mean: 

෤𝜎 =
𝜎2

𝑁

where σ2 is the variance within the sample of size N

• Confidence Interval (CI) assuming Gaussian errors:

CI = ±𝑧 ∗
𝜎2

𝑁

• One of the two above should be used for error estimation (but NOT the variance!)

• Two methods to calculate the variance:

z = 1 => ±68% CI

, z = 1.96 => ±95% CI

z = 3 => ±99.7% CI



Monte Carlo Integration

Error

• History-by-history variance in a sample:

𝜎2 = 𝐸 𝑋 − 𝐸 𝑋 2 =

=
σ𝑖 (𝑋𝑖 − ത𝑋)2

𝑁

where 𝐸 is the expected value, 𝑋𝑖 a random variable and N is the sample size 

• In your exercise, for every sample 𝑋𝑖 (history-by-history) in a sample of size N 

you can calculate the variance of the sample as above

• Don’t forget that the standard error of the mean is: ෤𝜎 =
𝜎2

𝑁



Monte Carlo Integration

Error

• A more efficient form to implement in code:

𝜎2 = 𝐸 𝑋 − 𝐸 𝑋 2 = 𝐸 𝑋2 − 𝐸 𝑋 2

=෍

𝑖

𝑝𝑖𝑋𝑖
2 − ෍

𝑖

𝑝𝑖𝑋𝑖

2

=
σ𝑖 𝑋𝑖

2

𝑁
−

σ𝑖 𝑋𝑖
𝑁

2

where 𝐸 is the expected value of a quantity, 𝑝𝑖 the probability of occurrence of 𝑋𝑖
and N is the sample size 



Monte Carlo Integration

Error

• History-by-history variance in a sample:

• Attention! As we are estimating the error of the population from the variance 

of the sample we need to add a correction factor which is only important for 

for small sample sizes we need to apply Bessel’s correction N/(N-1)

• So the general formula becomes:

𝜎2 = 𝐸 𝑋 − 𝐸 𝑋 2 = 𝐸 𝑋2 − 𝐸 𝑋 2

=෍

𝑖

𝑝𝑖𝑋𝑖
2 − ෍

𝑖

𝑝𝑖𝑋𝑖

2

=
𝑁

𝑁 − 1

σ𝑖 𝑋𝑖
2

𝑁
−

σ𝑖 𝑋𝑖
𝑁

2

• or 𝜎2 =
σ𝑖 (𝑋𝑖 − ത𝑋)2

𝑁 − 1



Monte Carlo Integration

Error

• Batch-based variance:

𝜎2 =
σ𝑏=1
𝐵 𝑋𝑏 − 𝑋𝐵

2

𝐵

where 𝐵 is the number of samples (else called batches), each of size N, 

𝑋𝑏 the mean in batch b and 𝑋𝐵 the mean over all batches  

• Or the with Bessel’s correction: 

• For your exercise, you can for batch size N calculate B batches and get the 

batch based standard error of the mean from the variance above

𝜎2 =
σ𝑏=1
𝐵 𝑋𝑏 − 𝑋𝐵

2

𝐵 − 1



Monte Carlo Integration

Error

• Let’s look at the implementation of the history-by-history error estimation 

in a MC calculation of π:

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/MonteCarloPIcalc

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/MonteCarloPIcalc


Monte Carlo Integration

Thank you for your attention


