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The convolution operation

• We define the convolution operation 𝑓 ∗ 𝑔 as:

ℎ 𝑡 = 𝑓 ∗ 𝑔 𝑡 = න
−∞

∞

𝑓 τ 𝑔 𝑡 − τ 𝑑τ

and we say that the function h is the convolution of the functions f and g.

• The operation is similarly defined in higher dimensional spaces



The convolution operation

• Schematic representation of convolution x*h (special case f(t)=1)
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f

f

f(t)*g(t)

𝑓 ∗ 𝑔 𝑡 = න
−∞

∞

𝑓 τ 𝑔 𝑡 − τ 𝑑τ



• Convolution can also be defined for discrete signals

• In the majority of the time this is the type of signals we deal with

• The length of the final vector is:

The convolution operation

      mxgmfxgf
m

 




length (f) + length (g) - 1



The convolution operation

Example:       mxgmfxgfxh
m

 




][
f= [1, 4, 7]

g=[3, 5, 2]

Index 0

Index 1

Index 2



The convolution operation

Example:       mxgmfxgfxh
m

 




][

       3]0[]0[0  




gfmgmfgf
m

f= [1, 4, 7]

g=[3, 5, 2]

Index 0

Index 1

Index 2



The convolution operation

Example:

      

    173*45*1]0[]1[]1[]0[1]1)[(

3]0[]0[0
















gfgfmgmfgf

gfmgmfgf

m

m

f= [1, 4, 7]

g=[3, 5, 2]

Index 0

Index 1

Index 2

      mxgmfxgfxh
m

 




][



The convolution operation

Example:

      

   

    433*75*42*1]0[]2[]1[]1[]2[]0[2]2)[*(

173*45*1]0[]1[]1[]0[1]1)[(

3]0[]0[0

























gfgfgfmgmfgf

gfgfmgmfgf

gfmgmfgf

m

m

m

f= [1, 4, 7]

g=[3, 5, 2]

Index 0

Index 1

Index 2

      mxgmfxgfxh
m

 




][



The convolution operation

Example:

      

   

   

    4307*52*40]0[]3[]1[]2[]2[]1[]3[]0[3]3)[*(

433*75*42*1]0[]2[]1[]1[]2[]0[2]2)[*(

173*45*1]0[]1[]1[]0[1]1)[(

3]0[]0[0

































gfgfgfgfmgmfgf

gfgfgfmgmfgf

gfgfmgmfgf

gfmgmfgf

m

m

m

m

f= [1, 4, 7]

g=[3, 5, 2]

Index 0

Index 1

Index 2

      mxgmfxgfxh
m

 




][



The convolution operation

Example:

      

   

   

    4307*52*40]0[]3[]1[]2[]2[]1[]3[]0[3]3)[*(

433*75*42*1]0[]2[]1[]1[]2[]0[2]2)[*(

173*45*1]0[]1[]1[]0[1]1)[(

3]0[]0[0

































gfgfgfgfmgmfgf

gfgfgfmgmfgf

gfgfmgmfgf

gfmgmfgf

m

m

m

m

f= [1, 4, 7]

g=[3, 5, 2]

Index 0

Index 1

Index 2

0 0

      mxgmfxgfxh
m

 




][



The convolution operation

Example:

      

   

   

   

    147*2]2[]2[4]4)[*(

4307*52*40]0[]3[]1[]2[]2[]1[]3[]0[3]3)[*(

433*75*42*1]0[]2[]1[]1[]2[]0[2]2)[*(

173*45*1]0[]1[]1[]0[1]1)[(

3]0[]0[0









































gfmgmfgf

gfgfgfgfmgmfgf

gfgfgfmgmfgf

gfgfmgmfgf

gfmgmfgf

m

m

m

m

m

f= [1, 4, 7]

g=[3, 5, 2]

Index 0

Index 1

Index 2

      mxgmfxgfxh
m

 




][



The convolution operation

Example:

      

   

   

   

   

    05]5)[*(

147*2]2[]2[4]4)[*(

4307*52*40]0[]3[]1[]2[]2[]1[]3[]0[3]3)[*(

433*75*42*1]0[]2[]1[]1[]2[]0[2]2)[*(

173*45*1]0[]1[]1[]0[1]1)[(

3]0[]0[0

















































mgmfgf

gfmgmfgf

gfgfgfgfmgmfgf

gfgfgfmgmfgf

gfgfmgmfgf

gfmgmfgf

m

m

m

m

m

m

f= [1, 4, 7]

g=[3, 5, 2]

Index 0

Index 1

Index 2

.

.

.

      mxgmfxgfxh
m

 




][



The convolution operation

Example:

      

   

   

   

   

    05]5)[*(

147*2]2[]2[4]4)[*(

4307*52*40]0[]3[]1[]2[]2[]1[]3[]0[3]3)[*(

433*75*42*1]0[]2[]1[]1[]2[]0[2]2)[*(

173*45*1]0[]1[]1[]0[1]1)[(

3]0[]0[0

















































mgmfgf

gfmgmfgf

gfgfgfgfmgmfgf

gfgfgfmgmfgf

gfgfmgmfgf

gfmgmfgf

m

m

m

m

m

m

f= [1, 4, 7]

g=[3, 5, 2]

Index 0

Index 1

Index 2

   14,43,43,17,3 gfh

      mxgmfxgfxh
m

 




][



The convolution operation

• The convolution operation appears in many fields and applications:

• The potential of a field caused by an extended body (Physics)

• The distribution of the sum of two random variables (Probability)

• Filtering (Image processing)

• Image deblurring (Image processing)

• Spectra unfolding (Radiation detection)

• Dose calculation in radiation therapy (Medical Physics)



The convolution operation

• The convolution operation appears in many fields and applications:

• The potential of a field caused by an extended body (Physics)

• The distribution of the sum of two random variables (Probability)

• Filtering (Image processing)

• Image deblurring (Image processing)

• Spectra unfolding (Radiation detection)

• Dose calculation in radiation therapy (Medical Physics)

• Why the convolution operation appears in so many, seemingly completely 

different problems?



The convolution operation

General example

• The electrostatic problem (electrostatic energy):

𝐸 Ԧ𝑟 = 𝑘 𝑅3׬ 𝜌 𝑢 𝑑𝑉
𝑞 Ԧ𝑟

Ԧ𝑟−𝑢

𝐸 Ԧ𝑟 = 𝜌 Ԧ𝑟 ∗
𝑞𝑘

Ԧ𝑟

dV

Body B

O
Ԧ𝑟

𝑢

Ԧ𝑟 − 𝑢

ℎ 𝑡 = 𝑓 ∗ 𝑔 𝑡 = න
−∞

∞

𝑓 τ 𝑔 𝑡 − τ 𝑑τ, 𝑡 → 𝑟 𝑎𝑛𝑑 𝜏 → 𝑢

𝐶ℎ𝑎𝑟𝑔𝑒 = 𝑞



The convolution operation

General example

• The electrostatic problem: 

What is the electrostatic energy of experienced by a point charge q

from a charged Body with charge density ρ(r) ? 

𝑬 𝒓 = 𝝆 𝒓 ∗
𝒒𝒌

𝒓



The convolution operation

General example

• The electrostatic problem: 

What is the electrostatic energy of experienced by a point charge q

from a charged Body with charge density ρ(r) ? 

𝑬 𝒓 = 𝝆 𝒓 ∗
𝒒𝒌

𝒓

This is Coulomb’s law

(a Universal Law)



The convolution operation

General example

• The electrostatic problem: 

What is the electrostatic energy of experienced by a point charge q

from a charged Body with charge density ρ(r) ? 

𝑬 𝒓 = 𝝆 𝒓 ∗
𝒒𝒌

𝒓

This is Coulomb’s law

(a Universal Law)

This is an arbitrary

charge distribution

(it may be different in

every problem)



The convolution operation 2D

• Just as in the continuous case, convolution can also be defined 

for discrete signals of higher dimensions:

      nymxgnmfyxgf
nm

 








,,,



The convolution operation 2D

• Just as in the continuous case, convolution can also be defined 

for discrete signals of higher dimensions:

• Example:

      nymxgnmfyxgf
nm

 








,,,

Input f Kernel g Result f*g

* = ?
-1 -2 -1

0 0 0

1 2 1

1 2 3

4 5 6

7 8 9



The convolution operation 2D

• Example:       nymxgnmfyxgf
nm

 








,,,

Input f Kernel g

*
1 2 3

4 5 6

7 8 9

-1 -2 -1

0 0 0

1 2 1



*
-1 -2 -1

0 0 0

1 2 1

1 2 3

4 5 6

7 8 9

The convolution operation 2D

• Example:       nymxgnmfyxgf
nm

 








,,,

0

1

2

y\x 0 1 2

0

1

2

y\x 0 1 2

           10,0]0,0[)0,]0,[(,,0,0  












gfmgmfnmgnmfgf
mnm

Input f Kernel g



The convolution operation 2D

• Example:       nymxgnmfyxgf
nm

 








,,,

          

    40,0]1,0[1,0]0,0[

)0,]1,[1,]0,[(1,,1,0



 












gfgf

mgmfmgmfnmgnmfgf
mnm

           10,0]0,0[)0,]0,[(,,0,0  












gfmgmfnmgnmfgf
mnm

*
-1 -2 -1

0 0 0

1 2 1

1 2 3

4 5 6

7 8 9

0

1

2

y\x 0 1 2

0

1

2

y\x 0 1 2

Input f Kernel g



The convolution operation 2D

• Example:       nymxgnmfyxgf
nm

 








,,,

          

    40,0]1,0[1,0]0,0[

)0,]1,[1,]0,[(1,,1,0



 












gfgf

mgmfmgmfnmgnmfgf
mnm

           10,0]0,0[)0,]0,[(,,0,0  












gfmgmfnmgnmfgf
mnm

Continue like that until we fill a matrix with dimensions x’ = xf + xg -1 and y’ = yf + yg -1

*
-1 -2 -1

0 0 0

1 2 1

1 2 3

4 5 6

7 8 9

0

1

2

y\x 0 1 2

0

1

2

y\x 0 1 2

Input f Kernel g



The convolution operation 2D

• Example:       nymxgnmfyxgf
nm

 








,,,

Input f Kernel g

* =

-1 -4 -8 -8 -3

-4 -13 -20 -17 -6

-6 -18 -24 -18 -6

4 13 20 17 6

7 22 32 26 9

1 2 3

4 5 6

7 8 9

-1 -2 -1

0 0 0

1 2 1



Filtering

• Filtering:

Original image

What is the result of 

this filter?

























00100

01110

11111

01110

00100

13

1



The convolution operation 2D

• Example (with a trick):       nymxgnmfyxgf
nm

 








,,,

=
Result f*g

?
Input f Kernel g

*
1 2 3

4 5 6

7 8 9

-1 -2 -1

0 0 0

1 2 1



The convolution operation 2D

• Example (with a trick):

• Take kernel g

      nymxgnmfyxgf
nm

 








,,,

Kernel g

-1 -2 -1

0 0 0

1 2 1



The convolution operation 2D

• Example (with a trick):

• Take kernel g, flip it in both dimensions

      nymxgnmfyxgf
nm

 








,,,

Kernel g

1 2 1

0 0 0

-1 -2 -1



The convolution operation 2D

• Example (with a trick):

• Take kernel g, flip it in both dimensions

• Apply it on the input (element by element multiplication and addition)

      nymxgnmfyxgf
nm
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= -13



The convolution operation 2D

• Example (with a trick):

• Take kernel g, flip it in both dimensions

• Apply it on the input (element by element multiplication and addition)
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The convolution operation 2D

• Example (with a trick):

• Take kernel g, flip it in both dimensions

• Apply it on the input (element by element multiplication and addition)
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The convolution operation 2D

• Example (with a trick):

• Take kernel g, flip it in both dimensions

• Apply it on the input (element by element multiplication and addition)
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The convolution operation 2D

• Example (with a trick):

• Take kernel g, flip it in both dimensions

• Apply it on the input (element by element multiplication and addition)

      nymxgnmfyxgf
nm

 

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The convolution operation 2D

• Example (with a trick):

• Take kernel g, flip it in both dimensions

• Apply it on the input (element by element multiplication and addition)

      nymxgnmfyxgf
nm

 

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The convolution operation 2D

• Example (with a trick):

• Take kernel g, flip it in both dimensions

• Apply it on the input (element by element multiplication and addition)

      nymxgnmfyxgf
nm

 








,,,

Kernel g

1 2 1

0 0 0

-1 -2 -1

Input f Kernel g

* =

-1 -4 -8 -8 -3

-4 -13 -20 -17 -6

-6 -18 -24 -18 -6

4 13 20 17 6

7 22 32 26 9

1 2 3

4 5 6

7 8 9

-1 -2 -1

0 0 0

1 2 1

(Image filtering)



Filtering

• Filtering: a signal (or filter, or kernel) g is used to modify another signal f

• Some examples from image filtering

      mxgmfxgf
m

 






Filtering

• Filtering:

Original image
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Filtering

• Filtering:

Original image
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Filtering

• Filtering:
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Filtering

• Filtering:

Original image

What is the result of 

this filter?
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Filtering

• Filtering:

Original image

What is the result of 

this filter?
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Filtering

• Sobel operators or Sobel filters

• They are 3x3 kernels used for edge detection

• Edge detection can be a very complicated problem and one of the 

simplest and earliest techniques is to find rapid changes in a direction 

considering the derivative of the image in that direction
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Filtering

• Sobel operators or Sobel filters
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Filtering

• Sobel operators or Sobel filters
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Filtering

• Sobel operators or Sobel filters
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Filtering

• Why do the Sobel operators have this form?
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Filtering

• Example image, with each voxel having a distance 1 from the neighboring 

voxel (left) and an easier visualization of the same concept (right)

• The derivative of the image with respect to the 

central voxel is schematically illustrated by the 

red arrows.

• The derivative from discrete values vk being at 

distance dl from each other is: 

𝑑𝑣

𝑑𝑙
=
𝑣2 − 𝑣1
𝑑𝑙



• Using 

Filtering

• From e towards f:

• From e towards d:

• From e towards b: 

• From e towards h:

• From e towards c:

• From e towards g:

• From e towards i:

• From e towards a:  

(𝑓 − 𝑒) Ԧ𝑥

−(𝑑 − 𝑒) Ԧ𝑥

(𝑏 − 𝑒) Ԧ𝑦

−(ℎ − 𝑒) Ԧ𝑦

𝑣2 − 𝑣1
𝑑𝑙

1

2
(𝑐 − 𝑒) ∙ 𝑐𝑜𝑠45𝑜 ∙ Ԧ𝑥 + (𝑐 − 𝑒) ∙ 𝑠𝑖𝑛45𝑜 ∙ Ԧ𝑦 =

1

2
(𝑐 − 𝑒)( Ԧ𝑥 + Ԧ𝑦)

−
1

2
(𝑔 − 𝑒)( Ԧ𝑥 + Ԧ𝑦)

1

2
(𝑖 − 𝑒)( Ԧ𝑥 − Ԧ𝑦)

−
1

2
(𝑎 − 𝑒)( Ԧ𝑥 − Ԧ𝑦)



• Summing everything up we get: 

• Placing the coefficients in the pixel grid for the x and y direction separately:

Filtering

𝑓 − 𝑑 +
1

2
−𝑎 + 𝑐 − 𝑔 + 𝑖 Ԧ𝑥

+ 𝑏 − ℎ +
1

2
𝑎 + 𝑐 − 𝑔 − 𝑖 Ԧ𝑦



The Fourier Transform

• The convolution theorem:

• Through Fourier transform, convolution operations are transformed 

into multiplications

• What kind of multiplications?

• Of what matrix sizes?

• ….

}{}{}{ gFfFgfF 



Padding

• Convolution result:

• The size of the new matrix is length(f) + length(g) – 1, 

but we keep only the central part that has the same size as the original image

• A trick to do that was described in the lecture:

Input f Kernel g

* =

-1 -4 -8 -8 -3

-4 -13 -20 -17 -6

-6 -18 -24 -18 -6

4 13 20 17 6

7 22 32 26 9

1 2 3

4 5 6

7 8 9

-1 -2 -1

0 0 0

1 2 1



Padding

• We “ignored” what was overlapping with the kernel outside of the image 

(assumed zeros)

• When doing convolution in the Fourier space most libraries apply what is called 

circular convolution

• In effect, this means wrapping around the kernel to the other edge of the image 

(wrap-around problem)



Padding

• To avoid that we need zero-padding: adding zeros around the image

• How many? As many as to arrive to an image size of length(f) + length(g) – 1

• Then, when the kernel has a minimum overlap with the image it overlaps with

zeros outside the image (no wrapping)

• Finally, we need to similarly pad the kernel. Why? Because in the Fourier space 

they need to have a the same size (element-wise multiplication)



Ray tracing - Algorithm

• Let’s run the code to clarify all that:

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/blob/main/ConvolutionFrequencyDomain/convolutionFrequencyDomain.py


