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® Today’s lecture:

®* An implementation of Ray Tracing in Python

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/RayTracing

® The 5" and last exercise for the semester
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® The algorithm: l

CALCULATE RANGE OF PARAMETRIC VALUES
(“mim amax)

!

"CALCULATE RANGE OF INDICES
(imins imax! Cimins imax) (Kmins Kmax!

!

CALCULATE PARAMETRIC SETS 16%
{oq {oy} {ag) °

2%

3%

MERGE SETS TO FORM SET {a} 26%

!

CALCULATE VOXEL LENGTHS 12%

'

CALCULATE VOXEL INDICES 41%

!

STOP
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-1.5,-1.5 1.5,-1.5

® Asimple example:

-1.5,1.5 15,15
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7 # Constructing a 3 x 3 pixelated image

8 # Centered at @ with voxel dimension 1 x 1

9 dx =1

16 dy =1

11 # Create 3 x 3 radiological properties matrix (this is the "CT")
12 pixel val = np.array([[1., 2., 1.], [1., 1., 1.1, [2., 1., 2.1])



MAXIMILIANS-
UNIVERSITAT
MUNCHEN

L

LUDWIG-

Ray tracing - Algorithm

® Asimple example:

16
17
18
19
20
21
22

-1.5,-1.5 pl1=-0.7,-1.5 1.5,-1.5

-1.5,1.5 15,15

# X planes constructed recursively

# for the algorithm only need the first and Last

Nx_planes = 4

Xx_plane_first = -1.5

X_planes = np.arange(x_plane_first, x_plane first + Nx_planes*dx, dx)

print("x_planes = ", x_planes)
# x_planes = np.array([-1.5, -8.5, 8.5, 1.5]) # don't need to be build manually, here for illt
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® Asimple example:

-1.5,-1.5 pl1=-0.7,-1.5 1.5,-1.5

-1.5,1.5 p2=0.3,1.5 1.5,1.5

# Y planes constructed recursively

# # for the algorithm only need the first and Last

Ny planes = 4

y_plane first = -1.5

y_planes = np.arange(y_plane first, y plane_first + Ny _planes*dy, dy)
print("y_planes = ", y_planes)

print("")

# y planes = np.array([-1.5, -8.5, 6.5, 1.5]) # don't need to be build manually, here for ill
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1.5,-1.5

-1.5,-1.5

® Asimple example:

-1.5,1.5 15,15

32 # Line defined by two points
32 pl = np.array([-0.7, -1.5])
24 p2 = np.array([e.3, 1.5])
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® Asimple example:

® Intersection segments:
{i} =12}, Ay = {ax(z)}
{j} =1{1,2,3,4}, a, = {ay(l), ay(2),a, (3),a, 4}

{a} = {ay(1), ax(2), a,(2), @, (3), a, (4)}
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® The algorithm starts by parameterizing the line in 2 dimensions

X(a)= X{+alX, — X;)

Y(@)=Y talY,— 1)

® With a being the parameter that varies from 0 to 1

® For a=0 we are at point 1 and for a=1 we are at point 2
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® Assume a grid with (Nx — 1, Ny — 1, Nz — 1) voxels in each dimension,
defined by Nx, Ny, Nz orthogonal sets of equally space

Xplane(i) = Xplane(l) +(@{@—1)- dy , (i=1, ---»Nx) 1

Yplane(i) = Yplane(l) +(G-1- dy ) (] =1, ---»Ny)

® With dx, dy and dz being the spacing between the plan \

2
® The parameter a takes a range of discrete values for the intersections of the
line with the planes
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®* For example, for the case of X1<X2 (point 1 is on the left and point 2 on the right)

® For the intersection with ® For the intersection with
the first plane (I=1) X,,ne(1) the last plane (i=Nx) X,,e(NX)
at a,.(1): at a,.(Nx):
X(a) = X1 + a(XZ — Xl) X(a) = X1 + a(Xz — Xl)
X(ax(l)) = Xplane(l) X(ax(Nx)) — Xplane(Nx)
become become
Xplane(l) = X1+ ax(l)(Xz — Xl) Xplane(Nx) = X, + ax(Nx)(XZ - Xl)
where
resumng n. Xplane (Nx) = Xplane(l) + (Nx - 1) s dy
resulting in:

ax(1) = [Xptane (1) = X1/ (X2 =X1) a;(Ny) = [Xpiane (Ny) — X1/ (X2—X4)
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ax(l) = [Xplane(l) — Xl]/(XZ_Xl)

# for x
ax_first = (x_planes[©] - p1[e])
ax_last = (x_planes[Nx_planes-1]
# for y
ay_first = (y_planes[©] - p1[1])
ay_last = (y_planes[Ny_planes-1]

Ray tracing - Algorithm

ax(Nx) = [Xplane(Nx) — Xl]/(XZ_Xl)

(p2[e] - pi[e])
pi[e]) / (p2[e] - pl[e])

(p2[1] - p1[1])
pl[1]) / (p2[1] - p1[1])
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From all possible values of a, one needs to calculate the values
within the global min/max range a,,,i;, Amax

Anin = max{O, min|a, (1), a,(N,)], min[ay(l), a, (Ny)], min[a,(1), a, (Nz)]}

Amax = min{1, max[a, (1), ax(Nx)],max[ay(l), ay(Ny)], max[a,(1), a,(N,)]}

# Calculate alpha min/max, TODO add cases for ray travelling towards different directions
a_min = max(9, min(ax_first, ax_last), min(ay_first, ay_last))
a_max = min(1, max(ax_first, ax_last), max(ay_first, ay_last))
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® We can now get the indices i, j, k of the intersected planes
according to the valid a values, for X2>X1

X(a) = X1 +a(X; — X;)
Xplane(i) = Xplane(l) +@—1)- dy , (i=1, ---:Nx)

for dpmin » 1min:

imin =1+ [Xl + amin(XZ _ Xl) _ Xplane(l)]/dx

for dmax » Imax:

imax =1+ [Xl + amax(XZ _ Xl) _ Xplane(l)]/dx

SR )

=

max

(a)
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for dpmin » Imin:

imin =1+ [Xl + amin(XZ - Xl) _ Xplane(l)]/dx

imin ->
for dmax » Imax:
Amin
lmax =1+ [Xl + amax(XZ - Xl) — Xplane(l)]/dx .
\\
5 AN
£ \\

(a)

# Calculate plane indices for alpha min/max

i min = 1 + (pl[@] + a_min*(p2[@]-pl[@]) - x_planes[@])/dx
i max = 1 + (p1l[@] + a_max*(p2[@]-p1l[©]) - x_planes[8])/dx
j_min = 1 + (pl[1] + a_min*(p2[1]-p1[1]) - y_planes[©])/dy

j max = 1 + (pl[1] + a_max*(p2[1]-pl[1]) - y_planes[8])/dy

=
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-1.5,-1.5 pl1=-0.7,-1.5 1.5,-1.5

-1.5,1.5 p2=0.3,1.5 1.5,1.5

® ILin/max Calculation can yield non-integers! Why?

* Because the O.,in/max May correspond to an intersection in the other dimensions

® Need to correct them
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for Apmin » Inin:

Ray tracing - Algorithm

lmin = 1+ [Xl + amin(Xz — Xl) — Xplane(l)]/dx

for dmax » Imax:

imax = 1+ [Xl + amax(Xz - Xl) - Xplane(l)]/dx

# Correct indices min/max for non-integer values

if pl[e] <= p2[@]:

i_min_corr = np.
.floor(i_max)

1_max_corr
else:

np

i_min_corr = np

i _max_corr = np.

if pl[1] <= p2[1]:

j_min_corr = np.
.floor(j_max)

j_max_corr

np
else:
j_min_corr = np

j_max_corr = np.

ceil(i_min)

.floor(i_min)

ceil(i_max)

ceil(j_min)

.floor(j_min)

ceil(j_max)

xeuw

LR " "8 D)

(a)

min max
amin
N
\\
\\
N,

N\
amux
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® The range of valid parametric values of a,, is then:

{ax} = {ax(imin): ) ax(imax)}

# Fill in the in between indices
1_range = np.arange(i_min_corr, i_max_corr+l, 1)
j_range = np.arange(j_min_corr, j_max_corr+l, 1)

X(a) = X;{+alX, — X1)
Xplane(i) — Xplane(l) +@—-1)- dy (i=1, ---»Nx)
# calculate the alpha values for all the indices

ax_range = (x_planes[@] + (i_range - 1)*dx - pl[@]) / (p2[@] - pl[@])
ay_range = (y_planes[@] + (j_range - 1)*dy - p1[1]) / (p2[1] - p1[1])
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® The intersections of the ray with the voxels are found by
merging the sets {a,}, {a,}, {a,}

{a} = {aminr merge[{ax}r {ay}» {az}]r amax}

122 # Calculate alphas for all intersections by merging
123 # sorting alphas of each dimension

124 a_range = np.sort(np.concatenate((ax_range, ay_range)))
127 # Need to add alpha min/max if not already in the set
128 if a_range[@] != a_min:

129 a_range = np.insert(a_range, 6, a_min)

130

121 if a_range[-1] != a_max:

132 a_range = np.append(a_range, a_max)



Ray tracing - Algorithm

LUDWIG- FACU
MAXIMILIANS- HA

LM“ UNIVERSITAT
MUNCHEN

® Asimple example:

® Intersection segments:
{i} =12}, Ay = {ax(z)}
{j} =1{1,2,3,4}, a, = {ay(l), ay(2),a, (3),a, 4}

{a} = {ay(1), ax(2), a,(2), @, (3), a, (4)}
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® The intersections of the ray with the voxels are found by
merging the sets {a,}, {a,}, {a,}

{a} = {aminr merge[{ax}r {ay}» {az}]r amax}

® Two adjacent terms in {a} denote an intersection with a voxel (two points)

# Initializing intersection segments (one less than the alphas)
segments = np.zeros(np.size(a_range)-1)

# Initializing mid-point alphas (one Less than the alphas)
a_mid = np.zeros(np.size(a_range)-1)

# Calculate segments based on alphas and mid-point alphas

for counter in range(np.size(a_range)-1):
segments[counter] = a_range[counter+l] - a_range[counter]
a_mid[counter] = (a_range[counter+l] + a_range[counter]) / 2
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® Asimple example:

=4

Intersection segments from:
(a} = {a,(1),a,(2),a,(2),a, (3),a, (4}

are

{a,(1)a,(2),a,(2)a,(2),a,(2)a,(3),a,(3)a,(4)}
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® Asimple example:

=4

Intersection segments from:
(a} = {a,(1),a,(2),a,(2),a, (3),a, (4}

are

{a,(Da,(2),a,(2ay(2),a,(2)a,(3),a,(3)a,(4)}
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® Asimple example:

=4

Intersection segments from:
(a} = {a,(1),a,(2),a,(2),a, (3),a, (4}

are

{a,(Da,(2),a,(2)a,(2),a,(2)a,(3),a,(3)a,(4)}
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® Asimple example:

=4

Intersection segments from:
(a} = {a,(1),a,(2),a,(2),a, (3),a, (4}

are

{a,(Da,(2),a,(2ay(2),a,(2)a,(3),a,(3)a,(4)}
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® Asimple example:

=4

Intersection segments from:
(a} = {a,(1),a,(2),a,(2),a, (3),a, (4}

are

{a,(Da,(2),a,(2)ay,(2),a,(2)a,(3),a,(3)a,(4)}
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® For two intersections m and m-1 in the set {a}, the voxel intersection length is:
[(m) = dyz|la(m) —a(m —1)]
® Where d,, is the distance from point 1 to point 2

dip = [(Xo — X1)? + (Y, — Y1) + (Z, — Z1)?]Y/?

L)

15 # Calculate total distance between endpoints of the Line
154  total_dist = np.sqrt((p2[@] - pl[@])**2 + (p2[1] - pl[1])**2)

159 # Weight alpha based segments with total distance
1660 # to get real segment Length
161  segments = total dist*segments
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® Once we have the intersection lengths | we need to find out which voxel
was intersected every time, so that we retrieve the correct radiological quantity p

d= ) 166y,2) p(x.2)

X,¥,Z

® The voxel [x(m),y(m),z(m)] which corresponds to the intersection m and m-1
contains the midpoint of the intersection:

x(m) =1+ [Xl + amid(XZ _ Xl) _ Xplane(l)]/dx

y(m)=1+ [Yl + apmig(Y, = 11) — Yplane(l)]/dy

with

Amig = la(m) + a(m - 1)]/2
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® The voxel [x(m),y(m),z(m)] which corresponds to the intersection m and m-1
contains the midpoint of the intersection:

x(m) =1+ [Xl + amid(XZ _ Xl) _ Xplane(l)]/dx

y(m) =1+ [Yl + amid(yz T Yl) o Yplane(l)]/dy

# Calculate pixel indices

# Need to be floored

i_voxel _index = np.floor(1l + (pl[e] + a_mid*(p2[e] - pl[e]) - x_planes[©])/dx)
j_voxel index = np.floor(l + (pl[1] + a_mid*(p2[1] - pl[1l]) - y_planes[@])/dy)
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® 2D indices to 1D indices:
1,1 = 2,1 = 3,1=
1,2 = 2,2 = 3,2=
1,3= 2,3 = 3,3 =

Ray tracing - Algorithm

# Switch from 2D indices to 1D 1indices

rad_prop_index = 3*(j_voxel_index - 1) + (i_voxel_index-1)

= =
b L |
(4]

180 # Switch from a 3x3 matrix to an 1D vector of the CT
181  pixel vector = np.reshape(pixel val, (1, np.size(pixel_val)))
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® Which finally allows us to write the radiological path d as:

d= ) 166y,2) p(x.2)

X,¥,Z

189 # Multiplying each segment with the value in the respective voxel
196  total _rad_length = np.multiply(segments, pixel vector[@][rad_prop_index.astype(int)])

195  total_rad_length = np.sum(total_rad_length)
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START

l

T

CALCULATE RANGE OF PARAMETRIC VALUES 59
(“mim amqx ) °

'CALCULATE RANGE OF INDICES 2

(imins imax! Cimins imax) (Kmins Kmax! °
CALCULATE PARAMETRIC SETS 16%

{ox} {ay} {a7} °

MERGE SETS TO FORM SET {a) 56%
CALCULATE VOXEL LENGTHS 129,
CALCULATE VOXEL INDICES 41%

!

STOP
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Let's run the code...

L

Ray tracing - Algorithm
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®* Programming Exercise 5 (ray tracing for digital radiography):
® Use the code shown as example and extend it to perform raytracing on an image

® The image: Shepp-Logan phantom

(.mha file format — code to read it in can be downloaded from lecture gitlab)
https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/ReadSheppLogan

¢ Stylized head slice (2D) image,
with 512x512 pixels, values from 0 to 4

® The rays can begin and end at any point
as long as these points are outside of the
main anatomy (ellipse)
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® Programming Exercise 5, tasks:
® Task1:
® Perform ray tracing parallel to the y axis
® Plot the result from every ray into a graph
as shown in this slide. Each bin of that

graph should correspond to a ray

® Validate your result by comparing it to
a simple addition along voxel columns

Ray tracing - Algorithm

Radiological path (linear or log)

PR, " & )

Ray ID or distance
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® Programming Exercise 5, tasks:
® Task 2:
® Perform ray tracing parallel to the x axis

® Plot the result from every ray into a graph as shown in this slide.
Each bin of that graph should correspond to a ray

® Validate your result by comparing it to a simple addition along voxel lines

Ray ID or distance

Radiological path (linear or log)
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®* Programming Exercise 5, tasks:

Each bin of that graph should
correspond to a ray

® Task 3:
® Perform ray tracing at 30 degrees -
with respect to the x axis \\\\\ i \\
| SELEEEO
® Plot the result from every ray into a \\ NN \\\
graph as shown in this slide. \ R \i \\‘
\ SE
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® Programming Exercise 5:
® Hints:

® You can completely ignore the CT up to the point where you need
the value in every pixel

® The only information you need is the number of planes in each
dimension (513) and the spacing (dx = dy = 1mm)

® You can also assume an arbitrary starting position for the first plane
In each dimension. You only need to define your rays relative to that
arbitrary position

® You can interspace your rays by 1Imm. Make sure you have enough of them
to cover your image



