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• Today’s lecture:

• An implementation of Ray Tracing in Python

https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/RayTracing

• The 5th and last exercise for the semester



Ray tracing - Algorithm

• The algorithm:
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• A simple example:
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Ray tracing - Algorithm

• A simple example:

• Intersection segments:

i=1 i=2 i=3 i=4

j=2

j=3

j=4

j=1

{𝑎} = 𝑎𝑦 1 , 𝑎𝑥 2 , 𝑎𝑦 2 , 𝑎𝑦 3 , 𝑎𝑦 4

𝑖 = 2 , 𝑎𝑥 = 𝑎𝑥(2)

𝑗 = 1,2,3,4 , 𝑎𝑦= 𝑎𝑦 1 , 𝑎𝑦 2 , 𝑎𝑦 3 , 𝑎𝑦 4



Ray tracing - Algorithm

• The algorithm starts by parameterizing the line in 2 dimensions

• With α being the parameter that varies from 0 to 1

• For α=0 we are at point 1 and for α=1 we are at point 2

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑌 𝑎 = 𝑌1 + 𝑎 𝑌2 − 𝑌1



Ray tracing - Algorithm

• Assume a grid with (Nx – 1, Ny – 1, Nz – 1) voxels in each dimension, 

defined by Nx, Ny, Nz orthogonal sets of equally spaced, parallel planes

• With dx, dy and dz being the spacing between the planes

• The parameter α takes a range of discrete values for the intersections of the 

line with the planes

𝑋𝑝𝑙𝑎𝑛𝑒 𝑖 = 𝑋𝑝𝑙𝑎𝑛𝑒 1 + 𝑖 − 1 ∙ 𝑑𝑥 , 𝑖 = 1,… ,𝑁𝑥

𝑌𝑝𝑙𝑎𝑛𝑒 𝑗 = 𝑌𝑝𝑙𝑎𝑛𝑒 1 + 𝑗 − 1 ∙ 𝑑𝑦 , 𝑗 = 1,… ,𝑁𝑦



Ray tracing - Algorithm

• For example, for the case of X1<X2 (point 1 is on the left and point 2 on the right)

• For the intersection with 

the first plane (i=1) Xplane(1)

at α𝑥(1):

become

resulting in:

• For the intersection with 

the last plane (i=Nx) Xplane(Nx) 

at α𝑥(Nx):

become

where

resulting in:

𝑋 𝑎𝑥(𝑁𝑥) = 𝑋𝑝𝑙𝑎𝑛𝑒 𝑁𝑥

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑋𝑝𝑙𝑎𝑛𝑒 𝑁𝑥 = 𝑋1 + 𝑎𝑥(𝑁𝑥) 𝑋2 − 𝑋1

𝑎𝑥(𝑁𝑥) = Τ𝑋𝑝𝑙𝑎𝑛𝑒 𝑁𝑥 − 𝑋1 (𝑋2−𝑋1)

𝑋 𝑎𝑥(1) = 𝑋𝑝𝑙𝑎𝑛𝑒 1

𝑎𝑥(1) = Τ𝑋𝑝𝑙𝑎𝑛𝑒 1 − 𝑋1 (𝑋2−𝑋1)

𝑋𝑝𝑙𝑎𝑛𝑒 1 = 𝑋1 + 𝑎𝑥(1) 𝑋2 − 𝑋1

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑋𝑝𝑙𝑎𝑛𝑒 𝑁𝑥 = 𝑋𝑝𝑙𝑎𝑛𝑒 1 + 𝑁𝑥 − 1 ∙ 𝑑𝑥



Ray tracing - Algorithm

𝑎𝑥(𝑁𝑥) = Τ𝑋𝑝𝑙𝑎𝑛𝑒 𝑁𝑥 − 𝑋1 (𝑋2−𝑋1)𝑎𝑥(1) = Τ𝑋𝑝𝑙𝑎𝑛𝑒 1 − 𝑋1 (𝑋2−𝑋1)



Ray tracing - Algorithm

𝛼𝑚𝑖𝑛 = 𝑚𝑎𝑥 0,𝑚𝑖𝑛 𝛼𝑥 1 , 𝛼𝑥 𝑁𝑥 , 𝑚𝑖𝑛 𝛼𝑦 1 , 𝛼𝑦 𝑁𝑦 , 𝑚𝑖𝑛 𝛼𝑧 1 , 𝛼𝑧 𝑁𝑧

𝛼𝑚𝑎𝑥 = 𝑚𝑖𝑛 1,𝑚𝑎𝑥 𝛼𝑥 1 , 𝛼𝑥 𝑁𝑥 , 𝑚𝑎𝑥 𝛼𝑦 1 , 𝛼𝑦 𝑁𝑦 , 𝑚𝑎𝑥 𝛼𝑧 1 , 𝛼𝑧 𝑁𝑧

• From all possible values of α, one needs to calculate the values 

within the global min/max range α𝑚𝑖𝑛 α𝑚𝑎𝑥



Ray tracing - Algorithm

• We can now get the indices i, j, k of the intersected planes 

according to the valid α values, for X2>X1

for α𝑚𝑖𝑛 , imin:

for α𝑚𝑎𝑥 , imax:

imin ->    imax
jm

in
->

    jm
a

x
𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑋𝑝𝑙𝑎𝑛𝑒 𝑖 = 𝑋𝑝𝑙𝑎𝑛𝑒 1 + 𝑖 − 1 ∙ 𝑑𝑥 , 𝑖 = 1,… ,𝑁𝑥

𝑖𝑚𝑖𝑛 = 1 + Τ𝑋1 + 𝛼𝑚𝑖𝑛 𝑋2 − 𝑋1 − 𝑋𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑥

𝑖𝑚𝑎𝑥 = 1 + Τ𝑋1 + 𝛼𝑚𝑎𝑥 𝑋2 − 𝑋1 − 𝑋𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑥



Ray tracing - Algorithm

for α𝑚𝑖𝑛 , imin:

for α𝑚𝑎𝑥 , imax:
imin ->    imax

jm
in

->
    jm

a
x

𝑖𝑚𝑖𝑛 = 1 + Τ𝑋1 + 𝛼𝑚𝑖𝑛 𝑋2 − 𝑋1 − 𝑋𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑥

𝑖𝑚𝑎𝑥 = 1 + Τ𝑋1 + 𝛼𝑚𝑎𝑥 𝑋2 − 𝑋1 − 𝑋𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑥



Ray tracing - Algorithm

• imin,/max calculation can yield non-integers! Why?

• Because the α𝑚𝑖𝑛/𝑚𝑎𝑥 may correspond to an intersection in the other dimensions 

• Need to correct them

-1.5,-1.5

-1.5,1.5

1.5,-1.5

1.5,1.5

p1 = -0.7,-1.5

p2 = 0.3,1.5
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for α𝑚𝑖𝑛 , imin:

for α𝑚𝑎𝑥 , imax:
imin ->    imax

jm
in

->
    jm

a
x

𝑖𝑚𝑖𝑛 = 1 + Τ𝑋1 + 𝛼𝑚𝑖𝑛 𝑋2 − 𝑋1 − 𝑋𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑥

𝑖𝑚𝑎𝑥 = 1 + Τ𝑋1 + 𝛼𝑚𝑎𝑥 𝑋2 − 𝑋1 − 𝑋𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑥



Ray tracing - Algorithm

• The range of valid parametric values of α𝑥 is then:

𝛼𝑥 = 𝛼𝑥 𝑖𝑚𝑖𝑛 , … , 𝛼𝑥 𝑖𝑚𝑎𝑥

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑋𝑝𝑙𝑎𝑛𝑒 𝑖 = 𝑋𝑝𝑙𝑎𝑛𝑒 1 + 𝑖 − 1 ∙ 𝑑𝑥 , 𝑖 = 1,… ,𝑁𝑥



Ray tracing - Algorithm

• The intersections of the ray with the voxels are found by 

merging the sets {α𝑥}, {α𝑦}, {α𝑧}

𝑎 = 𝑎𝑚𝑖𝑛, 𝑚𝑒𝑟𝑔𝑒 𝑎𝑥 , 𝑎𝑦 , 𝑎𝑧 , 𝑎𝑚𝑎𝑥



Ray tracing - Algorithm

• A simple example:

• Intersection segments:

i=1 i=2 i=3 i=4

j=2

j=3

j=4

j=1

{𝑎} = 𝑎𝑦 1 , 𝑎𝑥 2 , 𝑎𝑦 2 , 𝑎𝑦 3 , 𝑎𝑦 4

𝑖 = 2 , 𝑎𝑥 = 𝑎𝑥(2)

𝑗 = 1,2,3,4 , 𝑎𝑦= 𝑎𝑦 1 , 𝑎𝑦 2 , 𝑎𝑦 3 , 𝑎𝑦 4
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• The intersections of the ray with the voxels are found by 

merging the sets {α𝑥}, {α𝑦}, {α𝑧}

• Two adjacent terms in {α} denote an intersection with a voxel (two points)

𝑎 = 𝑎𝑚𝑖𝑛, 𝑚𝑒𝑟𝑔𝑒 𝑎𝑥 , 𝑎𝑦 , 𝑎𝑧 , 𝑎𝑚𝑎𝑥
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• A simple example:

• Intersection segments from:

are
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j=2

j=3

j=4

j=1

{𝑎} = 𝑎𝑦 1 , 𝑎𝑥 2 , 𝑎𝑦 2 , 𝑎𝑦 3 , 𝑎𝑦 4

𝑎𝑦 1 𝑎𝑥 2 , 𝑎𝑥 2 𝑎𝑦 2 , 𝑎𝑦 2 𝑎𝑦 3 , 𝑎𝑦 3 𝑎𝑦 4
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Ray tracing - Algorithm

• For two intersections m and m-1 in the set {α}, the voxel intersection length is:

• Where d12 is the distance from point 1 to point 2

𝑙 𝑚 = 𝑑12 𝑎 𝑚 − 𝑎(𝑚 − 1)

𝑑12 = 𝑋2 − 𝑋1
2 + 𝑌2 − 𝑌1

2 + 𝑍2 − 𝑍1
2 1/2



Ray tracing - Algorithm

• Once we have the intersection lengths l we need to find out which voxel 

was intersected every time, so that we retrieve the correct radiological quantity ρ

• The voxel [x(m),y(m),z(m)] which corresponds to the intersection m and m-1 

contains the midpoint of the intersection:

with

𝑎𝑚𝑖𝑑 = 𝑎 𝑚 + 𝑎 𝑚 − 1 /2

𝑥(𝑚) = 1 + Τ𝑋1 + 𝛼𝑚𝑖𝑑 𝑋2 − 𝑋1 − 𝑋𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑥

𝑦(𝑚) = 1 + ൗ𝑌1 + 𝛼𝑚𝑖𝑑 𝑌2 − 𝑌1 − 𝑌𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑦

𝑑 = ෍

𝑥,𝑦,𝑧

𝑙(𝑥, 𝑦, 𝑧) ∙ 𝜌(𝑥, 𝑦, 𝑧)



Ray tracing - Algorithm

• The voxel [x(m),y(m),z(m)] which corresponds to the intersection m and m-1 

contains the midpoint of the intersection:

𝑥(𝑚) = 1 + Τ𝑋1 + 𝛼𝑚𝑖𝑑 𝑋2 − 𝑋1 − 𝑋𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑥

𝑦(𝑚) = 1 + ൗ𝑌1 + 𝛼𝑚𝑖𝑑 𝑌2 − 𝑌1 − 𝑌𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑦



Ray tracing - Algorithm

• 2D indices to 1D indices:

1,1 = 0 2,1 = 1 3,1 = 2

1,2 = 3 2,2 = 4 3,2 = 5

1,3 = 6 2,3 = 7 3,3 = 8



Ray tracing - Algorithm

• Which finally allows us to write the radiological path d as:

𝑑 = ෍

𝑥,𝑦,𝑧

𝑙(𝑥, 𝑦, 𝑧) ∙ 𝜌(𝑥, 𝑦, 𝑧)



Ray tracing - Summary



Ray tracing - Algorithm

• Let’s run the code…



Ray tracing - Algorithm

• Programming Exercise 5 (ray tracing for digital radiography): 

• Use the code shown as example and extend it to perform raytracing on an image

• The image: Shepp-Logan phantom 

(.mha file format – code to read it in can be downloaded from lecture gitlab)
https://gitlab.physik.uni-muenchen.de/G.Dedes/compmedphyscourse/-/tree/main/ReadSheppLogan

• Stylized head slice (2D) image, 

with 512x512 pixels, values from 0 to 4

• The rays can begin and end at any point 

as long as these points are outside of the 

main anatomy (ellipse)



Ray tracing - Algorithm

• Programming Exercise 5, tasks: 

• Task 1: 

• Perform ray tracing parallel to the y axis

• Plot the result from every ray into a graph 

as shown in this slide. Each bin of that 

graph should correspond to a ray

• Validate your result by comparing it to 

a simple addition along voxel columns

Ray ID or distance

R
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Ray tracing - Algorithm

• Programming Exercise 5, tasks: 

• Task 2: 

• Perform ray tracing parallel to the x axis

• Plot the result from every ray into a graph as shown in this slide. 

Each bin of that graph should correspond to a ray

• Validate your result by comparing it to a simple addition along voxel lines

R
a
y
 I

D
 o

r 
d
is

ta
n
c
e

Radiological path (linear or log)



Ray tracing - Algorithm

• Programming Exercise 5, tasks: 

• Task 3: 

• Perform ray tracing at 30 degrees 

with respect to the x axis

• Plot the result from every ray into a 

graph as shown in this slide. 

Each bin of that graph should 

correspond to a ray



Ray tracing - Algorithm

• Programming Exercise 5: 

• Hints: 

• You can completely ignore the CT up to the point where you need 

the value in every pixel 

• The only information you need is the number of planes in each 

dimension (513) and the spacing (dx = dy = 1mm)

• You can also assume an arbitrary starting position for the first plane 

in each dimension. You only need to define your rays relative to that 

arbitrary position

• You can interspace your rays by 1mm. Make sure you have enough of them 

to cover your image


