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Past and next lectures’ content

• Previous lecture:

• Fourier transform and signal synthesis

• This lecture:

• Ray tracing for calculation of radiological paths



External material

• Material form this lecture was taken from the following publication:

• Fast calculation of the exact radiological path for a three-dimensional CT array

Robert L. Siddon

Medical Physics 12, 252 (1985); doi: 10.1118/1.595715
https://aapm.onlinelibrary.wiley.com/doi/abs/10.1118/1.595715

Uploaded as lecture material as well

https://aapm.onlinelibrary.wiley.com/doi/abs/10.1118/1.595715
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• With the increasing use of CT images came the problem of 

calculating radiological paths on a CT geometry

• Example applications:

• Virtual radiography

• Basic reconstruction of emission imaging

• Treatment planning
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• With the increasing use of CT images came the problem of 

calculating radiological paths on a CT geometry

• Example applications:

• Virtual radiography

• Basic reconstruction of emission imaging

• Treatment planning



Ray tracing - Intro

• Why is this a problem?

• The principle is a simple concept, easy to implement in a computer algorithm

• But computationally, it scales with N3, N being the number of voxels

• CT images can have a number of voxels ranging from 107 to 108

• The problem, even though simple, it becomes computationally expensive

• The author proposed an exact calculation, whose computational time scales as 3N

• Refined versions followed, but the original version will be presented 

in the following slides
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• The basic idea:

• Rather than considering each voxel an independent element, 

it is seen as the intersection volumes of orthogonal sets of equally spaced, 

parallel planes



Ray tracing - Intro

• The basic idea:

• Rather than considering each voxel an independent element, 

it is seen as the intersection volumes of orthogonal sets of equally spaced, 

parallel planes

• The problem reduces into finding the first intersection 

with a set of orthogonal planes

• For all other equal spaced parallel planes, the intersection 

can be obtained by recursion 



Ray tracing - Intro

• The radiological path of a line (ray) crossing a voxelized geometry in general is:

• Where x, y, z are the voxel indices in the 3 directions, ρ is the radiological property 

quantified in each voxel and l is the line segment in each intersected voxel

𝑑 = ෍

𝑥,𝑦,𝑧

𝑙(𝑥, 𝑦, 𝑧) ∙ 𝜌(𝑥, 𝑦, 𝑧)



Ray tracing - Algorithm

• The algorithm:



Ray tracing - Algorithm

• The algorithm starts by parameterizing the line in 3 dimensions

• With α being the parameter that varies from 0 to 1

• For α=0 we are at point 1 and for α=1 we are at point 2

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑍 𝑎 = 𝑍1 + 𝑎 𝑍2 − 𝑍1

𝑌 𝑎 = 𝑌1 + 𝑎 𝑌2 − 𝑌1



Ray tracing - Algorithm

• The algorithm starts by parameterizing the line in 3 dimensions

• With α being the parameter that varies from 0 to 1

• For α=0 we are at point 1 and for α=1 we are at point 2

• If both points are outside the grid then the intersection points with the grid boundaries

are given by αmin and αmax. Points outside are not of interest to us

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑍 𝑎 = 𝑍1 + 𝑎 𝑍2 − 𝑍1

𝑌 𝑎 = 𝑌1 + 𝑎 𝑌2 − 𝑌1



Ray tracing - Algorithm

• The algorithm starts by parameterizing the line in 3 dimensions

• With α being the parameter that varies from 0 to 1

• For α=0 we are at point 1 and for α=1 we are at point 2

• If point 1 is inside the grid then αmin=0 there

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑍 𝑎 = 𝑍1 + 𝑎 𝑍2 − 𝑍1

𝑌 𝑎 = 𝑌1 + 𝑎 𝑌2 − 𝑌1



Ray tracing - Algorithm

• The algorithm starts by parameterizing the line in 3 dimensions

• With α being the parameter that varies from 0 to 1

• For α=0 we are at point 1 and for α=1 we are at point 2

• If point 2 is inside the grid then αmax=1 there

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑍 𝑎 = 𝑍1 + 𝑎 𝑍2 − 𝑍1

𝑌 𝑎 = 𝑌1 + 𝑎 𝑌2 − 𝑌1



Ray tracing - Algorithm

• The algorithm starts by parameterizing the line in 3 dimensions

• With α being the parameter that varies from 0 to 1

• For α=0 we are at point 1 and for α=1 we are at point 2

• If both points are inside the grid then αmin=0 and αmax=1 at points 1 and 2 respectively

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑍 𝑎 = 𝑍1 + 𝑎 𝑍2 − 𝑍1

𝑌 𝑎 = 𝑌1 + 𝑎 𝑌2 − 𝑌1



Ray tracing - Algorithm

• Assume a grid with (Nx – 1, Ny – 1, Nz – 1) voxels in each dimension, 

defined by Nx, Ny, Nz orthogonal sets of equally spaced, parallel planes

• With dx, dy and dz being the spacing between the planes

• The parameter α takes a range of discrete values for the intersections of the 

line with the planes

𝑋𝑝𝑙𝑎𝑛𝑒 𝑖 = 𝑋𝑝𝑙𝑎𝑛𝑒 1 + 𝑖 − 1 ∙ 𝑑𝑥 , 𝑖 = 1,… ,𝑁𝑥

𝑌𝑝𝑙𝑎𝑛𝑒 𝑗 = 𝑌𝑝𝑙𝑎𝑛𝑒 1 + 𝑗 − 1 ∙ 𝑑𝑦 , 𝑗 = 1,… ,𝑁𝑦

𝑍𝑝𝑙𝑎𝑛𝑒 𝑘 = 𝑍𝑝𝑙𝑎𝑛𝑒 1 + 𝑘 − 1 ∙ 𝑑𝑧 , 𝑘 = 1, … ,𝑁𝑧



Ray tracing - Algorithm

• For example, for the case of X1<X2 (point 1 is on the left and point 2 on the right)

• For the intersection with 

the first plane (i=1) Xplane(1)

at α𝑥(1):

𝑋 𝑎𝑥(1) = 𝑋𝑝𝑙𝑎𝑛𝑒 1

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1



Ray tracing - Algorithm

• For example, for the case of X1<X2 (point 1 is on the left and point 2 on the right)

• For the intersection with 

the first plane (i=1) Xplane(1)

at α𝑥(1):

become

𝑋 𝑎𝑥(1) = 𝑋𝑝𝑙𝑎𝑛𝑒 1

𝑋𝑝𝑙𝑎𝑛𝑒 1 = 𝑋1 + 𝑎𝑥(1) 𝑋2 − 𝑋1

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1



Ray tracing - Algorithm

• For example, for the case of X1<X2 (point 1 is on the left and point 2 on the right)

• For the intersection with 

the first plane (i=1) Xplane(1)

at α𝑥(1):

become

resulting in:

𝑋 𝑎𝑥(1) = 𝑋𝑝𝑙𝑎𝑛𝑒 1

𝑋𝑝𝑙𝑎𝑛𝑒 1 = 𝑋1 + 𝑎𝑥(1) 𝑋2 − 𝑋1

𝑎𝑥(1) = Τ𝑋𝑝𝑙𝑎𝑛𝑒 1 − 𝑋1 (𝑋2−𝑋1)

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1



Ray tracing - Algorithm

• For example, for the case of X1<X2 (point 1 is on the left and point 2 on the right)

• For the intersection with 

the first plane (i=1) Xplane(1)

at α𝑥(1):

become

resulting in:

• For the intersection with 

the last plane (i=Nx) Xplane(Nx) 

at α𝑥(Nx):

become

where

resulting in:

𝑋 𝑎𝑥(𝑁𝑥) = 𝑋𝑝𝑙𝑎𝑛𝑒 𝑁𝑥

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑋𝑝𝑙𝑎𝑛𝑒 𝑁𝑥 = 𝑋1 + 𝑎𝑥(𝑁𝑥) 𝑋2 − 𝑋1

𝑎𝑥(𝑁𝑥) = Τ𝑋𝑝𝑙𝑎𝑛𝑒 𝑁𝑥 − 𝑋1 (𝑋2−𝑋1)

𝑋 𝑎𝑥(1) = 𝑋𝑝𝑙𝑎𝑛𝑒 1

𝑎𝑥(1) = Τ𝑋𝑝𝑙𝑎𝑛𝑒 1 − 𝑋1 (𝑋2−𝑋1)

𝑋𝑝𝑙𝑎𝑛𝑒 1 = 𝑋1 + 𝑎𝑥(1) 𝑋2 − 𝑋1

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑋𝑝𝑙𝑎𝑛𝑒 𝑁𝑥 = 𝑋𝑝𝑙𝑎𝑛𝑒 1 + 𝑁𝑥 − 1 ∙ 𝑑𝑥



Ray tracing - Algorithm

𝛼𝑚𝑖𝑛 = 𝑚𝑎𝑥 0,𝑚𝑖𝑛 𝛼𝑥 1 , 𝛼𝑥 𝑁𝑥 , 𝑚𝑖𝑛 𝛼𝑦 1 , 𝛼𝑦 𝑁𝑦 , 𝑚𝑖𝑛 𝛼𝑧 1 , 𝛼𝑧 𝑁𝑧

𝛼𝑚𝑎𝑥 = 𝑚𝑖𝑛 1,𝑚𝑎𝑥 𝛼𝑥 1 , 𝛼𝑥 𝑁𝑥 , 𝑚𝑎𝑥 𝛼𝑦 1 , 𝛼𝑦 𝑁𝑦 , 𝑚𝑎𝑥 𝛼𝑧 1 , 𝛼𝑧 𝑁𝑧

• From all possible values of α, one needs to calculate the values 

within the global min/max range α𝑚𝑖𝑛 α𝑚𝑎𝑥

• If α𝑚𝑎𝑥is less or equal to α𝑚𝑖𝑛 then the ray does not intersect the CT array

• So from all intersected planes, only the ones that have 

parametric values α in the range of (α𝑚𝑖𝑛 α𝑚𝑎𝑥) are valid



Ray tracing - Algorithm

• We can now get the indices i, j, k of the intersected planes 

according to the valid α values, for X2>X1

for α=α𝑚𝑖𝑛 , imin:

imin ->    imax
jm

in
->

    jm
a

x
𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑋𝑝𝑙𝑎𝑛𝑒 𝑖 = 𝑋𝑝𝑙𝑎𝑛𝑒 1 + 𝑖 − 1 ∙ 𝑑𝑥 , 𝑖 = 1,… ,𝑁𝑥

𝑖𝑚𝑖𝑛 = 1 + Τ𝑋1 + 𝛼𝑚𝑖𝑛 𝑋2 − 𝑋1 − 𝑋𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑥



Ray tracing - Algorithm

• We can now get the indices i, j, k of the intersected planes 

according to the valid α values, for X2>X1

for α=α𝑚𝑖𝑛 , imin:

• For some strange reason, the two equations chosen in the paper 

for the calculation of imin are

imin ->    imax
jm

in
->

    jm
a

x
𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑋𝑝𝑙𝑎𝑛𝑒 𝑖 = 𝑋𝑝𝑙𝑎𝑛𝑒 1 + 𝑖 − 1 ∙ 𝑑𝑥 , 𝑖 = 1,… ,𝑁𝑥

𝑖𝑚𝑖𝑛 = 1 + Τ𝑋1 + 𝛼𝑚𝑖𝑛 𝑋2 − 𝑋1 − 𝑋𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑥

𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑋𝑝𝑙𝑎𝑛𝑒 𝑖 = 𝑋𝑝𝑙𝑎𝑛𝑒(𝑁𝑥) + 𝑖 − 𝑁𝑥 ∙ 𝑑𝑥



Ray tracing - Algorithm

• We can now get the indices i, j, k of the intersected planes 

according to the valid α values, for X2>X1

for α=α𝑚𝑖𝑛 , imin:

• Resulting in (also correct):

imin ->    imax
jm

in
->

    jm
a

x
𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑋𝑝𝑙𝑎𝑛𝑒 𝑖 = 𝑋𝑝𝑙𝑎𝑛𝑒 1 + 𝑖 − 1 ∙ 𝑑𝑥 , 𝑖 = 1,… ,𝑁𝑥

𝑖𝑚𝑖𝑛 = 1 + Τ𝑋1 + 𝛼𝑚𝑖𝑛 𝑋2 − 𝑋1 − 𝑋𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑥

𝑖𝑚𝑖𝑛 = 𝑁𝑥 − Τ𝑋𝑝𝑙𝑎𝑛𝑒 𝑁𝑥 − 𝛼𝑚𝑖𝑛 𝑋2 − 𝑋1 − 𝑋1 𝑑𝑥



Ray tracing - Algorithm

• We can now get the indices i, j, k of the intersected planes 

according to the valid α values, for X2>X1

for α=α𝑚𝑎𝑥 , imax:

imin ->    imax
jm

in
->

    jm
a

x
𝑋 𝑎 = 𝑋1 + 𝑎 𝑋2 − 𝑋1

𝑋𝑝𝑙𝑎𝑛𝑒 𝑖 = 𝑋𝑝𝑙𝑎𝑛𝑒 1 + 𝑖 − 1 ∙ 𝑑𝑥 , 𝑖 = 1,… ,𝑁𝑥

𝑖𝑚𝑎𝑥 = 1 + Τ𝑋1 + 𝛼𝑚𝑎𝑥 𝑋2 − 𝑋1 − 𝑋𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑥



Ray tracing - Algorithm

• Because of the geometry of the problem (orthogonal planes, straight line ray)

if we calculate an imin and an imax all in between indices will be also intersections

imin ->    imax

jm
in

->
    jm

a
x



Ray tracing - Algorithm

• The range of valid parametric values of α𝑥 is then:

Using: 

𝛼𝑥 = 𝛼𝑥 𝑖𝑚𝑖𝑛 , … , 𝛼𝑥 𝑖𝑚𝑎𝑥

𝛼 = 1 + Τ𝑋𝑝𝑙𝑎𝑛𝑒 1 + 𝑖 − 1 𝑑𝑥 − 𝑋1 𝑋2 − 𝑋1



Ray tracing - Algorithm

• The range of valid parametric values of α𝑥 is then:

• With a similar calculation for j and k, {α𝑦}, {α𝑧}

• Attention: Final formulas for imin, imax, jmin, jmax, kmin, kmax, 

differ a little bit for the case of X1>X2

𝛼𝑥 = 𝛼𝑥 𝑖𝑚𝑖𝑛 , … , 𝛼𝑥 𝑖𝑚𝑎𝑥

𝛼𝑦 = 𝛼𝑦 𝑗𝑚𝑖𝑛 , … , 𝛼𝑦 𝑗𝑚𝑎𝑥

𝛼𝑧 = 𝛼𝑧 𝑘𝑚𝑖𝑛 , … , 𝛼𝑧 𝑘𝑚𝑎𝑥



Ray tracing - Algorithm

• The intersections of the ray with the voxels are found by 

merging and sorting (ascending order) the sets {α𝑥}, {α𝑦}, {α𝑧}

• Two adjacent terms in {α} denote an intersection with a voxel (two points)

• For two intersections m and m-1 in the set {α}, the voxel intersection length is:

• Where d12 is the distance from point 1 to point 2

𝑎 = 𝑎𝑚𝑖𝑛, 𝑚𝑒𝑟𝑔𝑒 𝑎𝑥 , 𝑎𝑦 , 𝑎𝑧 , 𝑎𝑚𝑎𝑥

𝑙 𝑚 = 𝑑12 𝑎 𝑚 − 𝑎(𝑚 − 1)

𝑑12 = 𝑋2 − 𝑋1
2 + 𝑌2 − 𝑌1

2 + 𝑍2 − 𝑍1
2 1/2



Ray tracing - Algorithm

• A simple example:

i=1 i=2 i=3 i=4

j=2

j=3

j=4

j=1



Ray tracing - Algorithm

• A simple example:

• Intersection segments:

i=1 i=2 i=3 i=4

j=2

j=3

j=4

j=1

{𝑎} = 𝑎𝑦 1 , 𝑎𝑥 2 , 𝑎𝑦 2 , 𝑎𝑦 3 , 𝑎𝑦 4

𝑖 = 2 , 𝑎𝑥 = 𝑎𝑥(2)

𝑗 = 1,2,3,4 , 𝑎𝑦= 𝑎𝑦 1 , 𝑎𝑦 2 , 𝑎𝑦 3 , 𝑎𝑦 4



Ray tracing - Algorithm

• A simple example:

• Intersection segments from:

are

i=1 i=2 i=3 i=4

j=2

j=3

j=4

j=1

{𝑎} = 𝑎𝑦 1 , 𝑎𝑥 2 , 𝑎𝑦 2 , 𝑎𝑦 3 , 𝑎𝑦 4

𝑎𝑦 1 𝑎𝑥 2 , 𝑎𝑥 2 𝑎𝑦 2 , 𝑎𝑦 2 𝑎𝑦 3 , 𝑎𝑦 3 𝑎𝑦 4
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• A simple example:

• Intersection segments from:

are

i=1 i=2 i=3 i=4

j=2

j=3

j=4

j=1

{𝑎} = 𝑎𝑦 1 , 𝑎𝑥 2 , 𝑎𝑦 2 , 𝑎𝑦 3 , 𝑎𝑦 4

𝑎𝑦 1 𝑎𝑥 2 , 𝑎𝑥 2 𝑎𝑦 2 , 𝑎𝑦 2 𝑎𝑦 3 , 𝑎𝑦 3 𝑎𝑦 4
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• A simple example:

• Intersection segments from:

are

i=1 i=2 i=3 i=4

j=2

j=3

j=4

j=1

{𝑎} = 𝑎𝑦 1 , 𝑎𝑥 2 , 𝑎𝑦 2 , 𝑎𝑦 3 , 𝑎𝑦 4

𝑎𝑦 1 𝑎𝑥 2 , 𝑎𝑥 2 𝑎𝑦 2 , 𝑎𝑦 2 𝑎𝑦 3 , 𝑎𝑦 3 𝑎𝑦 4
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• A simple example:

• Intersection segments from:

are

i=1 i=2 i=3 i=4

j=2

j=3

j=4

j=1

{𝑎} = 𝑎𝑦 1 , 𝑎𝑥 2 , 𝑎𝑦 2 , 𝑎𝑦 3 , 𝑎𝑦 4

𝑎𝑦 1 𝑎𝑥 2 , 𝑎𝑥 2 𝑎𝑦 2 , 𝑎𝑦 2 𝑎𝑦 3 , 𝑎𝑦 3 𝑎𝑦 4



Ray tracing - Algorithm

• A simple example:

• Intersection segments from:

are

i=1 i=2 i=3 i=4

j=2

j=3

j=4

j=1

{𝑎} = 𝑎𝑦 1 , 𝑎𝑥 2 , 𝑎𝑦 2 , 𝑎𝑦 3 , 𝑎𝑦 4

𝑎𝑦 1 𝑎𝑥 2 , 𝑎𝑥 2 𝑎𝑦 2 , 𝑎𝑦 2 𝑎𝑦 3 , 𝑎𝑦 3 𝑎𝑦 4



Ray tracing - Algorithm

• Once we have the intersection lengths l we need to find out which voxel 

was intersected every time, so that we retrieve the correct radiological quantity ρ

• The voxel [x(m),y(m),z(m)] which corresponds to the intersection m and m-1 

contains the midpoint of the intersection:

with

𝑎𝑚𝑖𝑑 = 𝑎 𝑚 + 𝑎 𝑚 − 1 /2

𝑑 = ෍

𝑥,𝑦,𝑧

𝑙(𝑥, 𝑦, 𝑧) ∙ 𝜌(𝑥, 𝑦, 𝑧)

𝑥(𝑚) = 1 + Τ𝑋1 + 𝛼𝑚𝑖𝑑 𝑋2 − 𝑋1 − 𝑋𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑥

𝑦(𝑚) = 1 + ൗ𝑌1 + 𝛼𝑚𝑖𝑑 𝑌2 − 𝑌1 − 𝑌𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑦

𝑧(𝑚) = 1 + Τ𝑍1 + 𝛼𝑚𝑖𝑑 𝑍2 − 𝑍1 − 𝑍𝑝𝑙𝑎𝑛𝑒(1) 𝑑𝑧



Ray tracing - Algorithm

• Which finally allows us to write the radiological path d as:

𝑑 = ෍
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Ray tracing - Summary


