Topological Defects

Problem Sheet 7 4 December 2023

1. Gravitational Field of a String

On a previous problem sheet, we already analyzed the gravitational field of a domain
wall. In a similar manner, we want to analyze the gravitational field of a string.

1. (optional) Show that in the weak-field approximation the Einstein equation

becomes
1
Ohy = —167G (Tuv — §T77W> . (1)
2. Take the theory
1 v *
£ = = Fu P +(D,0)' (D"9) = V(9) )

and consider a string located along the z-axis. Calculate the components Tj,
T3, Toi, and T3,

3. To calculate the other components, we will use the approximation

T (2,9, 2) = 6(2)5(y) / T, (2, y)dedy. (3)

Show that the energy-momentum tensor takes the form

T (,y, 2) = e(x,y, 2)8(x)é(y)diag(1, 0,0, ~1), (4)
where e(z, y, z) is the energy density of the string.

4. Insert this into equation (1) and find the solution for h,,. You will find that
the non-zero components are hy; and haos.
Hint : Solve the equation in cylindrical coordinates.

The metric can be written as
ds? = dt* — dz? — dr’? — r?dy”, (5)

where 7" and ¢’ depend on r and ¢. This means that in the (¢, 2,77, ¢’) coordinates,
the trajectories are straight lines, but translated into the observable coordinates
(t,z,7,¢) the trajectories are curved.

5. Make a sketch of a light beam that passes by the string.



2. Non-Abelian Gauge Theory

Let us consider the following Lagrangian

L= —% Tr (G, G"™) + Tt ((D,9) (D" 9)) . (6)

The scalar field ¢ is given in the adjoint representation of SU(N) with ¢ = ¢*T,
where T are the generators of the SU(N) group normalized by Tr T%T® = §°°/2.
Remember that the generators satisfy the algebra

[T, T" = i fabere, (7)
The covariant derivative is given by
Dy = 0,6 — ig[W, ¢, (8)
and the field strength tensor is
G = W, — O,W,, — ig[W,,, W, ], (9)
with W, = WiT?.
1. The gauge transformation of ¢ is given by
¢ — UgUT, (10)

with U = eT*¢"(®) How does the gauge field W, transform, if the covariant
derivative transforms in the same way as the field ¢?

2. Show that the Lagrangian is invariant under SU(N) gauge transformation.

3. How does the infinitesimal gauge transformation look like for the components
¢" and W7

4. Find the equations of motion for both, the gauge field and the scalar field.
5. If ¢* is a constant, what is the conserved Noether current ?

6. Prove the Bianchi identity
"’ D,Gop = 0. (11)

Hint : Use the Jacobi identity.
7. Assuming W), is a pure gauge, i.e. W, = Z—;U@,LUT, show that Tr (G,,G*) = 0.



