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1. Complex Scalar Theory

Let us start with a complex scalar field theory with U(1) global symmetry in d+ 1
dimensions. The Lagrangian is given by

L = (∂µϕ)
∗(∂µϕ)−m2|ϕ|2 + c|ϕ|4. (1)

1. What is the mass unit of the constant c ?

2. Derive the field equations for ϕ.

3. Calculate the Noether current and show that it is conserved.

Instead of the global U(1) symmetry ϕ 7→ eiθϕ, we want to have a local symmetry
ϕ 7→ eiθ(x)ϕ. However, in its current form, the Lagrangian (1) is not invariant under
this local transformation. In order to restore this symmetry, we must introduce an
additional field into the theory, namely the vector field Aµ. The new Lagrangian is

L = −1

4
FµνF

µν + (Dµϕ)
∗(Dµϕ)−m2|ϕ|2 + c|ϕ|4, (2)

where Dµ is called the covariant derivative and Fµν = ∂µAν − ∂νAµ is the field
strength tensor. The vector field transforms under local U(1) transformation (gauge
transformation) as Aµ 7→ Aµ − 1

g
∂µθ(x).

4. The covariant derivative of a field ϕ transforms under gauge transformations
in the same way as the field ϕ itself. Find the expression for Dµϕ and show
that the Lagrangian (2) is gauge invariant.

5. Show the following relationship between the field strength tensor and the co-
variant derivative :

[Dµ, Dν ] = igFµν . (3)

6. Derive the equations of motion for Aµ and ϕ.

7. Find the gauge invariant energy-momentum tensor of the theory.

8. Take now d = 3 and write down the field strength part of the energy density
in terms of the electric and magnetic fields, defined by

Ek = F0k, (4)

Bk = −1

2
εkijFij. (5)

2. Symmetry Breaking in U(1) Gauge Theory

Consider the Lagrangian with U(1) gauge symmetry

L = −1

4
FµνF

µν + (Dµϕ)
∗(Dµϕ)− λ(|ϕ|2 − v2)2. (6)



1. Write down the mass of the fields ϕ and Aµ. What are the number of degrees
of freedom of these fields ?

2. Insert ϕ(x) = (Nh(x) + v)eiθ(x) into the Lagrangian and determine N such
that the Lagrangian is canonically normalized.

3. Let us define the new field Bµ = Aµ+
1
g
∂µθ and write the Lagrangian in terms

of h and Bµ.

4. What are the masses and degrees of freedom for the fields Bµ and h ?


