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Guidelines:

• The exam consists of 7 problems.

• The duration of the exam is 96 hours.

• Please write your name or matriculation number on every sheet that you hand in.

• Your answers should be comprehensible and readable.

GOOD LUCK!

Exercise 1 8 P
Exercise 2 15 P
Exercise 3 25 P
Exercise 4 15 P
Exercise 5 25 P
Exercise 6 15 P
Exercise 7 20 P

Total 123 P
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Problem 1 (8 points)

Simplify the following expressions as much as possible without using any representation
of the γ matrices. The Minkowski metric convention is ηµν = diag(1,−1,−1,−1). You may

use the definitions PL
R
=

1

2
(1∓ γ5) as well as the identities and relations you encountered

during the course.

a) tr[γµγνPLγµPRγ
ν ]

b) tr[(γµ)†γσγνPRγργ
5PLγ

νγµ]

c) tr[ηµνγ
ργσ]

d) exp[i
π

2
γ5]

Problem 2 (15 points)

Consider the following Lagrangian capturing the dynamics of a real scalar field ϕ in 4
space-time dimensions (we use units c = ℏ = 1)

L =
1

2
(∂µϕ)(∂

µϕ)− cϕ6 ,

with c a constant. The signature of Minkowski metric is mostly minus, i.e. ηµν = diag(1,−1,−1,−1).
Derive the corresponding interaction-picture Hamiltonian in terms of creation and anni-
hilation operators.

Hint: The interaction-picture creation and annihilation operators α̂†
k and α̂k are related

to â†k and âk as

α̂†
k = â†ke

iωkt , α̂k = âke
−iωkt .

Problem 3 (25 points)

Consider a theory given by the following Lagrangian density in 4 space-time dimensions
(we use units c = ℏ = 1)

L = Lφ + Lψ + LBµ + Lint ,

with

Lφ =
1

2
(∂µφ)(∂

µφ)− 1

2
M2φ2 ,

Lψ = ψ̄(i/∂ −m)ψ ,

LBµ = −1

4
GµνG

µν +
µ2

2
BµB

µ ,

Lint = −λφψ̄ψ − g

2
φBµB

µ ,

where φ is a massive real scalar field of mass M , ψ is a spinor of mass m with ψ̄ ≡ ψ†γ0,
Bµ is a massive vector field of mass µ, with its field strength-tensor given by Gµν =
∂µBν − ∂νBµ, and λ and g are constants.
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a) What are the mass dimensions of the following entities?

i) φ

ii) ψ

iii) M

iv) m

v) Bµ

vi) µ

vii) λ

viii) g

b) Find the equations of motion.

c) State the Feynman rules for all of the propagators and vertices of this theory. No
derivation is necessary.

d) Consider the process BB → ψψ̄. Draw and label the Feynman diagram(s) contribut-
ing to this process to leading order in λ and g.

e) Under what conditions is the above process kinematically allowed?

f) How many physical polarizations does the massive vector boson Bµ have? Explain.

g) Derive the spin-averaged amplitude squared for the above process in terms of the
Mandelstam variables.

Hint: Take the polarization vectors ε
(i)
µ to be real and use the fact that the sum

over the physical polarization states of a spin-1 particle of mass µ ̸= 0 is
∑
i

ε
(i)
µ ε

(i)
ν =

−ηµν +
kµkν
µ2

.

h) Calculate the differential cross section of the process. Use the following general
expression for the differential cross section of a 2-to-2 scattering process AB → CD
in the center-of-mass (CM) frame:(

dσ

dΩ

)
CM

=
1

2EA2EB|v⃗A − v⃗B|
|p⃗C |

(2π)24ECM

|M(pA, pB → pC , pD)|2 ,

where EA, EB and ECM are the energies of A, B and the total initial energy, re-

spectively. Also, v⃗X =
p⃗X
EX

for X = A,B. Finally, |M(pA, pB → pC , pD)|2 is the

spin-averaged amplitude squared you found in g).

i) Calculate the total cross section σ =
1

N

∫ (
dσ

dΩ

)
CM

dΩ. What is the normalization

factor N? Explain briefly.
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Problem 4 (15 points)

Consider the following action of a massless scalar field in d > 2 space-time dimensions

S =

∫
ddx

[
1

2
(∂µφ)(∂

µφ)− λφ
2d
d−2

]
,

with λ a real constant. The signature of Minkowski metric is mostly minus, i.e. ηµν =
diag(1,−1,−1, . . .).

a) What is the mass dimension of φ?

b) Find the equations of motion.

c) Consider the following transformation

φ(x) → φ′(x) = α∆φ(αx) .

Determine ∆ such that the action be invariant under this. What do you observe?

d) Find the corresponding Noether current. Show that it is conserved on the equations
of motion.

Problem 5 (25 points)

a) A Dirac spinor transforms under Lorentz transformation as ψ(x) 7→ ψ′(x′) =
S(Λ)ψ(x). Using the Lorentz invariance of the Dirac equation, show that

S(Λ) = exp(− i

4
ωµνσ

µν) .

Under infinitesimal Lorentz transformation the spacetime coordinates transform as

xµ 7→ x′µ = Λµνx
ν = (δµν + ωµν )x

ν .

Recall that σµν is defined by σµν = i
2
[γµ, γν ].

Hint 1: Note that ωµν is anti-symmetric.
Hint 2: You will need to prove

[
γλ, σµν

]
= 2i

[
ηλµγν − ηλνγµ

]
.

b) Since the Dirac Lagrangian

L = ψ̄ (iγµ∂µ −m)ψ ,

is Lorentz invariant, there is a corresponding conserved Noether current. Using
Noether’s theorem show that the current can be written as

Jλ = AµνJ
λ,µν ,

where

Jλ,µν = iψ̄γλ
(
− i

4
σµν + xµ∂ν

)
ψ ,

and Aµν is an arbitrary anti-symmetric tensor.
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c) Show that the current is conserved on the equations of motion.

d) Show that
Jλk = εkijJ

λ,ij = ψ̄γλ (Sk + Lk)ψ ,

where
Sk =

σk
2
, Lk = −iεkijxi∂j .

Hint: Use the Dirac representation of the γ-matrices.

e) The corresponding charge is given by

Qk =

∫
d3x ψ†(x⃗) (Sk + Lk)ψ(x⃗) .

Show that it satisfies the following equation

[Qi, Qj] = iεijkQk .

f) Instead of a Dirac field, consider now a real scalar field ϕ with Lagrangian density

L =
1

2
(∂µϕ)(∂

µϕ)− 1

2
m2ϕ2 .

Show that the current Jλk for ϕ is

Jλk = −i
(
∂λϕ

)
Lkϕ .

g) Interpret the above results. Compare the current associated with the spinor field to
the corresponding scalar field current found in the previous point.

Problem 6 (15 points)

Consider the theory

L = −1

4
FµνF

µν + ψ̄ (iγµ∂µ −m)ψ + Ψ̄ (iγµ∂µ −M)Ψ + gψ̄γµΨA
µ .

Calculate the decay rate for the process Ψ → ψγ.
What are the conditions for this process to be kinematically allowed?

Problem 7 (20 points)

Consider the following action

S =
1

2

∫
d4x

[
(∂µφ1)(∂

µφ1) + (∂µφ2)(∂
µφ2) +

2φ2

λ
(∂µφ1)(∂

µφ2) +
φ2
2

λ2
(∂µφ2)(∂

µφ2)

]
,

where φ1 and φ2 are two real massless scalar fields.

a) What is the mass dimension of λ?
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b) Write down the Feynman rules.

c) Calculate the lowest order (in 1/λ2) Feynman amplitude for the process φ1φ1 →
φ2φ2.

Hint: You have to consider two Feynman diagrams.

d) Use the redefinition

χ1 = φ1 +
φ2
2

2λ
, χ2 = φ2 ,

to rewrite the action.
What do you observe? With this new insight, interpret the result of point c).
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