
Quantum Field Theory (Quantum Electrodynamics)

Problem Set 1 23 & 25 October 2023

1. Planck units

a) Derive the following elementary quantities : the Planck length lPl in cm, the Planck
time tPl in s, the Planck mass mPl in g and the Planck temperature TPl in K.
Hint : Write the dimensions of c, ~, GN, kB in terms of length L, time T , mass M
and temperature Θ. Substitute with the basic Planck units lPl, tPl, mPl, TPl.

b) From those basic Planck units derive the Planck acceleration aPl in g (take g = 9.81
m/s2) and Planck energy EPl in GeV.

c) In Planckian units we set c = ~ = GN = kB = 1, so that any quantity expressed in
these units is dimensionless. Calculate the Compton wavelength of the electron in
Planckian units, in cm and in eV−1.

2. Fun with indices

1. The scalar product of a vector field Aµ = (A0, A1, A2, A3) with itself is defined as

AµA
µ ≡ ηµνA

µAν ,

with ηµν = diag(1,−1,−1,−1) the 4 dimensional Minkowski metric. Write the above
expression in terms of the vector components.

2. Give some examples of tensor equations consistent and inconsistent with the Ein-
stein’s summation convention.

3. Which is the value of δµµ in 4 dimensions ? And in n dimensions ?

4. Completely symmetric and antisymmetric rank-2 tensors satisfy Tµν = ±Tνµ, where
the plus sign stands for the symmetric and the minus sign for the antisymmetric one.
Show that, if Sµν is a rank-2 symmetric tensor and Aµν is a rank-2 antisymmetric
tensor, then SµνA

µν = 0.

5. Show that, if Sµν is symmetric and Bµν is arbitrary, SµνB
µν = 1

2
Sµν (Bµν +Bνµ).

6. Show that, ifAµν is antisymmetric andBµν is arbitrary,AµνB
µν = 1

2
Aµν (Bµν −Bνµ).
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3. The totally antisymmetric symbol

The generalization of the three-dimensional totally antisymmetric symbol in Minkowski
spacetime is εκλµν and satisfies

εκλµν =


+1 if κλµν is an even permutation of 0123 ,

−1 if κλµν is an odd permutation of 0123 ,

0 otherwise ,

1. Show that if ε0123 = −1, then ε0123 = 1.

2. Show that εαβγδε
κλγδ = −2(δκαδ

λ
β − δλαδ

κ
β) .

Hint: Contractions of the totally antisymmetric tensor can be expressed in terms of
products of delta functions as :

εα1α2...αmµ1µ2...µnε
α1α2...αmν1ν2...νn = (−1)sm!n!δ

[ν1
[µ1

· · · δνn]µn]
,

where s is the number of negative eigenvalues of the metric and δ[ν1···νn] denotes a
fully anti-symmetrized tensor δν1···νn (and the same for lower indices).

3. Prove that εκλµνε
κλµν = −4! .

4. Equations of motion

1. Consider the action of a self-interacting real massive scalar field φ

Sφ =

∫
d4x

[
1

2
(∂µφ)2 − m2

2
φ2 − λ

4
φ4

]
,

with m and λ constants. Derive the equations of motion for φ.

2. Consider the action of the electromagnetic field Aµ coupled to a source jµ

SA =

∫
d4x

[
−1

4
FµνF

µν − Aµj
µ

]
,

with Fµν = ∂µAν −∂νAµ, the Maxwell field-strength tensor. Derive the equations of
motion for Aµ.

3. Consider the action of a massive vector field Bµ

SB =

∫
d4x

[
−1

4
GµνG

µν +
m2

2
BµB

µ

]
,

with Gµν = ∂µBν − ∂νBµ. Derive the equations of motion for Bµ.
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