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Part 1

Cr

itical phenomena and renormalization group

1 Phase transitions, universality and the scaling hypothesis

Aims:

1.1

Get familiar with phase transitions in classical or quantum systems
Phenomenology: Power laws, critical exponents, universality

Link phenomenology to scaling hypothesis

Classification of phase transitions

Consider macroscopic (quantum) system with Hamiltonian H in contact with heat bath (temperature T')
and particle reservoir (at chemical potential ;). The grand canonical partition function is

Z(T,u) =Tr [e*(H*”N)/T} (1)

where N is the number operator and the trace is over Fock-space with any number of particles. In the
thermodynamic limit with volume V' — oo while n = (N) /V = const., we expect that the free energy is
extensive,

F =T log[Z(T, )] = V{ (T, ) (2)

We can add more coupling constants like magnetic field h, doping p etc.. In general, with k coupling
constants g 2.3.. x, we have to consider f (g1, 92, ..., k)

In the k-dimensional coupling space, f (g1, g2, ..., gx) is almost everywhere analytic (locally described by
convergent power series, f(g) = ag + a1(g — go) + a2(g — go)? + ...).

Phases: Domains in coupling space where f is analytic. Phases can often be described by one or more
order parameters, that are only non-vanishing in a particular phase.

Phase transitions: Points, lines or other manifolds with dimension < k so that f exhibits some kind of
non-analyticity.

Note: Non-analyticity of f(g1,92,...,9x) can only come from infinite summation in Tr..., so infinite
systems are required.

Classification of phase transition:

— First order (discontinuous): There is at least one i € 1, ..., k so that at the phase boundary 9f/dg;
is discontinuous.

— Second order (continuous): For all ¢ € 1, ..., k, the derivative 0f/dg; is continuous.
Quantum phase transitions:

— Occur at T' = 0 if some non-thermal control parameter (e.g. B-field) is varied
— Driven by quantum fluctuations, not thermal fluctuation.

— Same classification as above, for more details see Sec. 3.
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Figure 1: Sketches of the magnetization of a classical Ising model for dimension D > 2.

1.2 Example: Paramagnet-Ferromagnet transition

o Consider g; = T and g = h (magnetic field), for concreteness think about the nearest neighbor classical
Ising model in D-dimensions (s; = +1, the sum is over nearest neighbors)

HZ—JZSiSj—hZSi, (3)
(i) i

At h =0, we have a Zs symmetry for H under s; — —s; for all 7.

o The partition function for the Ising model is known exactly for D=1 (see Ex. 1.1) and for D=2 at h =0
[Onsager,1944] (see Ex. 1.3 for a calculation of T, for the square-lattice case)

o Magnetization per site can be calculated from free energy

mmm:ﬁﬁytﬁm;Z@y (@)

V—o0 -
i

and plot it as a function of h with T as a parameter (Fig. la). If we are in D > 2, there is a critical
temperature 7' = T, > 0 below which we find a discontinuity at A = 0 (Fig. 1b). Tuning h across this
discontinuity, m jumps, so that we have a 1st order phase transition.

e Next, we focus on the limit of vanishing field,

. of(,n) .. .. 1
= — lim ———~* = lim lim — E ;
o noor Ok h0V 5o 1V - 5 (5)
(note the order of limits) and find a result as in Fig. lc. We say that mg is the order parameter which

vanishes on one side of the phase transition point.

e Spontaneous symmetry breaking: The state has smaller symmetry than the Hamiltonian. This
occurs because under the Zs-symmetry, we would have mg — —my.

o Critical exponent: Slightly below the critical temperature T' < T, we can fit the measured magnetization
to mg o (T. — T)? (for T < T.).
The dimensionless number 5 > 0 is a critical exponent (do not confuse it with inverse temperature).

e Universality: 8 depends only on dimensionality and symmetries of the model, see table below.

— Symmetry groups encoded by names [Ising = Zy, Heisenberg = O(3) for continuous rotation of a
classical spin]

— Understanding of universality is one main achievement of the RG.
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Figure 2: (a) Phase diagram of a simple fluid in the temperature pressure plane. (b) Curves of constant pressure in the
temperature-density plane. The green region for T' < T, is the coexistence region for liquid and gas.

— Note: The dimensionful quantity 7, is not universal.

Ising (Zg sym.) Heisenberg (O(3)-sym.)
D=2 | D=3 D=3
| 3]1/8=0.125] 0.327 | 0.36 \
v 1 0.63 0.7
n| 1/4=0.25 | 0.0364 0.027

o Examples for different members of 3D-Ising universality class (same f3):

— Uni-axial ferromagnet in 3D (see above, control T h, observable: m)

— Simple fluid (Fig. 2). Control T, p, observable: density n = —df/du. Focus on gas-liquid transition.

*

Gas and liquid have same symmetry
* Difference to magnet: [ drn(r) = const., leads to coexistence of gas and liquid at 1st order line.

*

Exponent 3 defined via shape of green coexistence curves: nyquiq — Mgas< (T — T)ﬁ

*

Where is the Zo symmetry? Lattice gas approximation, correspondence s; = +1=occupied site
and —1=empty site — Ising model, emergent Zo symmetry close to critical point.

o Other thermodynamic observables with their respective critical exponents (historical notation). Definition
of “reduced temperature”: t = (T' — 1¢) /1.

magnetization at h = 0 specific heat
t)=—2of 8% (t <0 Ct)=T,'%1f t
m(t) = —gyln=o  |t|” (t < 0) (t) = To Feln=o x |1
magnetic susceptibility critical (¢t = 0) isotherm
2
X(t) = Gabln=o o |t~ m(t = 0,h) = — G |0 o< |h["/*sgn(h)

1.3 Correlation function, anomalous dimension and correlation length exponent
e Split local magnetization into average and fluctuating part,
s(r) = m +ds(r) (6)
where

Tr [s(r)e*(H*“N)/T}
m = (s(r)) = — e (H—1N)/T] (7)

and (ds(r)) = 0.
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Figure 3: Connected correlation function in real-space close to a phase transition point with regions of power-law and

exponential decay.

1.4

Correlation function covers spatial correlations of local order parameter with non-decaying contribution
subtracted (“connected” correlation function):

G(r) = (d5(r)ds(0)) = (s(r)s(0)) — m? (8)

Hallmark of approaching continuous phase transition: Microscopic degrees of freedom become increasingly
correlated over larger length scales and behave as a single entity.

Large-r behavior of correlation function defines two other critical exponents (Fig. 3):
1/7“D’2+" t=0
e T8/ \JED=3rD-1 .t £

The values of n, v for some universality classes are given in the above table.

G(r—>oo)o<{

At criticality ¢t = O:

— There is no characteristic length scale in the decay of G(r)
— G(r) decays with a power-law, defines universal anomalous dimension 7 > 0

— Later: n = 0 characterizes critical points with non-interacting critical fluctuations (“Gaussian ap-
proximation”)

Away from criticality t # 0:

— Correlations are characterized by finite emergent correlation length &

ot (10)

where v is the universal correlation length exponent.

¢ is length scale for exponential decay, G(r) oc e~ "/%.

— Exponential decay sets in beyond r ~ &.

For r < &, find power-law decay as in the critical case (Fig. 3).

Scaling hypothesis

Experimental finding: Critical exponents «, 3,7, , v, are not independent.
They can be computed from two numbers y; and ¥, characteristic for each universality class:

a=2-D/y | B=D —yn)/ye [v=Qyn—D)/ye | §=wn/(D—wn) [v=1w [n=D+2—2y, |

e This can be understood from a scaling hypothesis for the free energy and the correlation function.

e The scaling hypothesis was postulated in the 1960s by Widom and Kadanoff and was later justified via

the RG.



Scaling hypothesis for free energy

o Assume that close to the critical point, we have a regular and singular part of the free energy f(t,h) =
fsing(t, h) + freq(t, h). The singular part contains the non-analyticity.

o Scaling hypothesis (for singular part) with an arbitrary dimensionless scale factor b takes the form of
homogeneity relation:

Feing(t;h) = 07" faing (01, 1" h) (11)
e Finding f = B(y:, yn) (magnetization at zero field): Since b was arbitrary, let b¥* = 1/|t| and thus
b= [t|1/w.
h
fsing(t, h) = |t|D/ything (iL |t|yh/yt> (12)

—o (—n
_(bi(myh/yt)

Assume that around the phase transition, derivatives of f(¢,h) are dominated by its singular part (“~"

signs):
Ofsing _ 1y (D-yn)/uigy, (1
m (t,h) ~ “Ton t] Oy (|t|yh/yz> (13)
We can let h = 0 and read off 5 = (D —yp,) /y: as in the table above. In a similar manner one can find
o and 7.

o Finding 6 = 0(y, yp) (critical isotherm): We need to let ¢ — 0 in Eq. (13). To find something finite, we
request that @, (x) ~ zP/¥»=1. Then m(t = 0, h) oc hP/¥»~1 and we can read off § =y, /(D — yp,).

Scaling hypothesis for correlation function

o To relate {v,n} to {y:,yn}, we conjecture a scaling hypothesis for the singular part of the correlation
function

Giing (131, h) = b™2P=Y) G0 (r/b; BV, b9 h) (14)

and put again b¥* = 1/|t|. We also set h = 0:

Guing (38, h = 0) = [t/ Gy ([t 21,0) (15)

=W (r[t|'/v¢;£1,0)

o For |t| # 0, expect Gsing(r) o e7™/¢ which yields € o [¢|71/¥% and thus the expression v = 1/y; follows.

« For |t| =0, to get a finite (non-zero) Ging(7;t = 0, h = 0), we request:
_92(D—
W (rft7 21,0) oc (rfe/oe) 0T (16)
We compare to Eq. 9, we read off D — 2 +n = 2(D — y;,) from which the expression in the table follows.

e Remark: Scaling hypothesis yields experimentally testable...

— scaling relations, e.g.
2—a=20+y=0(0+1) (17)

— hyperscaling relations (relating power-laws for thermodynamic observables with the G(r)-exponents)

2—a=Dv
y=2-nv



Dynamical critical exponent

o For time-dependent G(r, ), the correlation time 7. is the decay time of order-parameter fluctuations. It
relates to the correlation length via a power law:

Te x & o [t|7VF (18)

e z is the dynamical critical exponent, it controls the relative speed of divergence of the temporal and
spatial correlation length.

e Critical slowing down: Order parameter fluctuations decay slower and slower as one gets closer and
closer to the critical point.
See Ex. 1.2 for an application involving z.

Exercises

Exercise 1.1. Classical Ising model in 1D: Exact solution

Consider the nearest-neighbor classical Ising model of Eq. (3) on a ring of N sites (in D = 1 dimensions) with
periodic boundary conditions.

1. Show that the partition function can be written as Z = Tr [TN } with the transfer matrix given by
(AT /T
T=\ yr u-nyr (19)

2. Using the eigenvalues of T, show that in the thermodynamic limit (N — oo) the free energy per spin
reads

f(h,T)=—-J—Tln {cosh (h/T) + \/sinh2 (h/T) + e—4J/T} . (20)
Show that one can approximate

—J —Te 2T :h =0,

T || = Te I L, (21)

f(haT)Z{

if T < Jor T < J,|h|, respectively. Argue that there is a critical line at (7" = 0,h) but no phase
transition at any finite temperature.

3. Roughly sketch the magnetization per spin m(T,h) = —? as a function of h for various 7' (no new
calculation needed).

4. Confirm that the spin-spin correlation function can be expressed as

1 ; ; 1 0
. _ - j—1 N—j+1 : _
(sjs1) = 3 Tr ST/-'ST |, withs (0 o ) (22)
Confirm that for N — oo, we have (s;s1) = (s1)* + ¢ ()\_/)\+)j_1 where ¢ is a constant independent of j
that does not need to be determined. Set h = 0 and find the correlation length £ as a function of T' by
matching Gj = (s;s1) — <31)2 o e "/¢. Hint: There is no need to compute the eigenvectors of T explicitly.

Exercise 1.2. Kibble-Zurek mechanism

Let a continuous phase transition with control parameter ¢ be equipped with universal critical exponents v, z as
defined above. In contrast to the discussion for the equilibrium case above, the control parameter is now varied
in time 7 from the disordered (¢ > 0) towards the ordered (¢ < 0) side following the linearized approximation

t(1) o< —=AT (23)

so that the equilibrium critical value ¢ = 0 is crossed at 7 = 0. It can be expected that instead of a spatially
homogeneous order parameter, the driving at finite velocity A results in a random configuration of ordered
domains of finite size .



1. Argue that the time-evolution of the system can be divided in three stages where the dynamics is essen-
tially adiabatic far away from 7 = 0 for [t| > f and frozen otherwise. Show that

foc A/ (Hv2), (24)

2. Show that the typical domain size | depends on the driving velocity A as
[ oc A7/ (V) (25)

The remarkable prediction of Eq. 25 connects static critical exponents z, v to the observable | measured
in a dynamic protocol. It can be used in experiment, see e.g. [Ebadi et al., Nature 595, 227 (2021)]
around Fig. 3 for a recent example involving a quantum phase transition of the 2+1 dimensional Ising
universality class.

Exercise 1.3. Classical Ising model in 2D: Critical temperature from duality

Consider the nearest-neighbor Ising model (3) at vanishing magnetic field h = 0 for a square lattice in D=2
with periodic boundary conditions and N sites. The goal is to find the critical temperature T, from a duality
argument. To simplify notation, set K = J/T.

1. High-temperature expansion: Show that the partition function can be written as

Z = Z H K555 = (cosh K)™ Z H (1+ si850) = 2V (cosh K)™ Zn(r)vr (26)

{s;}=+1n.n. {si}==%1 (i,5) r

where N, = N/2 is the number of bonds and v = tanh K. If a bond in the expansion is denoted by a
black line as in Fig. 4(a), argue that only closed graphs as in (c¢) contribute to the partition function. The
number of closed graphs with r bonds is n(r). In what sense does Eq. (26) represent a high-temperature
expansion?

2. Low-temperature expansion: Starting from the ferromagnetic ground state, show that the partition func-
tion can be written as

Z =i Zm(r)e*QKr (27)

with m(r) the number of distinct ways to arrange r unsatisfied bonds (i, j) with s;s; = —1 on the lattice.

3. Consider the dual lattice “D” with lattice points (blue x) at the crossings of dashed lines that cut
orthogonally through the midpoints of bonds of the original lattice, see Fig. 4(e) and argue that m(r) =
np(r) and n(r) = mp(r). Use this to show the following relation between partition functions on the
original and dual lattice,

Z(K) =27 NpeENo (cosh K*) NPt Zp (K*) (28)

where the couplings are related by e 2K = tanh K* = v*.

4. Use the fact that the dual lattice of the square lattice is again a square lattice and the assumption that
there is only a single critical temperature 7, to conclude sinh 2K} = 1.

10
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Figure 4: Duality for Ising model on D=2 square lattice: Graphs with r=1,2,3 bonds are shown in (a),(b),(c) and a

domain wall around 2 minority spins is shown in (d). Panel (e) shows that domain walls correspond to closed graphs on
the dual (blue-starred) lattice.

2 Mean-field theory and Gaussian approximation

Aims:
[ )
[ )

2.1

Simple microscopic description of phase transitions
Mean-field theory (MFT): Neglect fluctuations

Gaussian approximation: Include fluctuations which are exactly tractable

Mean-field theory

Recall D-dimensional nearest-neighbor Ising model, Eq. (3), H = —J 32 sisj — h32; si. Set . =1/T

(don’t confuse with critical exponent!).

(Thermal-) fluctuation: More than one most likely configuration {s;} contributes to the partition function

Z = Z e_ﬁH[{SZ}]
{si}==%1

Idea: Split s; into average value m € R and fluctuation, see Eq. (6):

S; = <Sl> + (581'
N~~~
m

Mean-field approximation: Neglect terms in H quadratic in the fluctuation:

(29)

(30)

sisj = (m+ 8s;) (m+ ;) = m?> +m (§s; + 05j)+ 05,05, =~ m?+m (8s; + ds;) = —m*+m (s; +5;) (31)

and obtain (with ;) counting bonds!)

NzJ o
Hyp = 5 —Z(h%—zt]m)s@-

)

z = coordination number, N = #sites

Partition function in mean-field approximation:
Zup (T, hym) = ) e Ohr
{si}=%1
- ¥ o BEEIMP 47 B(htzdm)s;
{si}==%1

_ eiﬁ%ﬂﬁ H [ Z eﬁ(thsz)si]
i s;==%x1
= M’ N
= e 772 ™ {2cosh[B (h+ 2Jm)|}
e~ BNLup (T h;m)

11
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Figure 5: Mean-field approximation for the Ising model. Panel (a) shows the graphical solution of Eq. (39) and panel
(b) the Landau function above (red) and below (blue) the critical temperature.

Note: m is yet to be determined! With the approximation the sum of exponentials factorizes and one
obtains the partition function of a single spin in an effective field hepr = h + zJm.

¢ Landau-function: ;
Larr (T, hym) = %mQ — Tl [2cosh [3 (h + zJm)]] (37)

T,h;ym)

determines the probability density e B#NLar( to observe order parameter m.

o MFT-prediction for physically realized value of m (denoted by myg): The most probable value. = Find
minimum of Lysr (T, h;m).

OLyr (T, h;m) 1
A, 20 (38)
which defines mo (7T, h) and leads to
mo = tanh [3 (h + zJmo)] (39)

o Free energy density: Once my is determined as a function of T, h, we find:

fMF(Tv h) =Lyur (T’ h;mg (T7 h)) (40)

e Remarks:

— For h # 0, there is always at least one non-trivial solution, see Fig. Ha. If there are two solutions
(for T' < T, and, possibly, h # 0), one has to find the one with the smaller Lyr (T, h;my).

— First-order phase transition: For T' < T, and changing h across 0, the minimum mg jumps disconti-
nously. This corresponds to a first-order phase transition.

— Eq. (39) can also be found directly from the self-consistency equation

1
— § —BHuF
m = S;€
0 ZMF (Z ,h;mo) {51-}::‘:1 J

1
_ E : LB(h+zdmo)s;
o E: e,B(h+szo)s7- Sj¢
sj==1 Tosj==%1

— Before my is determined, Ly;r (T, h;m) is not a proper free energy as it contains magnetization m
which is not a control parameter like T" or h. In particular, in some situations the global minimum
of Ly (T, h;m) with respect to m can be different from the local minimum which yields the correct
condition (39).

12



Mean-field critical temperature

o Set h =0 to find critical temperature: Compare the slopes on the left and the right-hand-side of Eq. (39).
Obtain two non-zero mg-solutions below a critical temperature

Tc,MF = zJ. (41)

« Example: Hyper-cubic lattice in D-dimensions: z = 2D — T, (?M r=2DJ.

Compare to exact results: For D=1, TP=1 = 0; for D=2, TP=2 = 2.269.J (which derives from sinh (2.J/T.) =
1, see Ex. 1.3). For D > 3, Monte-Carlo simulations are required.

D 1] 2 3 4 5 6 7
TP /TEr || 0] 0.57 [ 0.752 | 0.835 | 0.878 | 0.903 | 0.919

e General rule:

— The lower D, the more important are fluctuations that disorder the system and thus reduce 7.

— In large D, fluctuations tend to average out.

Mean-field thermodynamic critical exponents

 For temperatures T’ ~ T, psp, the minimum of Ly p (T, h; m) is close to m = 0. Expand Landau-function
in m (see Fig. 5b):

Lyr (T, h;m) :f+%m2+%m4—hm+... (42)
with (In[2coshz] =1n2 + % - % + O(x9))
f = -T2 (43)
T
ro= C¥F@—ﬂMm:T—EMF (44)
u = 2T(TC,MF/T)4 = 2T(:,MF (45)
o Find mg from Wm:mo £ 0 and neglect higher order terms (...):
u 3
rmo + —my=nh (46)

6
e Read off critical exponents in MFT:

— Mean-field exponents are independent of dimension D.

— We find, e.g. Byr = 1/2 far from the exact results ﬁggg =0.125 or 511)8;%9 = 0.327.

Ising mean-field critical exponents

« B | 0
0 (Cjumps) | 1/2 | 1 3

o Remark: Critical exponents v,n are defined via G(r). These cannot be described in MFT if a spatially
homogeneous order parameter is assumed.

13



2.2 Continuum ¢*-field theory for the Ising model

Heuristic derivation of continuum field theory

o Heuristic steps to continuum field theory (detail in Ex. 2.1):

— Consider again

Z= Z exp [-(H| = Z exp [BJZSiSj —|—ﬁh25i] (47)

{si=+1} {si=%1} (i7) i

Smooth discrete spins s; = +1 over a region V; of volume [1/Ag]” to obtain the field ¢(r) instead
of the spins.

— The field ¢ and space coordinate r are now continuous. This is beneficial for subsequent approxi-
mations.

— Motivation: We could not do the sum » . 11y €%, but we know how to do Gaussian integrals
over N-component real field, (2r)V/2 [ dpe=2?"Me = 1/\/det M.

« Functional integral (c.f. field-theory I): Integrate over probability e ™% ¥®)] of o (r) configurations in
the thermodynamic ensemble:

z=/vww*ww (43)

o Expand Sy, [¢]: Close to the critical point, ¢(r) ~ m is small and fluctuations are smooth.

o Obtain the Ginzburg-Landau-Wilson action (form can be guessed by symmetry):

Sulel = [dr[lo—hopn) + 22 + 2 (To) + 20 0) (49)
I foy — ho(k = 0) + ;/k [0+ cok? | (=K (k) o
n % i (2m) 76 (1 + ... + k) (k) (ko) o (s ) o (ka)

with (see Ex. 2.1, a = lattice-constant of hyper-cubic lattice)

fo = —aPn2 (51)
ho = PBha='"P/? (52)
ro = Ta;ch (53)
o = 1/(2D) (54)
w = 24P (55)

¢ Remarks:

There should be a cut-off at the momentum integrals at & < Ay.
Reason: No information on the spin fluctuations below coarse graining length scale 1/Ag.

— Conventions used: ¢(r) = [, e*Tp(k) and & 3, — (2m)~P fj;o dPk = [,
— Dimension of the fields [¢(k)] = [a]1+D/2 and [p(r)] = [a]l_D/Q.
— Identity [, e’*™ = §(r) is only strictly correct for Ag — oc.

14



Recovering mean-field theory

o Use the saddle point approximation which approximates ¢(r) — ¢ (homogeneous field):

+to 15 _ too g5

N dy s [1_/ p [_ ( To 2 U0 _4 _ )}

Z ~ AglPl = Vv h 56
/_OO i e f0+2<P TR 0P (56)

e In the limit V — oo, the integrand is strongly peaked. Let ¢ attain its most probable value @g:

i aS A _ U _
B bl =rogo + 22— o =0 (57)
This is the same as the MF equation (42) if we identify (proportionality factors will be worked out in the
exercise)
poxm (58)
ro, Ug, hg < T, u, h (59)

e Relation between the Landau function and the saddle-point action:
Sho (@ xm] = BNLyp (T, h;m) (60)

e Conclusion:
MFT = Saddle-point approximation for functional integral representation where spatial fluctuations of
order parameter are ignored.

2.3 Gaussian approximation

Truncating the action
o Split ¢(r) in homogeneous part and fluctuation (c.f. idea of MFT, but still exact):

@(r) = @o + dp(r)
p(k) = (2m)” (k)20 + (k)

e In MFT above, we discarded the quadratic order fluctuation terms ds;d0s; in Hamiltonian because we
had no way to compute them.

Now: Keep dp(k)dp(—k) in action, can now be evaluated using Gaussian functional integral.

« Assume hg = 0 (such that 79pp + @8 =0).
Obtain the Gaussian approxnnatlon of the g04—action Eq. (19):

_ T u _ Uug _
S [P0 + 6] = {fo + 505+ 4? soo] + {Tosoo + 44?%3} op(k = 0)

—0

1 4. 3
+ 5 ro + cok? + —— 800 dp(k)op(—k)
) 9 41

The factor % stems from choosing two out of the four fields in the interaction term.

o Substitute the saddle point value @3 = 0 or @3 = —6rg/ug for ro = 0:
Su. o] Vio+1 fk [ro + cokz] op(k)op(—k) T > T, (61)
A = r
¢ 1% {f g’uﬂ + 3 fi [=2r0 + cok?] Sp(k)dp(=k) T < T,
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Thermodynamics in Gaussian approximation

e f3,7,6: Related to the homogeneous part of the magnetization, @3
This is the same in the Gaussian approximation as in the MFT — exponents do not change.

o «a: (Heat-capacity exponent) Need to calculate Z = [ D[] e l% using a Gaussian integral (see Ch.
2.3.3 in [Kopietz]). Result:

(62)

2—-D/2 :D<A4
o =
0 :D >4

Correlation function in Gaussian approximation: 7, v

o Gaussian approximation: Have access to spatial order parameter spatial fluctuations (beyond MFT):

o(r) = @o + 6¢(r) (63)
« We find [with ¢(r) = [, e™Tp(k)]
Glr) = (poe(0) = [ e Gplapic)) = [ 619 (61)

)

(2m)P5(k+k’)G (k)

o From last semester (quadratic field theory with complex field - where is the inverse propagator?), we

know: 1 1
k)=——7+—+
GO( ) co 5_2 +k2 (65)
The subscript 0 stands for “Gaussian approximation” and we defined
T > T,
cof 2= ro (66)
—2rg T <T.,.

o In Ex. 2.2 we find the FT in Eq. (64)

1 ikor 1 D 1/rP—2 r<<€
Go(r) = — / s < {r/é D—3,D—1 (67)
co Jx &2+ k e /N EP3r r> £

which confirms our postulate in Eq. (9).

o Read off v from the definition of £ (recall ro ~ ¢) and n from the power-law in G(r) at the critical point
at which £ = oc:

’u:1/2,n:0‘ (68)

Validity of Gaussian approximation

e Q: Is Gaussian approximation correct for critical exponents at least for large D?
(Tt,mF improves with increasing D but is never exact in mean-field unless D — c0.)

o Assess error of neglecting quartic term o ug in the full Ginzburg-Landau-Wilson action Eq. (50):

Snoldl =Vio+ 5 |

o+ o] (et + 50 [ (m)P5 e+t ) el ool o)

4!
(69)

e Move to T' 2 T. so that rg = co/&2 (€ is the correlation length in Gaussian approximation).
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o Rewrite Sy, [¢] with dimensionless momenta k = k& and dimensionless fields ¢(k) = 1/co /2P p(kE).

We obtain
1 =01 o, e 1 fupetP Do/t SN e oo
Snolel = Viors [ [14+#] e(-Re@)+7 [ =5— | [ @mP6 (ki + .+ ka ) G(ka)p (ko) (s ) (o)
2 Jk —— 4l €0 k1234
~1 for small k
(70)
e Relative strength of quartic part:
Uy = UO§47D/Cg. (71)

o For D < 4: Regardless of how small ug, if £ o [t|7" diverges as t — 0, the relative strength of the quartic
part diverges. — Gaussian approximation to critical exponents (defined in the limit ¢ — 0) is not reliable.

¢ Critical dimensions:

— Upper critical dimension D,,: For D > D,,, the critical exponents of the Gaussian approximation
are exact.

— Lower critical dimension Dj,,,: The largest dimension where one has T, = 0.

Ising model: Doy = 1, Dy = 4.

Exercises
Exercise 2.1. Derivation of continuum ¢*-field theory for Ising model

In this exercise, you formally derive the continuum field theory Eq. (50) starting from the partition function
Eq. (47).

1. Use the identity
exs [AT]s = vdetA/D[w] e~ 3x AxtxTs (72)
to rewrite the J-part of the partition function. Here, x and s are real vectors with N entries x; and s;,

respectively and [D[z] = oy, fjoc;o dz;/+/2m and A is a real, symmetric and positive-definite N x N
matrix with entries a;;. Show that

Z = ! /D [x] exp [—1XTJ_1X + iln [2 cosh (z; + Bh)]] = L /D [x] ¢S (73)
VdetJ 2 i1 ' VdetJ

where J;; = 8J;;. Convince yourself that the average of z; is a re-scaled version of the s;, (x)g = J (s).
{

Define p = J ~'x which can be interpreted as a spatially fluctuating order parameter as (p;) s = (si) = m.
Confirm:

Z= \/detj/D[go] exp l—;goTjgojLiv:ln [QCOSh ([jch + ﬁh)ﬂ = @/D[g@] e~ Slel (74)
i=1

2. Assume a hyper-cubic lattice in D-dimensions where T, = 2DJ and the lattice constant is a. Close
to the critical point T" ~ T, the integral is dominated by configurations where ¢; is small. Expand
S ] accordingly neglecting terms of order O(p?) and assume small fields h. Use the Fourier-transform
0; = %Zk e® T with >, etk — Noko and Jx = 3, e_ik'er(rj) where J(r; — r;) = J;; is the
translational invariant coupling. You should obtain

1
Slp] = =NIn2 — B*hJx—opr—o + gﬁ > Ik (1= BJ k) p—xx
K

g1
o 2o Okttt 0k i i i Pl Pl Ples ks + O (90?, n?, hw?)

k1,234
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3. For the situation above, long-wavelength (small k) contributions will dominate. Expand Jy to leading
non-trivial order &2 and then take the limit of infinite volume N = V/a” — co. In this case use

lz — (2m)7P /m dPk = /
14 k —o0 B k’
V(Skjkl — (27T)D 1) (k — k,)

and re-scale the fields as a' /2, = ¢(k). Up to a unimportant shift to fo, you should recover Eq. (50)
with the given values for hg, 79, co and ug.

Comment: In step 1, you might wonder if the matrix A is positive-definite for realistic systems - it usually is
not, consider a simple nearest neighbor chain with its cos(ak) dispersion, i.e. with eigenvectors of both signs.
The above derivation can still be applied if we restrict to spin configurations s varying smoothly, i.e. with a
maximal wavevector Ag, ensuring a positive-definite A in this subspace. That is the technical origin of the
cutoff Ag mentioned in the lecture.

Exercise 2.2. Fourier transformation of model propagator

Find the D-dimensional Fourier transform Go(r) = [, e™®TGg(k) for

1

Go(k) = )

(75)

assuming D > 2 and approximate the integral for the two regimes r < £ and r > £. You should express your
result using Kp = Qp/(27m)P where Qp = 27P/2/T(D/2) is the surface area of a unit-sphere in D-dimensional
space (Can you show this?).
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3 Quantum phase transitions
Aims:

e What is different from classical phase transitions when quantum mechanics is involved?

3.1 Overview

o Quantum phase transitions (QPT) are driven by quantum fluctuations.

e Quantum fluctuations are generated by non-commuting parts of the Hamiltonian that compete in mini-
mizing ground-state energy.

e QPT are controlled by a non-thermal control parameter 7.
o QPT only occur at T'= 0 (see below).

o Paradigmatic example: Transversal magnetic field in easy-axis Ising ferromagnet (Lithium holmium flu-
oride, LiHoF4, D = 3 cubic lattice), approximation of physics using the transverse-field Ising model
(TFIM, also called “quantum Ising model”):

Hrpig =—J Y 6767 —TY 67 (76)
(i.d) i

Control parameter: » =I'/.J. The two non-commuting terms in Hrriu compete between ferromagnetic
state |11 ... 1) (or [{{ ... |)) and paramagnetic state |[——).
(Mean-field analysis in I' — T-plane: Ex. 3.1)

@ T with long-range order at T>0 (b) T
T (e.g. TFIM in 3D) without long-range order at T>0
c (e.g. TFIM in 1D)
ordered
QcpP - QCP
° > —t s
¢ non-thermal control orderedatT=0 7,

Figure 6: Generic phase diagram for quantum system showing QPT like the TFIM.

o QPT classification (similar to thermal phase transitions):

— first order (simple ground-state level crossing)

— second order (“continuous”, with diverging length- and time scale).
e Further examples for QPT:

— Anderson localization: Electrons in disordered, non-interacting D = 3 systems can undergo a tran-
sition between insulator (localized wavefunction at E = Ep) and metal (delocalized). Reason:
Quantum interference of scattered waves.

Control parameter: Disorder strength or Fermi energy Ep.

— Quantum Hall effect: Transition between quantum Hall plateaus o, = ne?/h.
Control parameter: Magnetic field or Fermi energy Ef.

— Mott-Hubbard transition: Interacting electrons can transit between itinerant (metal) phase and a
localized phase.
Control parameter: Interaction strength (tuned by pressure, doping,...).
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3.2 Quantum-to-classical mapping
Classical kinetic energy does not drive phase transition:

Typical classical Hamiltonian: Kinetic part depends only on momenta p, potential part only on positions
q:

H (p,q) = Hiin (p) + Hpot () (77)

e Classical partition function: A high-dimensional phase-space integral, which factorizes:

Zo = / dpdq exp[—BH (p,q)] = / dp exp [ BHym (p) / dgexp [~ BHpo (q) (78)

_>f7‘eg

o If Hyin(p) ~ p? as usual, kinetic contribution to Z¢ is just a product of independent Gaussian integrals.
It cannot produce singularity in free energy f and is thus regular.

o Conclusion: Phase transition must originate from the g-(configuration) integral (c.f. Ising model indeed
lacks kinetic part).

Quantum case
e No factorization in path integral: if [PAI kin, I:Ipot} # 0, then:
eﬁkin‘i‘f{pot # eﬁkineﬁpot (79)

e Feynman’s trick to compute path integral: Use Trotter formula and insert suitable basis, e.g. from
bosonic/fermionic coherent states (see Cond-Mat-Field-theory I lecture)

Zo = Tre PH
o~ AN
= Tr lim [e=PHY]
N—o00
18/ AT
— _ : —ATH
[AT = [3/N] = TrAlirgo {e }

_ / D [g(r, )] exp [S ()]

Observation: ¢(r,7) is D+ 1-dimensional with r in D-dim space and one extra imaginary-time coordinate
T € [0,0].

— Example 1: Single Ising spin in transverse magnetic field H = —hé6*—T6" (0-D quantum model)

~ N
1+A7h AT ) (80)

Zo ~Tr [e—ﬂﬁ/N}N ~ Tr {1 + AThé? + ATI’&“”}N =Tr ( AT 1— Arh

The matrix can be expressed as the transfer matrix of the 1D classical Ising model in a longitudinal

magnetic field, c.f. Ex. 1.1.
eﬁc(‘]_‘_h) e_ﬂcJ
T = e_/BcJ eﬁc(J_h) (81)

— Example 2: Interacting fermions
S [, 9]

- / dr {Z Bri, ) [0:65 + hagl (e, 1) + 3 Vi (e, 7 + (o™ + n)p (e Tp(rn, 7)
JO Z]

ijkl
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— Example 3: Partition function of TFIM in Eq. (76) maps to partition function of anisotropic classical
2D Ising model, see Ex. 3.2.
Thus expect generalized Landau-Ginzburg-Wilson action Eq. (49) for order parameter .

Uug

& T & c 9
Slyg] = /dDr/ dr [fo + 50"+ 5 [Vepl? + 270" —how + - [0-¢) (82)
J0 . Z

e Zero temperature limit: 7' — 0 & 8 — o0

— Extension of imaginary-time integration becomes infinite.

— Quantum partition function Zg is equivalent to D + 1-dimensional classical partition function Z¢
in infinite D 4 1-dimensional space.

— Conclusion: QPT in D-space dimensions is equivalent to a classical (thermal) phase transition in
D + 1 space dimension. (e.g. “The QPT is in the 2+1D Ising universality class.”)

Remarks on quantum-to-classical mapping

Role of temperature 1"

— Classical: T just multiplies coupling constants to become dimensionless, e.g.: Ising model J/T = K.

— Quantum: T controls length of 7-dimension in path-integral expression for partition function.

e After mapping: Classical D + 1-dimensional system may be unusual, e.g. anisotropic between r- and
T-direction.

e Critical exponents for D-dim quantum systems may already be known from D + 1-classical systems.
o Dynamics of quantum system: Requires analytic continuation G(7) — G(t = i)

— ok for scaling arguments and power-laws

— spoils precise mapping of dynamic time-dependent quantities
o If resulting action S [¢] becomes negative or complex, it cannot be interpreted as a classical action.
[Sign-problem!]
3.3 Scaling around continuous QPT
Scaling at T'=10

e Dynamical critical exponent z: Require z # 1 for possible anisotropic scaling in D 4 1 dimensional space,
r — br, 7 — b*1. This also means for the correlation lengths:

§ ~ ’7’ - rc‘_yv

&~ E ~r—r T
o Scaling hypothesis for free energy. Extend Eq. (11), fsing(t) = b fsing (b9t), for quantum case:
Jeing (r —7¢) = b_(D+Z)fsing (% [r —rc])

o From scaling hypothesis, repeat derivation of scaling form of observable O (= thermodynamic quantity,
correlation function,...):

O (1 —re, kywp) = €900 (K€, wnér) (83)
where k is momentum and w,, is a Matsubara frequency (=momentum along 7-axis).

¢ Remarks:
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@ (b) (c)
without long-range order at T>0 (TFIM in 1d) with long-range order at T>0

T /6 T (example for vz < 1) T (e.g- TFIM in 3d)
:.,.. § _,:: ¢§‘r
--------- . Alr
O .. thermalfluctuations .- )
r “-. quantum critical fan .- thermally .
ST =A o |r—r|” disordered "
LAKLT - =
S A>T e § . /T 3 ¥ classical critical
E . 2 k. . classical critica
" thermally disordered *. - quantum disordered - B — ¢ .
— s smnions (S ~ G
“QCP ordered NS
0 r .

O
ordered at T=0 Tc non-thermal control Te

Figure 7: Finite temperature phase diagrams in the presence of a quantum critical point.

— do = do(D, z,yy, ...) is scaling dimension that depends on O. For correlation function O — G, we
had dg =2 —n.

— Interpretation: Close to criticality, there is no other length scale than £, no other time-scale than
&-. These scales have to control the k- and w,-dependence.

— Scaling form also holds for real frequencies, iw, — w + 0.

Effect of T > 0 and phase diagram in r — T'—plane

o For T > 0, the 7-direction becomes finite, 7 € [0, 5]: “Slab”-geometry with and infinite extent in r (see
Fig. 7a).

o Consequence of slab-geometry for phase-diagram:

1. Absence of ordered phase in D dimensions (Fig. 7b), order for r < r. only in D + 1 dimensions, i.e.
at T'= 0 where § = cc.

2. Phase transition in D-dimensional classical universality class (Fig. 7c).
!

Expect r-dependent critical temperature T,(r). Crossover to classical behavior when & = 3 (green
region).

Consequence for scaling of observables:

— Appearance of characteristic energy scale L, = 3, characteristic length scale Ly z

— Competition of L, =  with imaginary-time correlation length & ~ |r — r.|7*" of infinite system
(see Fig. 7a).

Formal description: “Finite-size scaling” (see Sec. 1)

fsing (7“ —Te, T) = b_(D+Z)fsing (byr [T - rc} 7sz)

This yields scaling forms like in Eq. (83), but expressed in terms of L.:

O(r 1o k,w,T) = L0 (kLY wL,, Ly /<) (84)

Quantum critical fan (red region in Fig. 7b,c):
— Region above QCP for which last argument in Eq. (84) is negligible:
L /s ~r—r 7T <1 (85)

Shape depends on vz 2 1.
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— Simplified scaling form independent of » — . but dependent on y,, z, ...:
O (k,w,T) = 190720 (kLY* wL,) (86)

— Predicted scaling collapse of experimental or numerical data, e.g. for uniform (k = 0) susceptibilities
X(w,T). Note: No fine-tuning to r = r. needed!

o Interpretation of quantum critical fan:

— At T' = 0 temporal fluctuation time-scale goes like 7. ~ &, ~ &%, c.f. Eq. (18).

— Quantum mechanics: Relate 7, to fluctuation energy scale or gap A = h/7, < % o |r — 7.|"* with
power vz > 0.

— T > 0: Will system notice gap? Depends on T < A.
— Quantum critical fan: System does not notice gap, A < T [equivalent to condition (85)].

— Physics in fan is dominated by thermal excitations of the quantum critical ground state.

Exercises

Exercise 3.1. Mean-field theory for quantum spin-1/2 transverse field Ising model (TFIM)

In this exercise, we perform a mean-field analysis for the (quantum!) TFIM of Eq. (76). We work on the
hyper-cubic lattice with coupling J =1 to the z = 2D nearest neighbors.

1. Derive the mean-field Hamiltonian Hysp of the TFIM, use 67 = m?® 4 667 where m* = (67) and neglect

terms quadratic in 667. Find the partition function Zj/r and the self-consistency condition for possible
non-trivial m? (I, T):

tanh (m m]? + (F/z)2> = i+ (1)) (87)
2. Solve the self-consistency condition for the special cases (i) I' = 0 and (ii) 7" = 0. For 7" = 0, calculate
m?* explicitly, sketch m?(I', T = 0) and determine the value for the critical exponent in m* o (I — F)B r,

3. Use your results from the previous part and suitable expansions close to the critical points on the T- and
I'-axis to sketch the phase boundary in the I' — T'—plane.
[Hint: To see how the phase boundary (I'c,T;) emerges from the critical point (0,7[I" = 0]) found above,
set (I'c,T;) = (0 + 0T, T,[I' = 0] + 07¢) and assume small dT'., 6T,.. Do the same close to (I'.[T = 0],0).]
What kind of phase transitions (quantum/classical) would you expect in an exact (non mean-field) treat-
ment? Why is the mean-field phase diagram even qualitatively incorrect for the TFIM in D = 17

Exercise 3.2. Transverse field Ising model in 1D (I): Mapping to 2D classical system

Consider the 1D TFIM in Eq. (76) in one spatial dimension (1D) with J =1 and L, sites
O=-6767,-T> 67 (88)
i i

and assume periodic boundary conditions (ring geometry). In this exercise, we show the equivalence of the
quantum partition function Z1p 4 = Try pe Bl for low enough T, = 1/B4 and the partition function of a 2D
classical Ising model (without magnetic field, with anisotropic coupling constants K, = J,8., Ky = J,0.),

Zape = TI'QDeKZ Z” 0i,j0it1,;+Ky Z” TijTijtl (89)

In the last expression, o; j = 1 denotes the value of the classical spin at position (4,j). Our strategy is to
start from Zop . and leverage the transfer matrix approach to Zip . to 2D.
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1. Express eX= 22591941 and v 22:91% a5 matrix elements of two operators O, O, in the 2%2-dimensional
Hilbert space of a spin-1/2 chain spanned by the basis |01, 09,...,0L,), {Ui}izl,...,LI = #£1. Use these
results to show

e L,
Zope = (2sinh 2K, ) L2 Tryp ([ 2200700 02 Ky ] J) (90)
where tanh .f(y = ¢ 2Ky,

N L
2. Use the Trotter-formula Z1p  ~ Trip {e‘ﬁqH / Ly} Y for L, large enough to establish the mapping between

Z1p,q and an anisotropic Zap .. Use the mapping to argue that H has a (quantum) critical point only in
limit L, — oo and T — 0.

3. It is known that anisotropy in the 2D classical Ising model does not change the critical exponents. In gen-
eralization of the result of Ex. 1.3, the critical temperature is given implicitly by sinh (2K ) sinh (2K ) =
Use this to find the exact critical transverse field I'.. By which factor does the mean-field solution of
Ex. 3.1 overestimate the exact I'.7

Exercise 3.3. Transverse field Ising model in 1D (II): Exact eigenenergies

Here we are interested in finding the exact eigenenergies of the 1D TFIM in Eq. 88. We will find the gap A as
a function of I' and confirm the value of I'. found in Ex. 3.2

1. Consider the Jordan-Wigner transformation in 1D that maps spin-1/2 to fermionic operators ¢;, cj»:

o7 = (1-2de)

l — H (1 — QC;[cj) (ci + CI)

J<i

Confirm that this mapping indeed fulfills the spin algebra by computing &f‘&ff for a, 8 = {x, 2}, i =
and 7 # 7.

2. Insert the Jordan-Wigner transformation in the 1D TFIM Hamiltonian and use a Fourier-transformation
cp = f%z > cje_”w to obtain

H= Zk: ( — cos k] ckck +isink |c k,cL +c_ ka} I‘) (91)

3. Solve this c-particle number non-conserving Hamiltonian using a Bogoliubov transformation, ¢y = upyr +
ivva_  Where 7,9) again fulfill fermionic anti-commutation relations if ug, vy are real numbers satisfying
u% + v,% =1, u_; = ux and v_; = —vg. They can be parameterized by an angle, u = cos (0;/2) and

vg = sin (0 /2). Find (k-dependent!) 6 such that

H= Z Ek’y);'yk + const. (92)
k

and obtain the single-particle energy Ej, = 2v/1 — 2T cos k + I'2. What is the critical value of I at which
E}, becomes gapless (at which k7).
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4 Wilsonian renormalization group

Aims:

4.1

Renormalization group (RG) = Set of ideas, not one coherent theory.
Requires experience for application (— examples and exercises).

Study interacting systems, but beyond perturbation theory.
Connect physics at different energy scales (high to low energy / short to large length)

Provides simplified effective models valid for each scale.
Example for hierarchy of length scales: Lattice spacing a < correlation length £ < system size L.

Obtain justification for scaling hypothesis and thus for universality of critical exponents.

Approximate calculation of critical exponents for ¢*-theory (beyond Gaussian approximation, using ¢ =
4 — D < 1 expansion and perturbative arguments in ug).

Deeper understanding of phase diagrams and emergent scales [i.e. Kondo temperature Tk]|.

Here: Only condensed matter application (skip high-energy physics viewpoint).

Basic RG idea

Partition function as path integral over field ® (bosonic/fermionic/mixed), coupling constants g =
(91,92, 93,...). (E.g. Ex. 2.1 for the derivation of ¢*-theory from Ising model):

2() = [Dlp)e i (93)

RG-Idea: Integration over ® in Eq. (93) in iterative fashion.

— Organize such that we move towards low-energy / long-distance effective theory (start integrating
large energy scales).

— Need simplifying assumptions for generic case.

Two steps:

. Mode elimination:

For momentum-shell RG in Fig. 8a (other incarnations - see below):
Define “shell” of high-energy modes close to the UV cutoff Ag, e.g. in k-space k € (A, Ag] with

A=ANg/b, b>1. (94)

Those are the high-energy (fast, “>") modes that should be integrated out:

(k) =0(A-k)P(k)+0O(k—A)P(k) (95)
< >
and define
z= / D [6<] / D[] e SI2<+07 8 — / D [$<]e ST 2] (96)
Remark:

(a) Integration in the last step can only be carried out approximately in practice.

(b) Set of coupling constants g is usually enlarged and must be truncated.
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(@) Momentum-shell RG (b) Real-space RG

A O ..... O ...... O ...... O ........ O ...... O
O o ®--

Figure 8: Different incarnations of the RG mode-elimination step.

. Rescaling:
Re-scale momenta and fields such that Sy [®<,g~] has the same form as Sy,,.
In momentum-shell RG: Stretch momenta from & € [0, A] to &’ € [0, Ao):

k — k'=bk
P<(k) — ®'(K)=¢ ' e<(K/b)

Arrive at action S) [®',g']. Read off the RG-trafo of coupling constants:

g =R(bg) (97)

Remark: For quantum system, also eliminate (large) Matsubara frequencies iw, re-scale with possibly
different factor:
iw — iw' = iwb® (98)

Remark: RG-trafo R is semi-group [associativity holds (a - (b-c¢) = (a-b) - ¢), but no inverse|:

— Associativity: Can combine RG steps for b and ' to b = b’b. This yields

g" =R(V;R(b;g)) =R (Vb g) (99)
——
g/
— No inverse: Due to truncation of coupling space. This means that different microscopic models can
give rise to same long-wavelength properties.

Iterating the RG transformation:

g™ =R(b:g" V) =R(V"; ) (100)

In limit » — oo, it holds A = Ay/b" "% 0. We then have integrated out all degrees of freedom and
obtain Z.

Note: As the RG cannot be carried out exactly, this is usually not what it is used for in practice.
Incarnations of mode-elimination step:

1. Momentum-shell RG (Wilson), as outlined above. Requires translation invariant systems. See
Sec. 4.4.

2. Real-space RG (Migdal-Kadanoff): For spin systems, eliminate certain lattice sites by partial traces
over Hilbert space. See Sec. 4.2 for clean 1D system, and Ex. 4.2 for disordered 1D system. Hard
to generalize to D = 2,3, ....

3. Numerical RG (Wilson): For impurity models (interacting site + non-interacting bath), numerical
implementation, for some “poor-man” version, see Sec. 4.5.

4. Functional RG (Wegner, Wetterich): Formally exact version of momentum-shell RG (1), go from

the level of coupling parameters gin) to correlation functions G (K7, Ks,...) or vertex functions
LA (K4, Ky, ...) which depend smoothly on cutoff A. See part I1.
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4.2 Example: Real-space RG for Ising model in 1D

e Recall 1D classical Ising model
N N
H = *stisz#l - hZSl - E[) (101)
i=1 i=1
where FEj is an energy offset and the number of sites IV is assumed to be even.

o Recall transfer matrix solution (Ex. 1.1) for partition function:

ZN (f,g,ﬁ) = {S}Z::il e PH =Ty [TN}

andg:ﬁJ,iL:hﬂ,fzﬁEo/N

RG step

o Mode elimination step (Fig. 8b): Carry out trace Z{Si} = Z{Si coen’ Z{siodd} only for even sites i:

2y (F.g. W) = ()] (102)
with N' = N/2 and
_ 2g+2h —2¢ R —h
T=Tt= 0 TE ¢ e . (103)
eh +6_h 629_2h 4 6_29

e Important observation: Z after mode elimination has same form as the initial Z, but for lattice of lattice
constant @’ = 2a and for only N’ = N/2 sites.

« We want to write T using the form of 7' with parameters {f’, ¢, h'}:

_ /+]TL/ _g/
rLf e’ e~
T =e ( ) > (104)

o Relation between primed and unprimed parameters (short calculation):

flf=2f+ iln [16 cosh? (iz) cosh (2g + iz) cosh <2g — fz)}

1 cosh (2g + ﬁ) cosh (29 - ﬁ)
g = 4 8 [ cosh? (fz) ]
cosh (2g + ﬁ)
cosh (29 — ﬁ)

~ - 1
h'=h+=In

Remarks:

— Existence of exact relations are peculiar to D = 1. For D = 2, 3, ... new couplings would be generated.

— The above equations already contain rescaling step. Indeed, the contribution 2 f on the rhs of f’
comes from the reduced number of sites N = N/2. However, no field (spin) rescaling was needed

(G =1).
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stable unstable

fixed point fixed point
z, =0 T, =1
® o
T = oo T=0
disordered spins critical point (ordered spins)

£E=0 £ =00

Figure 9: RG flow of the dimensionless coupling x = tanh(J/T') for the Ising model in 1D.

Consider special case h =0 (— &' = 0):

ff = 2f+In [2\/cosh(2g)}

J = ln{ cosh(?g)}

For the ¢’ equation, we exponentiate ed = /cosh (2¢9) and find with

eg/ + e_g, = COSh (29) <1 + 1’1(2))
cosh (2g
that .
1+ s
tanh g’ = 7“)5111(29)
" cosh(2g)

We use cosh (2g) = 2cosh? (g) — 1 = 2sinh? (g) + 1 to finally obtain (similar for f’):

tanh ¢’ = tanh? g

[ cosh (g)

f'=2f+1n[2cosh (g)] + In Lcosh (¢')

Iteration and fixed points

Recall the definition of g = J/T with T the temperature. Define z,, = tanh (™ € [0, 1].
RG step in terms of x,, see also Fig. 9:

2

Fized point: Configuration z, that does not change under the action of the RG, here Eq. (109).

— Fixed point at x, = 0 is stable (corresponds to T, = oo, disordered spins, £ = 0)

— Fixed point at x, = 1 is unstable (7} = 0, ordered spins, £ = o)

(105)

(106)

(107)

(108)

(109)

Stable / unstable fixed point: Perturbation away from fixed point is reduced / increased under the action

of the RG transformation.

One may interpret either the coupling constant 7" or J as changing under RG:
If we choose T

— T stays at T'= 0 at the unstable fixed point.

— T > 0 increases under the flow to reach the stable fixed point T' = co.
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Correlation length £

o Correlation length defined via the long-distance tail of correlation function G(r; —r;).

e We can chose r;; from the non-decimated sites. We show that site-decimation does not affect the

correlation function (H = SH):

. —H(s1,s2,s3... SN
281,82,83,“.,81\/ 58158-76 ( T ' )

G(ri—rj) = _
J —H(s1,82,83...,8
2 251,52,53,051 € (5152,9.9)
Sa. —ﬁ(s1 52,83..,SN )
_ Z35175‘3 ----- SN—1 68’65] 232,54 ----- sy € ' ’
Z 2 : efﬁ(shsz,s&..,sN)
51,8358 N —1

. . —Hl 81,83,---,SN—-1
251,53,...,51\,,1 58@5336 (51,53, )

3 e—H'(s1,83,....,sN_1)
51,83, N—1

o Correlation length is defined in units of lattice constant a. The lattice constant does change under RG

step.
After the decimation, r;,r; have moved closer together:

¢ =€) 20 E(x) /2.

On the other hand, we have 2/ = 22 from the RG transformation. This leads to

e The equation has the solution
ag

¢@) = _ln(x)

where qq is arbitrary length scale, it can be taken to physical (initial) lattice constant a.

(110)

(111)

(112)

o The result £ ~ —1/log (tanh[J/T]) has already been found via the transfer matrix method in Ex. 1.1.

o Use Eq. (112) to obtain correlation length at low temperature: Use g = J/T > 1 in:
z=tanhg~1— 2%

and then obtain from Eq. (112)
= a 27/

2
e The correlation length is finite for any 7" > 0 and the 1D Ising chain is disordered.

Infinitesimal form of RG recursion and beta-function

e Above, we eliminated every 2nd spin, corresponding to rescaling factor b = 2.
We can equally well work with b = 3,4, ... to get

tanh ¢’ = tanh’ g

f'=0f+(—1)In[2cosh (g)] + In Li?il((gg/))}

o Analytically continue for arbitrary real b (which is a natural choice for momentum shell-RG):

b=el=14+14+0(%

Set ¢ = g; with g9 = ¢ and likewise for x; = tanh g;.
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e For [ — 0, write the RG iteration for z; in form of a differential equation:

T = xl(’) = exp (ln xlé) = exp (el In 3:())
~exp ([1 + ] Inxg) = exp (Inzg) exp (I Inxzg) = xo (1 + I Inxp)

Ly — To
l

=xolnxg+ O()

or, taking the limit [ — 0,

Or=—=p(x)=zhhz (118)

also known as the beta-function for x.

o Fixed points of the RG flow are zeros of the beta-function, 3(zy) 0.

o Infinitesimal form for RG transformation of free energy per site from Eq. (116) (short calculation):

cosh (g@} o
cosh (g1) ] "=°

= f 4+ 1In[2cosh (g;)] — sinh? (g;) In (tanh g;)

ofi = f+1In[2cosh(g)]+dn [

 Canonical dimension D of coupling constant g (from rescaling step, also called “engineering dimension”):
Flow equations for coupling constant g of dimension 1/(length)?s start out with

g = Dyg + ... (119)

Example: For free-energy flow of the D-dimensional Ising model, we have that f has units of 1/(length)?,
thus D F= D and

of=Df+ .. (120)

4.3 General properties of RG flows

Fixed points and critical surface

¢ Recall RG transformation:

— for general couplings g = {g1,92,...}: g = R(b > 1;8), see Eq. (97)
— for correlation length £(g’) = £(g)/b, see Eq. (110)

o A fized point g* = {4}, g5, ...} fulfills
g =R(b;g")
§(g") =¢(g") /b
o Classification of fixed points according to the two possible solutions for £ (g*):

— Trivial fixed point: £ (g*) =0
— Crritical fixed point: & (g*) = co

o Example: Square-lattice Ising model (2D) RG flow in Fig. 10 (projected onto 8J —3.J’ plane), see Ex. 4.1:

— Three f.p. (two trivial f.p.: disordered T'= oo and ordered at T" = 0, one critical f.p. with £ = 00)
— Each f.p. (trivial and critical) has its own basin of attraction (points flowing into f.p. ).

— Basin of attraction for trivial f.p. = phases
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&=

T=0 f.p. (ordered)

g2 = BJ’

experimental

g1 = BJ

T = o f.p. (disordered) —
£=0

Figure 10: RG-flow of the 2D Ising model, projected in the plane of nearest and next-nearest neighbor couplings J,J'.

— Basin of attraction for critical f.p. = critical surface (critical manifold), has also £ = oo .
Reason: £(g) = b¢ <g(1)) = b%¢ (g(2)) = ..=0% (g(”)) and for g on the critical line, we have
g™ T g* for which & (g*) = co. Thus £(g) = .

— For start close to critical line, flow is almost towards the critical fixed point where it lingers and is
very slow.
— Reason to study vicinity of the critical f.p. (next).

— Careful: Critical fixed point (e) is not the same as critical point (M, on critical surface).

Local RG flow close to fixed point
o Linearized flow close to a fixed point g*:
0g' =g’ —g" =R(b;g) — R(b;g") = R(b;g") - 08 (121)

where the derivative-matrix R has elements

ORi(b; g)

Rii(b;g") = - 122
i (b;8") By, e (122)
» R is a square matrix (but not necessarily symmetric).
Find the left eigenvectors v and eigenvalues A,
Ve R(bgY) = Vi Aa (123)

The {Vg} do not need to be all linearly independent, but let us assume they are (matrix is not defective).
« We project the coupling vector ég onto the v and obtain the scaling variables (see gray arrows in
Fig. 10):
Uy = VZ; - 0g = va - 00; (124)
i
The RG transformation doesn’t mix different u:
ul, = Aala (125)
e b-dependence: From the associativity of RG trafo, we have
R(b:;g") -R(V;g") =R(b;g") = R(V;g") - R(b:g") (126)

— Eigenvectors: Commuting matrices have the same eigenvectors — v are independent of b.
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— Eigenvalues: Must satisfy A\, (b) A (V) SW (bt'), thus
Aa(b) = ¥ (127)
where the RG eigenvalue y, does not depend on b.

« Consequence: RG trafo for the scaling variables u, around the fixed point u* = 0 for any b = €' :

ul, = Uy,  OUa = Yala (128)

Warning: Due to the linearization in dg for the derivation of R in Eq. (121), there are corrections of
order O(u2).

Classification of couplings u,
o Assume y, € R (case yo ¢ R possible but rare):
e Distinguish three cases:

— Yo > 0: Relevant coupling, |u,| # 0 grows exponentially under RG

— Yo < 0: Irrelevant coupling, |u,| # 0 decreases exponentially under RG

— Yo = 0: Marginal coupling.
Go to higher order in flow equation Oju, = Oug + #u2 + ... to decide if the coupling u,, is marginally
relevant or marginally irrelevant.

Justification of scaling hypothesis for free energy f

o Consider critical fixed point with two relevant scaling variables: ¢ ~ (T — T.)/T., h o magnetic field
(c.f. Ising model).

« RG flow equations (close to fixed point):
ot = yst, Oth = ynh (129)

or

t'=bY¥t, b =b¥h (130)
with ¢ > 0 and y, > 0. (We will compute v ;, approximately in Sec. 4.4 using @*-theory.)
e Recall: RG preserves the partition function
ZN (t,h) = Zypp (8 = 0¥t h' = b¥"h) (131)
with N or N/ bP lattice sites, respectively.

e For the free energy density, we find
1 =T

T T

ln ZN/bD (t,, h,) (132)

and we read off:

fsing(t,B) = 0P fang (' = bY't, 1 = b¥nh) (133)

o Restriction to singular part (“sing.”) is caused by the neglect of

— higher-order contributions to flow of ¢, h
— marginal or irrelevant couplings (see also Ex. 4.5)
o We confirmed the scaling hypothesis from Eq. (11). Insight:

Critical exponents (i.e. v = 1/y;) are related to the linearized RG flow close to the critical fixed point
and its eigenvalues.

e Origin of universality:
The y, are properties of the fixed point. They do not depend on the initial couplings g which will vary
with the physical system.
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Scaling hypothesis for correlation function G(r)

« Use definition of correlation function in momentum space (27)” 8 (ky + ko) G (k1) = (Jp(k1)dp(ksa)).
Assume ki 2 < Ag/b and employ the RG step dp(k) = (,d¢'(k'), k =k'/b :

(2m)7 6 (ki + ko) G (ki;g) = (Jo(k1)dp(ka))g
_ = / Dlple 519850 (ky) 5 (ko)
= ¢z /D Slehglsy (k) o' (Kkb)

= GenPs(k +k) G (ki;g)
{00k) =725k} = @b~ (2m) 3 (ki + ko) G (bka; &)

By comparison, we find

G (k;g) = (b PG (bk; &) (134)
o Convention: Parameterization
G =012/ 7, (135)
so that
G (k;g) = 0’ Z,G (bk; g) (136)

Using b = e, define Z; = Z,_.i. Flow equation for Z; parameterized as:

%= 7] 18

Suppose llim m =n, then Z; = ™ = b~ and for large enough I,
—00

G (k;g) = b* "G (bk; &) - (138)

At a fixed point g = g’ = g*, this equation enforces the power-law form:

G(k) = [k| 7> (139)

o Conclusion: This confirms the postulated (real-space) power-law form in Eq. (9). The anomalous dimen-
sion 7 is connected to the microscopic RG via field rescaling factor (p.

« Example: Ising model / ¢*-theory.
Relation between y;, and (: Consider field-term o< p(k = 0) from the effective action

he(k = 0) = h'¢' (K" = 0) = B¢, (k= 0) (140)
Compare the pre-factors of p(k = 0). Read off ' = (h, compare to b’ = b¥»h. Find
Cp = bY» (141)

Insert in Eq. (134). Consider only relevant couplings g = (¢, h) (singular part only):

Gsing (k; t, h) = b P01 Ging (bk; bt b9 1) (142)

which is the Fourier-transformation of the scaling hypothesis in Eq. (14).
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4.4 Example: RG of ¢*-theory and Wilson-Fisher fixed point

RG flow equations

e Recall ¢*-theory (Ginzburg-Landau-Wilson action) from Eq. (50).
Set magnetic field to zero, assume high-temperature regime ry > 0:

1 (Ao U Ao
SMM:Vﬁ+2A M+mﬂ¢@mwm+jzl (2m)75 (ki + ... + k) (k) (koo (ks ) o (k)
: 1,2,3,4
(143)
o Implement mode elimination step with cutoff A = Ag/b < Ag: p(k) = O(A —k)p(k) + O(k — A)p(k),

< v

yields three contributions:
Sao [£] = Sa [=] + Sany 7] + Smiz [¢=, 7] (144)

— “Smaller part”: Sy [¢<] is like Sy, [¢] but with flfo ok)... — fli\ ©<(k)....
— “Larger part”: Sy a, [¢~] is similar with fli\o o(k)... = f‘i:'(;A 0 (K)...

— “Mixing term”: Of order ug. Possibilities of picking two ¢<-fields out of the four ¢ fields ( ;1 > =6:

Smia [7707] = GX/ / (2m)P6 (k1 + .+ Ka) o (k1) (ko)™ (Ka)e™ (Ka)
ki Jks 4|>A
9 3 ” 9 <\3 9
+ 7y +7(¢7)7¢”
 Integrate over ¢~ to get new effective action:
e Sale=.f=r=,cSus] _ o =Sale=,fo,ro,co,u0] /D [4,0>] eS80 [#7]=Smiale=,07] (145)
or
Sa =, f=,r=, e us] = Sa[¢S, fo,70,c0,u0] — In [/D [p7] e Snnole”l=Smiale™ @71 (146)

Expand the In in powers of ug:

=S > 7szcv @y >
—In[..] = —In {/D [@>} GSAvAO[@>]:| I ID[SO>] e~ San[¢7] 0= ,07]
[ D e

p<—independent

([ D[] e8] (1= Spuia [27,67] + 552, [0, 97] + O(ud))

o< e
= f fo—1In f i e
~ f< _f —Inl1— ID[¢>] eiSA,AO[QC»]Smw; Y 7S0 fD SAAO[LP>]IS72nm [Y‘\’(p>]
~ 0 [Dp>]e —Sa,A0l#”] fD o= Sn 097

L ~ g Fuge =2+ ~ u%; 4 udo<24ul < S _

<, fS,rs,eS,us]: Need to keep

3
)7,

o Consider leading-in-ug corrections to quadratic/quartic parts of Sy [¢
[boxed] terms of order ugy =2 and u%;“‘l. The higher-order in up-terms, which also come also ¢~ (¢
are discarded.
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» Hence we can replace the expectation values with respect to the interacting action Sy 5, [¢~] by expec-
tation values with respect to its Gaussian part, S/O\J\o ] =1 |£\O>A [ro + cok?] o~ (—k)¢~ (k).
Notation: )

fD >] €_SA a7l

Ve = e

(147)
‘We then have
) 1 _
—In[..] ~ f~—fo—In [1 — (Smiz [ 7<P>]>o,> + B <S72nlw [0 ,90>]>0 J

{ln 14 2z]~x— x2/2} ~ <= fo+ (Smiz [¢7, 90>]>0,> - % [<S72mx [, §0>]>07> — (Smia [#7 90>]>(2),>]

« In light of Eq. (146), we compare the parts of order (¢<)? [terms ~ ¢< or ~ (<) vanish] and read off

1 1 ) -
5 (T< + C</€2) = 5 (TO + C(]k'2> + <szx [7: K SD>] >07> |‘Y —amputated
- (ro+ cok?) Y o e (-a)
= —|(rog+ ok —|—6/ o (q)¢” (—q
2 A Ja=a 2
1/(ro+coq?)

After comparison of both sides, we find
S =cq (148)

Ro- gb 1 KpAY ™' (Ao — A
7KZTHUO/ q pAg " (Ao — A)

~7rot+u
2 Ja (27T)D o + Coq2 0 0 2(7’0 + C()A(Q))

(149)

In the above, Kp = Qp/(27)P where Qp = 27P°/2/T(D/2) is the surface area of a unit-sphere in D-
dimensional space (c.f. Ex. 2.2).

o For the new interaction constant u<, we consider the u2,>~* contribution on the rhs of —In[...] = ...

[<S72mx [7;' 4790>]> - <szz [\;:7()0>} >(2),>

0,>
_ / / (2m)P5 (k1 + .+ ka) o (k1) (ko)™ (Kg) ™ (Ka)
k12 34|>A
Uu - \ < \ con.
X 64?/ 2m) P58 (qu 4 .+ aa) ¢ (a1)e (a2)9” (a3)e” (qa) >
s Jaie Sz a>A
1
- _= (u / / (21)P6 (k1 + ko + ks + ky) / (2m)P6 (a1 + a2 + a3 + qu)
9 4! K12 34\>A qi,2 34|>A

X (q1)e=(k1)e™(az)e=(k2) (¢~ (ka)p~ (QS)>0,> (¢~ (ka)g” (as >07>

where the factor 2 comes from the Wick-theorem with the two choices of pairing k3 = —q3 4.

o We use (¢~ (k)p~(a))g~ = 2m) 6 (k + q) Go (k) with Go (k) = 1/(rg + cok?) and carefully consider all
the J-functions:

A A
=/ / 2m)Ps (q1 +q2 + k1 + ko) o (q1)p~ (ki) (qa)p™ (ko)
k

1,2 v q1,2

Ao
UuQ D 1
X —2— (6 > / 2m)70 (k1 + ko + kg + kg
4! \k3,4\>A( )70 ( ) (ro + cok3) (ro + cok?)

The last line depends on k; +ko. To get a momentum independent interaction strength, we approximate
k12 = 0 which is plausible because they are “smaller” momenta. We get

1 uo Ao de 1 3 KDAD_l (Ao - A)
uS =gy — 412= (6 ) / ~ g — —ul 0 150
0 2 4! A (27T)D (7-0 + Cok2)2 0 2 0 (T‘Q + COA%)Q ( )
34,2
270
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e Remarks:

— The approximate expressions for r<,c¢<,u~ only involve a single momentum integral, this corre-

sponds to just one loop in the corresponding Feynman diagrams (— “one-loop approximation”).

— Formally, terms describing a momentum dependence of a vertex u(kj 23) = u©® + u(l)kl + ... are less
relevant than u(?) because [u()] = [u(9] x [length] under rescaling they have a smaller engineering
dimension than u(?). This justifies working with coupling constants (instead of coupling functions).

o Rescaling step (from 7<,u< to r’,u/): Use k = b1k’ and p<(kK'/b = k) = (' (K'):

1 A 1 (Mo B
2/k [r< + c<k2} < (=k)p<(k) = 3 g CEb b [7“< +cSb 27{7’2} ¢'(—K)¢' (k')
U< A U< AO _
4% 2m)P8 (ki + ... + ky) < (k1)...0"(ky) = 4% Go P mPPs (K + ..+ k) ¢ (K)o (ka)
* Jki234 P UK 934

Want to keep the prefactor of the k2-term invariant, this requires ¢, = b*t2/2. We then get
= b3
U/ — b4fDu<

We change to b = ¢! and find with A = Age™":

/ y KpADP-1 (AO - Aoe*l>

r o= e’ |rg+u
0 0 2(7“0 + C[)A%)
= 1o+ 2rg+uy———5- +O(
O ETT09(rg + coA2) )
0 = 2 —
and likewise D
3 KpA
ou = (4— D)y — —u?—2"0__ 151
= ( Ju 9"l (11 + coA3)? (151)
e C(lean up by defining dimensionless couplings:
1 Kp
r=r——s U =U—— 152
T TZCOA(Q)7 uy Ulché_D (152)
in terms of which
o = 27 + " | 9y, = (4 — DYi 3w (153)
ry = 2r - u; = — uy — =
S P2 1)2

Wilson-Fisher fixed point for D > 4

o Analyze the flow given by Eq. (153) above, see Fig. 11 for flow diagrams at D = 4.5, D = 3.8 and D = 3.

— For D > 4, we only have the Gaussian critical fixed point, (uy,7%) = (0,0). (=Dyp = 4)

— For D < 4, the Gaussian fixed point becomes unstable for u > 0:
Wilson-Fisher f.p. controls the universality of the phase transition. — Gaussian approximation
breaks down.
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Figure 11: RG flow of the ¢?-theory according to Eq. (153) for different dimensions around D,, = 4: Left D = 4.5,
middle D = 3.8, right D = 3.
Critical exponents in D < 4: e—expansion

e We are interested in the physical case D = 3.
Q: Can we linearize the flow around the Wilson-Fisher fixed point and find critical exponents?
This would not be reliable, because the flow equations are approximate and only valid to order ulz

« A more consistent way is to set € = Dy, — D =4 — D > 0: The Wilson-Fisher fixed point conditions are

N 1wy
O:2 —_—
T*+2f*+1’
3 u?
0: U —77*
RIS IE

Without the O(u3) terms, we can only solve for 7, i, reliably up to O(e):

2
Uy = 3¢ + O(e?)

e = —€/6 + O(e?)

o The linearized flow equations around the Wilson-Fisher fixed point (67 = 7} — 74, 0u; = 4 — Uy) are

o\ _[(2-% it+5 o7
O ( 5ty ) - ( 0 —¢ 5y (154)

One can find the left eigenvectors and eigenvalues (up to order O(¢)):

vi =(0,1), y1 = —€ =D — 4 < 0 (irrelevant.)
1—¢/6

), Y2 =2 — g > 0 (relevant.)

e The irrelevant scaling variable is v - <

= Juy, the relevant scaling variable is vi - 57_7 =
oy

57 + =L, = 4.

e According to Sec. 4.3, we find

1 1 e 9
S + 1
ya 2 12 O(e%) (155)

v

e Remark:
— Recall MFT / Gaussian fixed point: v.—¢ = 0.5. The above formula tells us how v changes as we
lower D below D = 4.

— One can set € — 1 at the end of this calculation, which yields v;_j,0p = 0.58 and the exact value is
Ver = 0.63. Systematic improvement to order O(e?) is possible in a two-loop calculation (way more
complicated!).
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4.5 Example: Kondo-Effect and poor-man’s scaling
Phenomenology and Single Impurity Anderson Model

o Consider metals with magnetic impurities, e.g. Fe in Cu or Mn in Ag.

o Magnetic impurity: Localized moment (spin S=1/2) that gives Curie-Weiss contribution to magnetic
susceptibility, Ximp. ~ TJFL@ for large T', T > © > 0.

o Experimental observation: The electrical resistance p over temperature has a minimum (Fig. 12a).
e Unusual, since well-known mechanisms would lead to further decaying or constant resistance as 7' — 0:

— electron-electron scattering p ~ T2
— electron-phonon scattering p ~ T°
— non-magnetic impurity scattering p ~ const.
o Single-impurity Anderson model (SIAM): Host metal of non-interacting (Fermi liquid quasiparticles, set

Fermi energy er = 0) with localized d-level impurity state cg, (degenerate for impurity spin 1,]) and
hybridization to s-level itinerant electron cy,:

H = Z skcLUckg + Z edcilgcda + Ung4ng, + Z chggckg + h.c., (156)

k,o o k,o

=Hy
where n, = f
d,o Cq.sCdo-

o Atomic limit: Vi — 0. Four impurity eigenstates (see Fig. 12a, inset): Empty level E = 0, single
occupation (2x) E = ¢4, double occupation E = ¢4+ U.

« Enforce single occupation to obtain local moment (and thus Curie-Weiss law): ¢4 < 0 < ¢4+ U. Then it

is energetically favorable to add one electron to impurity level, but not a second.

Schrieffer-Wolff transformation: From SIAM to Kondo model

o Q: What happens if Vi is switched on? Depends on ratio Vix/AE where AE = ¢4 or U + ¢4 denote
energetical distance to empty or doubly occupied state.

o Assume Vi /AE small, derive effective Hamiltonian Heg for single occupation ng = ngr+nq, = 1, ng = 0,2
are taken into account as virtual states in perturbation theory.

o Start with Schrédinger equation H¢ = Et), multiply with projection operators P, (= Pj = P2) which
project to ng = 0,1, 2:

Py = (1 — nd,T)(l — ngm), P = (1 — nd7T)nd,¢ + {T(—)i}, Py = N 4N, | (157)
and define v, = P,y and H,,y = P,HP, = H;rl,n.
Hoo Ho1 Hoo o o
Hyy Hu Hio P | =E| Y (158)
Hsyy Hi1 Hao P2 P2

¢ Block-Hamiltonians:

Hyp = Z VkCLU(l — Nd,5)Cko

k,o
Hy = Z chggndaCka
k,o
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Effective Hamiltonian for ;: Eliminate ¢y and 15 from Eq. (158) (still exact equation for energies E)
Eiyy = [Hn + Hi3 (E — Hyp) ' Hyy + Hig (E — Hop) ™' Hm} (1 (159)

and the term [...], computed to order (V/AFE)? and then E-independent, is the effective Hamiltonian Hog.
First term: Hy; = (Hp + &4) P1 and we drop the constant &4.

Second term: Use Hog = (Ho +2e4 4+ U) P,

ng (E — HQQ)_l Hgl = Z Z VI:/CL/U,ndg/Cdgl (E — H() — 2503 — U)_l chgandc—,cka (160)
k,o k’,o’

— 1 1 T 1 _ 1 T
Use from [E — Hy, ¢qo] = €qCqo that cqo F-Hy = E—Hy—eqCac (and cgo oy = B=HoTeq Cqo)-

Move all operators to the right, obtain
-1 -1
Hiy(E—Hp) "Hy = Y3 VW(E — Ho +ew — 2ea — U) ™'l ckonas Caorchynas
k,o k/ 0’ _1
-1 (1_E7H075d)
U+sd7£k, U+sd75k/

and we drop the small second term in parenthesis as we assume FE is close to the ground-state energy of
Hy + g4 in the regime of interest.

In ng = 1 subspace: Define S = %ZU CIIGTW/ch/ with 7 the vector of Pauli matrices, then S% =

% (ngr — ngy) and ST = 5% 44iSY = CZITCdi‘
Set o =1,0’ =/ and find

Vi Vi

Hia (B = Hoa) ™ Hoatlomtmy = Y G B0 —

Kk

cfoycxr ST (161)

and similar with St — S~ for ¢ =|,0’ =1. The contributions from Hio (FE — HOO)_1 Hy to Heg is
similar, but with 1/(U +¢e4 — ew) — 1/(ex — €q)-

As we want to find a low-energy effective Hamiltonian, we assume the relevant k to be close to the Fermi
surface and |ey| much smaller than AE. We assume that Vj does not strongly depend on k at the Fermi
surface. Then the exchange interaction is anti-ferromagnetic.

1 1 U
J = V2< +>:V2>0 162
Vi U+tead —€a Vi (U +¢a) (—€a) (162)

For equal spins 0 = ¢/, we get a term JS* (CL'TCkT - CL'icki) and a potential scattering term >y Kkvk/c;r{ o Ck/ o

The potential scattering term o< Ky i does not dependent on the local spin S and does not flip the bath
spins. We drop it in the following (it could be removed by re-defining cy ).

We obtain an isotropic Heisenberg interaction between impurity spin S and the local spin of the c-
electrons, S¢(r =0) = >y 1 % Yoo CLUTUo-/Ck/g/.

Heg ~ Ho + Z J (SJFCL/’iCkT + SiCLTcklvi + 5 CL’TCkT — CL%CHD =Hyp+2JS-S.(r=0)=Hg
k. k’

(163)
which is also known as the Kondo model.

Remarks:
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Figure 12: Kondo problem: (a) Typical resistance versus temperature curve for metals with magnetic impurities. (b)
Flat density of states assumed for host system with bandwidth 2D. (c) Diagrams for virtual electron or virtual hole
excitations. (d) Poor man’s scaling: Flow diagram in the vg.J,-19.J | -plane.

— Kondo model also known as “s-d model” (since d-shell electrons form impurity and itinerant electrons
come from s-shells)

— in the last step, note: STS. (r = 0) + h.c. = 25%S%(r = 0) + 25¥S¥(r = 0)

— [Schrieffer and Wolff, Phys. Rev. 149(2) 491 (1966)] originally used a unitary transformation to
obtain the same result, Hog = ¢“He ™"

— there is also a path-integral version of this transformation: [Zamani et al 2016 New J. Phys. 18
063024]

Perturbation theory for Kondo model

o Assumption: Box-shaped density of states with bandwidth 2D (per spin, with units [1/energy]), v(E) =
Y kO (E —ex) =1 for |E| < D (Fig. 12Db).

 Perturbation theory for resistivity p for small Jiy [Kondo,1964]:
p=po(l—4Jyln(T/D)+...) (164)

— explains increase of p(T) for T'/D < 1 when In (T/D) < 0

— identifies a temperature at which perturbation theory breaks down (second term O(1)): Tx ~
1
D exp (— o J)

o Beyond perturbation theory: Wilson solved the problem using numerical RG (NRG): Below the
crossover temperature Tx, the impurity S forms a singlet with the c-electrons. This bound state is
decoupled from remaining c-electrons but leads to enhanced scattering.

Anderson’s “Poor-man’s” scaling

e Here: Derive Tk using RG based on Hamiltonian. We will see that there is no critical fixed point, but a
“run-away-flow”. We will see how to extract the “crossover temperature” Tk from the flow equations.

e Generalize to anisotropic Kondo model:

H=Hy+J| Z (CLTCk%S_ + C;r(ick/¢5+) + J, Z (CLTCk'T — CLCkw) S? (165)
k., k’ k.k/

o Plan for RG (Fig. 12b):

— Ground state of Hy is filled Fermi sea up to £ = 0.

— ‘w, / +>: highly excited states with energy > D/b with at least one hole/electron in the lower/upper
band-edge D/b < |ex| < D
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— Integrate out ‘1/)_ /+> (take them into account as virtual states in perturbation theory) — flow of

Jz,J_
Comparison: Schrieffer-Wolff transformation vs Poor-man’s scaling

— integrating out discrete level vs continuum of excitations
— well defined perturbation theory vs divergent perturbation theory (for 7//D — 0)
— plain perturbation theory with bare parameters vs continuous modification of coupling J(b) with

feedback

Formal setup of perturbation theory: Divide Hilbert-space into ’w_ /+>—like states and the rest [¢),

H._ H, ~0 )
Hy)=| Ho- Hopo Hoyt lvo) | (166)
~0 Hyo Hyy )

The sectors are coupled by scattering off the impurity, thus the off-diagonal terms are ~ J.

Write Schrodinger equation for [ig)-states:

1
(Hoo + Hot =———Ho + Ho- H_o) [¢0) = E |¢ho) (167)
E—Hiy

E-H _

virtual electron virtual hole

Because Hoq ~ J, we can neglect J that appear in Hpp__ 44 in the denominators and approximate
them with 1/(E — Hy) with Hp the non-interacting Hamiltonian.

For the second and third term, we have 8 different processes each: S%S% StS—, 875+ S%S~ and the
flipped orders.

S#S% = 1/4 processes: Focus on the virtual electron term with H, ¢ involving cil 4+oCqoo With g at energy
~ D of the upper band edge and arbitrary qp.

1 _ (g% f f L i
H0+E H, Hyolgo) = JZ(5%) . kz(; . (CkOTCk+T - Ck0¢ck+¢) m <Cq+TcClOT - Cq+¢cq0¢> |%0)
0,K4,90,9+

1
2 a2 t f t t
= L) Y 5o Ho—D+om, (clgrerest = eyt ) (el rcant — el Cant ) 100)

ko.k+,90,9+
Strategy: Use ¢y, |¥0) = 0 since [¢p) does not contain any excited electrons in the upper band-edge:

T T T i
(CkoTCkJrT - Cko¢ck+¢) (Cq+TquT - Cq+¢cqo¢) |tho)

_ t
—(CLOTCkﬁanquT + CL0¢Ck+¢Cq+¢quU [%0)
—— ——

H5k+,q+ %6k+,q+
and use ), = f[j)j/b vdE =
1 J? 1
Hy Hyg o) = — el g+l e Yo
*E_ O H, +0 [%o) 4 k%OE_HO_D—'_skO(kOTqOT k0¢qo¢)| )
= = Z CkooCaoo WO>
4 ko,qo \ © 07 ) E— Hy— D +¢q,
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The corresponding process for the virtual hole c¢q_, excitations follows as

1 1
Hy— E_1H H_ |7/)0> = JZ2 (82)2 Z (CITLTCkOT — CTk7¢CkO¢) 7E .y (CLOTCQ*T — CLNCCPO |¢0>
0 ko.k+,90,9+ 0
J? (Z ; ) 1
= = > CkooC, |%0)
4 ko,qo \ O 0T B~ Hy—D —eq,

o Assume E ~ Ej where Ej is the g.s. energy of Hy — approximate all denominators by 1/(—D).

o Result: Virtual S*S*-processes lead to non-magnetic scattering (does not depend on the spin of the
scattered). This is what an ordinary impurity potential would do. — Neglect these terms, since also
absent in initial Hamiltonian.

e STSt=1/2-5,and STS™ =1/2+ S, processes: Create virtual electron c:EH(,

1 1 - )
e T S S CRMESE T PR T CRE S e S [
k9q+’q/
1 - —
- 5l O | Aercart87SE + clyequSTST | o)
kal 1/2-8; 1/2+48.
1
= 5 f S. Z (ClT(TCq/T — Cqucq%) |o) + (pot. scatt. — from 1/2 — terms)
k,q’

and we do the same for the virtual hole cq_o:

1 1 _ -
Ho- - Holto) = — Y (el eSS+ el St (cliea ST+ clyca 157) [to)
k,q-.,q
1 — —
= 57t kz (el S + el S57) [o)
7q
1
= BJJQ_ S, Z (c:rﬁckT - c:rucko [vo) + (pot. scatt.)
k,q

which is the same as in the virtual electron term.

e In summary: We read off for the effective S,-term:
J.(b) = J, +2uJ3 (1 —1/b) (168)
» Remaining processes (S*ST = S*/2, ...) analogously lead to:

JL(b) = Jo + 2w J. (1—1/b) (169)

e No need for re-scaling, as the Hamiltonian stays in its initial form and D does not appear explicitly.
Understand J, | (b) as the result of iterative application of perturbation theory, integrating out bath
electrons with |ex| € [D/b, D).

« The dimensionless quantity which should be small for the equations above to be trusted is J, | vp.
Use infinitesimal b (via b = €') to write flow:

O (Jowo) =2(Jiw)*, O (Jiwve) =2 (JLw) (Jowo) (170)
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Interpretation of flow and Kondo scale

4.6

The flow diagram is shown in Fig. 12(d). There is a line of fixed points at J; = 0.
Observations: (J.vp)? — (J11p)? = const. Follows from §;(...) = 0.

J.vg never decreases, since 0; (J,v9) > 0. Have a line of stable fixed points (J,1p,0) for J, < 0 with basin
of attraction |J, | < |J,| (gray).

The isotropic ferromagnetic Kondo model J, = J; = J < 0 is asymptotically free (flows to J = 0).

All other initial conditions with J; # 0 flow to strong coupling and the flow equations break down
(“runaway flow”). At which scale does that happen?

Specialize to isotropic Heisenberg coupling J, = J, = J with 0 < 1pJ < 1. Find the Kondo scale
D; = Tk where strong coupling is reached.
Integrate the flow

d(vJ) 1 1 ( D )
=2dl > — — — =21 =2In | — 171
(v J)? Jivg  Jg Dy 1)
The flow has to terminate at D; = Tk when the dimensionless running coupling constant J;vy becomes
O(1).
1 1 D
— ) - —=— ] =2In(— 172
<J1V0> (JVO) n(TK) (172)
—_——  —
o(1) >1

We neglect the left term and obtain Jiuo ~ 21In (%) or

Tk ~ Dexp (— (173)

2JI/0>

Note: This result does not depend on the exact value O(1) where we stopped the flow.

Example: Fermi-Liquid theory — RG with a Fermi surface

[Polchinski, arxiv hep-the/9210046 (1999)] and [Shankar, Rev. Mod. Phys. 66, 129 (1994)]

Question: Real metals have (strong) Coulomb interactions.
Why is the model of non-interacting electrons still working so well?

Answer by Lev Landau (1956): Landau’s Fermi liquid theory.
Main idea: Most important excitations of metals (with dispersion €y ) are particle-hole pairs close to the
Fermi surface ex = pu, see Fig. 13(a).

At low enough energies, these excitations behave like non-interacting particles/holes. They carry charge
+e and spin S = 1/2 and can be described as free Fermi gas.
Some parameters differ from bare electrons, i.e. effective mass m* > my.

Here: RG perspective.

Model

Modeling:

Hy =" (61 — 1) clyy ko (174)
k,o

assume ¢y = k?/(2m) and kr the radius of Fermi surface defined by &y = pin D =2,3.
Remark: Parabolic dispersion could approximate band-bottom of nearest-neighbor hopping on hyper-
cubic lattice, ey = —t 25:1 cosky, ~ —Dt + %k?
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Figure 13: Landau’s Fermi liquid theory: (a) Definition of Fermi sea (gray) and Fermi surface (red). (b) Scaling towards

Fermi surface. (c) Wave-vectors at a 2-particle scattering process (before application of the momentum conserving J-
function), in the generic case (left) and for vanishing initial momentum k; = —ks (right).

o Consider excitation from k with k& ~ kg to wave-vector k + q with ¢ < kp:

(k+a)® K _k

fltq ~Ek T g — = q+0(¢°) ~vr-q (175)

where vp = Okéek|k=k, is the Fermi velocity (linear approximation).

« RG: Want to integrate out high-energy excitations successively and take into account their effect on low
energy degrees of freedom.

e Problem: Low energy modes don’t live at k = 0, but at the Fermi surface k = kr — need to scale towards
kp, see Fig. 13(b).

(Gaussian action

o Gaussian imaginary time action with Q = (0, ¢) the angular coordinate.

So = / dr / i / g ) [0s t opd 6 (7.0, ) (176)

This is a collection of independent one-dimensional theories parameterized by 2 = (6, ¢).
If the curvature for the Fermi surface is taken into account, the theories are coupled — irrelevant pertur-
bation.

o RG for Sp: Integration over ¥ (q) with ¢ € £(A/b, A), decouples from integration over ¢ (q) with |¢| < A/b
thus only need to consider re-scaling step. Want to keep vp fixed, we find

Q—Q

q—q =qb
T—7 =7/b
vy =071

which indeed reproduces Sy:

A g
Sy = /dT/dQ/ ¥ (1,4,9) [0- +vpql ¥ (1,¢,Q)
A/b 7T

— b/dT /dQ/ b—ldq Y2 (7 Q) b [0 + g b (7, d )
= Sy
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o Strategy: Write down perturbations to Sy, apply the above re-scalings, and then decide if they are
relevant, marginal, or irrelevant.

+ Example: Deformations of Fermi surface m(Q)y:

/dT/dQ/ mw¢—>/d7 /dQ/A 27r @ nend (177)

=mbym

and we read off y,, = 1, so m(f2) is relevant.
Can absorb m(£2) in definition of dispersion ¢y, need to expand around correct Fermi surface, shape can
change under RG.

Interactions - naive approach
e Interaction U couples different €). Need to preserve 3d momentum,

k;, = (k’F + qi)Qi (178)

T
with ; = ( cos ¢;sin#;, sin@;sinf; cosb; ) vectors on the unit sphere:
dg;
Sint = /dTH /dQ / iwlwgngwf (1,2,3,4) 6P (k; + ko — k3 — ky) (179)

o Rescaling for §-function: In Eq. (178), the ¢; scale to zero, but the kp stay fixed. Thus
D LI p
) (k1 + ko — kg — k4) ~ k—é (ﬂl + Q9 — Q3 — 94) (180)
F

and the J-function does not change under rescaling since €2; are dimensionless.
¢ Rescaling of interaction U:
. A dg} - - 1—4-+4x(1/2 1
Sint = /dT’H/in/ Q—;ng,w;npg,wg,b —H 2 (1723, 4) Ed(ﬂl + Q5 — Q3 — Q) (181)
i=1 —A
so that U’ = b~'U which means
yu = —1 (182)
e Result: Electron-electron interactions are irrelevant.
e Strong argument for Fermi-Liquid theory: Interactions become weaker as energy is lowered and nearly

free electron gas is good description of conductor at low energy scales.

Interactions revisited

e Fact: Superconductivity is interaction driven phenomenon.
Q: How can we ever get superconductivity if interactions become weaker and weaker at low energy? —
What is wrong with our argument?

« Parameterize scattering process ki o — kg 4 with [see Fig. 13(c)]

ks =ki + kpd2 + dq
ky = ko + kpdQ + 6

so that 3
o7 (ki + ko — ks — ka) = 07 (kpdQ + da + kpoQ + 64 (183)
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For generic momenta ki 234, the large momenta krpd€2 and kpoQ are linearly independent vectors in
D-dimensional space. The above argument around Eq. (180) is valid.

Consider special case where directions €21 2 of scattering electrons are opposite, 21 = —£2s.

For a parity-symmetric Fermi surface (with e_j = €y): Large variational momenta kpd€2 and k #0€2 come
from the same tangential planes and there remains an explicit é-function constraint on the q-direction:

67 (ki + ko — ks — ka) = 0771 (kpdQ + ko) 6§ (6q + 5@) (184)

Now, we get and additional factor b upon rescaling

5q/ + 661/

5(5q+561):5( ;

) — b5 (59 + 6) (185)

which yields yy = 0.
Conclusion: Interactions corresponding to vanishing incoming (and outgoing) momenta

U (91, -1, 23, —Q3) = V (@, Q3) "2 v (. ) (186)
are marginal under re-scaling!

Comment:

— Interpretation: Interactions are generically irrelevant, but special kinematics can change this to
marginal.

— Many Feynman diagrams are irrelevant, unless certain momentum restrictions apply, see e.g. for
p = p’ for the current in Fig. 14(a).

— In D=1, krpdQ2 = 0, so all interaction is always marginal.
One-loop correction of the marginal interaction in Fig. 14(b) to understand fate of interaction. Expand

V (€21 - Q3) to angular momentum channels L. Then find the flow [Shankar, Rev. Mod. Phys. 66, 129
(1994)]:

1
Vi =—Vi (187)
so that:
— Repulsive V, > 0 are marginally irrelevant, 9;|V,| = —4=|Vz[>. Example: Screened Coulomb
interactions.

— Attractive V, < 0 are marginally relevant, 9)|V.| = +5=|Vz|>. Example: Effectively attractive
interactions from phonons at initial scale.

Initial attractive interaction leads to superconductivity: Solve flow

B VL.(0)
= T 1v,(0)/(an)

Vi(l) (188)

diverges at I, = 47 /VL(0) or
Ay, = Ae™b = 6*4”/|VL(0)|£TCBCS (189)

Comment: Similar in spirit to Kondo temperature Tk which we derived from run-away flow of marginal
coupling. But here: Phase transition with broken U(1) symmetry.

Initial repulsive interaction: It the Fermi liquid stable? Not in general, irrelevant couplings can generate
some V7, < 0 which then run away.

Consistent with Kohn-Luttinger Theorem: Every Fermi liquid with ey = £_y is unstable towards super-
conductivity at sufficiently small temperatures.
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the 4-point interaction becomes marginal. (b) One-loop renormalization of marginal interaction.

4.7 Example: Crossover theory and finite-size scaling

e More realistic systems with more complicated fixed point structure and flow diagram. Make connection
to phase diagrams.

e Investigate cross-over behavior where multiple fixed points govern properties of the same system on
different lenght scales.
Crossover from explicit symmetry breaking in Heisenberg magnet

o Model O(3)-symmetric Heisenberg magnet [s(r) = (s5(r), s4(7), s.(r))] with single ion uniaxial anisotropy:

BH = —5 3 K(r—)s(r) - s() = DY 5.(r)? (190)

r,r!

3 limiting cases:

— D = 0: Heisenberg universality class, Heisenberg fixed point H with relevant thermal u; z and vy
for a scaling variable involving D.

— D > 0 fixes s || s,: Ising physics with critical Ising fixed point I with relevant thermal wu; ;.

— D < 0 fixes s L s,: XY physics,with XY fixed point XY with relevant thermal u; xy .

o For general D: Plausible guess of flow diagram projected into D, K ! oc T plane, see Fig. 15(a). Shape
close to H will be found later.

e For small D # 0 we have either Ising or XY like critical behaviour in crossing from ordered to disordered
phase.

o Suppose D > 0 but small and vary T (walk on dashed blue line).

— System at point A: Scaling of f(¢, D) (and other observables) determined by H (RG trajectory never
sees I)

— System at point B: Critical behavior determined by 1.

o For formal description of case A, consider the scaling equation for fsng, Eq. (11) for flow close to H:

feing (£, D) = b~ fung (041,094 D) (191)
Chose b such that b¥t#t = O(1) and find scaling form with ag =2 — d/yin
/E¢
Jang (8, D) = [t~ @ | Do) Vil ver (192)

with ¢ = vy /yim defined as cross-over exponent given in terms of RG eigenvalues at H.
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Figure 15: (a) RG flow diagram of anisotropic Heisenberg model, Eq. (190) (b) Finite-size (L) induced changes
for the critical susceptibility peak.

Application: Specific heat C' oc 97 fs.

— For D =0, C x |t|”“" as expected.

— For D > 0, no significant departures from D = 0 behavior until |¢| so small that D|t|~® ~ 1. Define

this [t| = tx = D/? as crossover temperature.

— For |t| < tx (case B), the I-fp comes into play and we should observe C'  |t|~%!. Now introduce

this behaviour by hand as boundary condition to W¥!

Rewrite scaling form of C' with new scaling function ¥ designed to carry all the |t| dependence:

C o [t (D) = D‘aH/¢(D|t|_¢>aH/¢\II (D1e~)

E\il(tD—l/¢)

We know that for small |t|, we must have C' o< A(D) (t — t.(D))™* so ¥ must have singularity
U (D7) ca (10710 —5)

with constants @, b. We find:

C x aD(er—au)/¢ (t _ IN)DIM) o
S S—
A(D)
We read off two dependencies of the C(¢)-peak on D:

1. Amplitude A(D) o aD@1=*m)/¢ o — oy > 0, so Ising peak increases with increasing D.

(193)

(194)

(195)

2. Shift of critical temperature which gives phase boundary close to H: t, o D¢, Since it can be

shown that ¢ < 1, we have form as in Fig. 15.

Model-independent RG prediction: Amplitude A(D) and shift of critical temperature both related to

® = Yy /ye. This could be observed by changing D in experiment.

Crossover due to finite size (finite-size scaling)

o Consider system with isotropic fixed point govering critical behavior, but only a finite piece with linear
dimension L = Na (e.g. cube L? with N3 sites, here N is number of sites per direction). Under RG

(a — ba, e.g. real-space RG for spin model) but keep L fixed so that

(N*l) b (N*l)1
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e Think of N~! as a relevant scaling variable with eigenvalue y = 1, thermodynamic limit is N~' — 0.

« Assume that N~! does not affect the RG equations for the coupling ¢ (ok for short-range interactions),
obtain scaling of free energy:

fang (1. N7Y) = 07 fng (0902, b7, bN 1) (197)

« Study implications of this for zero field susceptibility, x o< 92 fs/0h2,in Eq. (197) set b¥*t = O(1) we find
the scaling form

X (BN o [t (NTHETY) = [t 6 (¢/N) (198)

o Conclusion: Behavior of x for N > ¢ resembles thermodynamic limit where N — oo. When |¢| decreases
and therefore £ o< ¢~ increases things change, crossover at x/N =1 or tx ~ N —1/v where finite size
effects become pronounced.

e What happens close to the critical temperature ¢t = 0 of N — oo system? In finite system, there are no
thermodynamic singularities, peak in susceptibility must be rounded. Rewrite scaling form such that ¢
only appears in the scaling function (same trick as in Eq. (193)):

X (t, N‘1> x N4 (tNl/”) (199)

where @Z;(x) will have a rounded maximum, but not necessarily at = 0. Predictions:

— Shift of effective critical temperature is oc N'/¥. Origin and sign of the shift:
Periodic boundary conditions quantize momenta and thus suppress fluctuations, peak is shifted to
right.
Open bounary conditions allow enhanced fluctuations at boundary, peak is shifted to left.

— Width (over t) of peak scales with oc N/ (4(z) has a certain width, replacing z — tN'/¥)
— Height of the peak scales as N7/¥

Exercises

Exercise 4.1. Real-space RG for the Ising model in two dimensions

Consider the nearest-neighbor (n.n.) ferromagnetic (classical) Ising model on a square lattice in two dimensions
and in the absence of a magnetic field,

—BH =Y > Ks;sj, (200)

n.n. {s;}=+1

with K = —fJ > 0 and N sites with periodic boundary conditions. This exercise explores the Migdal-Kadanoff
real-space RG for this model.

1) Decimation step: Color the sites of the square lattice as a checkerboard and trace over the white sites. Show
that the partition function Zy can be written exactly in terms of the spins on the N = N/2 black sites, S;- as

Zy =N Z exp (K' 23;’3;@ + L Z sy, + M’Z s;sks;s;n) (201)

{si}==%1 n.n n.n.n. pl.

where new couplings for next-nearest neighbors (n.n.n., L’) and on plaquettes (pl., M’) had to be added.
Ky=In2+ élncoshQK + %lncoshélK
K' = ilncoshélK
L' = é In cosh4K

1 1
M = glncoshélK— ilncoshQK
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2) Tteration: To make progress, approximate M’ = 0 and assume that K < 1. Assume that the n.n.n. coupling
L is present from the beginning and argue that the RG transformation reads

K'=L+2K?% L' =K (202)

Sketch the flow diagram in the K — L—plane and find the non-trivial fixed point of (202). Linearize these
equations around the fixed point and show that the critical exponent is

L Inv2
|2+ v10)/3]

= 0.6385. (203)

Discuss reasons for the deviation of this value from the exact result v = 1.

Exercise 4.2. Real-space RG for disordered Heisenberg chain

This exercise applies the real-space RG to a spin-1/2 Heisenberg chain with disordered anti-ferromagnetic
couplings J; > 0 chosen randomly from a (normalized) probability distribution P(.J) for each site i:

H = > JiSi Sit. (204)

7

1) Decimation step: Assume strong disorder, meaning a wide distribution P(J). Assume J, = € to be the
largest coupling in the whole chain, with the neighboring couplings likely satisfying J,11 < . Diagonalize
the isolated strongest-bond subsystem H,, = J,S, - S,+1, assume it to be in its ground-state (singlet) and
compute the resulting effective coupling between the two neighboring spins, in lowest non-trivial (second)
order perturbation theory. You should find again a Heisenberg term, szi J;n 19501 Spy2, with

ef f _ Jn—1Jnt1
It gy = Tt det (205)

which is much smaller than J,11. After the decimation step, we have retained again a Heisenberg chain where
the largest bond is now what used to be the second-largest in the initial chain. Assuming that this scheme
could be continued, draw a schematic of the ground state spin configuration of the physical chain where singlet
bonds are indicated by a line. This state is called a random-singlet state.

2) Iteration: Instead of the RG flow of a few coupling constants, we are now seeking to describe the flow of the
full distribution function Pq(J). To facilitate the math, introduce

Gi =1In(Q/J;) € [0,00), (206)
neglect the factor 2 in Eq. (205) and define the RG flow parameter to be
T = 1n (Q0/9) (207)

where € is the largest bond at the respective RG step and €2y is the largest bond of the initial chain. By
eliminating the strongest bonds J,,, within Q —dQ < J,,, < Q, show that the flow equation for Pr(¢) takes the

form
oPr(Q) — arr(¢)

o = g RO / d¢ / ¢ Pr (G) Pr(Gr) 0(¢ =G = G) (208)

where an overall rescaling term has been dropped to ensure conservation of the total probability (show this).

3) Solve the flow equation (208) by rewriting it for the distribution function Q(z) of the quantity = = (/T.
You should find

9Q(x)

0=(x+1) o

Q@)+ Q) [ dot [ d5,Q)Q(w (o~ w1~ 2,) (209)

Solve this equation for @Q(x) by guessing the simple function that retains its form under convolution, the
exponential, Q(z) = e~*. Show that it corresponds to

O\ 1-1/T(®)
) . (210)



Consider the flow of the mean of ¢, (¢), and argue that our initial strong disorder assumption is better and
better fulfilled as we iterate the flow.

It turns out that our solution (210) represents a stable fixed point which is globally attractive and thus universal,
i.e. all initial distributions approach it as I" grows. It is called infinite-randomness fixed point.

4) Physical properties: Show that the density of surviving spins (not locked up in a singlet) as a function of
energy scale Q (or I', respectively) is
n = ng/I? (211)

where ng is the initial spin density. From this, argue that:

o (a) The excitation energy of singlets of length L is Jp ~ e VL, (This “infinite-randomness” scaling is in
strong contrast to the usual quantum-critical scaling £ ~ L™?.)

ng

T2 (/1) You will have to

o (b) The magnetic susceptibility as a function of temperature T is x(7T") ~
use that the susceptibility of a free spin scales as xo ~ 1/7.

Exercise 4.3. Fixed points

Consider a system with three coupling constants (r, g1 > 0 and g2), which obey the following set of RG flow
equations

or = 2r—24r(g1 + g2) (212)
dg1 = (4—D)g1 —8(n+8)gi — 48192 (213)
dg2 = (4—D)go — 7295 — 969192 (214)

where n € N is some parameter and D is the spatial dimension of the system.

1. Determine the set of RG fixed points (hint: there are four of them). Consider the trivial fixed point
r = g1 = g2 = 0. Below which dimension D do the couplings g; and g2 become relevant perturbations to
the trivial fixed point?

2. Set e =4 —D > 0 to be small (¢ < 1), linearise the RG flow equations around each fixed point and
determine the corresponding RG eigenvalues, left eigenvectors and the scaling variables. Which of the
fixed points have only one relevant perturbation (=critical fixed points)? These can control the critical
properties of a continuous phase transition. Discuss the cases n > 4 and n < 4 separately.

3. Set r = 0 and sketch the flow diagrams in the (g1 > 0, g2) half-plane for the n > 4 and n < 4 case. For
concreteness, take n = 5 and n = 3, respectively.

4. Consider the n > 4 case and determine the correlation length exponent v up to order O(e) at the critical
fixed point.

Exercise 4.4. One-loop flow equations for the O(N)-symmetric p*-theory

Generalize the ¢*-theory for an N-component vector field, p(k) — (k) = (¢1(k), p2(k), ..., on(k)) for k € RP
with the action

S[]—I/AO[ RIS e+ Y [ S 2 215
el=3 [ kYl + 3 [ 3 . (215)

i=1 ij=1

1. Show that the action is invariant under O(N) rotations, ¢; — Z;V:l M;jp; where M is an orthogonal
N x N matrix.

2. Fourier transform the interaction term to momentum space and perform the RG step in analogy to the
N =1 case of the lecture. Show that the flow equations for the dimensionless couplings 7, u take the
form

(N + 8) u?

6(1+7)> (216)

, ou=(4—D)u—
——
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Hint: Coming from the N =1 case, when generalizing to N > 1, you only need to worry about combina-
torial factors. They can be tracked by using Feynman diagrams with a vertex j > —— < i which carries
flavor-indices of the fields. Internal loops representing integrals over larger fields with flavor indices that
are not fized by outer (smaller) fields lead to a factor of N.

3. Repeat the epsilon-expansion analysis for the non-trivial fixed point appearing for D < 4 and find the
critical exponents to first order in . Set D = 3, N = 3 and find an approximation for v of the three-
dimensional Heisenberg universality class governing magnetic phase transitions in classical spin systems
with 3-component magnetization vector. The exact value is v = 0.71.

Exercise 4.5. Irrelevant couplings
This exercise will discuss the effect of irrelevant couplings on physical observables.
1. Consider the RG flow equations for one relevant and one irrelevant coupling,

Ou = yyu + A(u,v)
0w = y,v + B(u,v)

where y,, =1 > 0 and y, = —1 < 0 and argue that for small |ul, |v|, the functions A, B have the following
expansions:

A(u,v) = a1u® + asuv + azv® + ...

B(u,v) = byu® + byuv + b3v* + ...

Specialize to A(u,v) = —uv and B(u,v) = —u? and plot the flow (u;,v;) parameterized by I € [0,2] in the
u—wv plane starting from the points (0.2,0) and (0.2,0.3). Use a computer program (e.g. MATHEMATICA’S
NDSolve) to solve this task. Show numerically that for large enough [, the flow for the initial couplings
(0.2,0.3) can be reproduced by the flow starting from an initial point (g, 0) and give the approximate
value of 4. This means the effect of a non-zero irrelevant coupling can be absorbed into a redefinition of
the initial relevant coupling and we usually don’t need to consider the irrelevant couplings in a scaling
equation like Eq. (11).

2. The conclusion above does not hold if the scaling functions exhibit a singular dependence on an irrelevant
coupling v so that it cannot be set to zero. This is called a dangerously irrelevant coupling. A famous
example where this happens is the ¢*-theory for D > 4, see Eq. (50). As a preparation, consider the
Gaussian action without interaction term:

1

Ao
Saa ] = —hagp(e = 0)+ 5 [ [ro+ k] ol K)o(k) (217)

(a) Integrate out the fields for Ag/b < k < Ag (which just adds a field independent term that we don’t
consider) and re-scale momenta and fields keeping ¢j fixed to derive the RG relations r' = b¥try and
R = b¥hy with y, = 2 and y, = 1+ D/2.

(b) Add an interaction term

Ao
sﬁm—WA (2m)P5 (I + .+ k) p(lr ) o (k) o ks o (k) (218)

o4
4l 1,2,3,4

disregard the terms generated by momentum shell integration (they are considered in Sec. 4.4) and
do the above rescaling step, you should find y, = 4 — D so that the interaction v becomes irrelevant
for D > 4. [Careful: in the toy model of part (1.) above, the irrelevant coupling was called v.] In
the following, consider the case D > 4.

(c) Using the standard scaling ansatz for the free energy fuing(t, h) without irrelevant fields, determine
the critical exponent j.
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(d) As S in (c) does not agree with the result of the Gaussian approximation, § = 1/2 (derived without

RG) we need to modify the scaling ansatz including the irrelevant coupling u. Argue that the

magnetization m = - (¢(k = 0)) has the scaling form

m (t, h,u) = b Pm (0¥, b h, b¥uu) (219)
set h = 0 and derive the scaling relation
m (£,0,u) = [t~@ =P e (1,0, [t 70/ ). (220)

According to Landau theory, a finite u is needed to get a spontaneous magnetization at h = 0 and
we cannot set the last argument to zero. Show that Landau theory predicts m(—1,0,u) u1/?
and use this to derive = 1/2.

Exercise 4.6. Kondo impurity in gapless fermionic system

The Kondo impurity described by the Hamiltonian in Eq. (165) can be studied in the case where the density
of states (DOS) as a function of energy is not just a constant (1) as in the lecture but given by a power law,

' . <
| {C|Ey |E| <D (221)

v(E) = 0 (FE — =
B=XsE-a0 0T
with r > 0 and &, the bandstructure that already included the chemical potential.

1. Consider the case of two-dimensional graphene with & = +hv|k|: What r corresponds to this situation?
Here, £+ correspond to conduction and valence band of a single spin-polarized Dirac node.

2. For the isotropic case J; = J, = J and general r, generalize the poor man’s scaling approach from the
lecture to find the flow equation for .J; . Combine this with v; = v(De™!) to obtain the flow equation for
the dimensionless parameter J;v;. Draw the RG flow diagram for J > 0 and discuss the changes to the
r = 0 case treated in the lecture.
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Part 11
Functional Renormalization Group

5 Functional methods
Aims:

e Prepare standard formulation of the fRG.
o Introduce Green functions (correlators) via source-field derivatives of generating functions.

o Essential part of Green functions: Vertex functions.

5.1 Partition function and conventions

e Assume partition function Z written as unconstrained functional integral:

Z= / D (8] exp|— (S [B] + 51 [B])] 1)
S[a]

e Treat classical and quantum systems, fermionic and bosonic particles in one formalism:
Superfield ® = (P4, , Pq,, ...) with single-particle multi-index « containing Matsubara frequency or imag-
inary time, momentum or position, spin, ...

o (Anti-)commutation properties encoded by @, Pn, = (0 Pay Pay, €.8. ¢ = £1 for bosons/fermions. Define
statistics matrix Z with Z,o = daaCa-

o Gaussian part in (anti-)symmetrized notation:

So [®] = —;/a/a o, [Ggl]w, D, = _% (0.G5'®) (2)

Product is defined as (®,¥) = fa ®,¥,. We assume properly (anti-)symmetrized Gy, i.e. in each sector

ZGo = GJ (3)

» Examples: (recall that in the 7" — 0 and infinite volume limit: BLV Yox— S Ly (2‘7?;[, = [ )

1. Classical p*-theory: {®o} = {ox}, (=1, [, = [,

So [¢] = ;/k [7"0 + Cokﬂ P_kPk (4)
leads to
(s = —(2m)P” (k+K) [0+ cok?] (5)

2. Spinless fermions: Need two types of fields, {®,} — {wwk, zﬁiw’k}, ¢ = —1, abbreviate K = (iw, k),

[, Ji = [ic- We have a = (¢, K) or (¢, K).
Recall Fourier-transform of (independent!) Grassmann fields ) and 1 are oppositely defined:
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= [Pdr [dry(rr)e R Hier gk U dr [ dr (rr)etirior,
0 0

Solw.w] = - /K@bKGol (K)vx
iw—Ex
= -3 J 0 <Gyt E)
= 5 [ (o) ( o )(@;;)
. 1 - ’ , 0 CG*I (K) w ,
= -3 /KK’ (¢K,¢K) 2m)PH s (w - W) 6P (k — K) ( G (K) 00 ) < 15[; )

5.2 Green functions and generating functionals
o Disconnected n-point Green functions: (Mind the index-ordering!)

_ [D[@]e 5D, B

¢ = = (D, ..® 6
Q1...0p, f D [q)] e_S[@] < > ( )
e Sourcefield trick: Want to write generating functional
n oG lJ
= @

SR SN |
This is achieved by introducing sourcefields J:

f D [q)] —S[®]+(J,®)

oo

Remarks:

- GlJ=0=1.
— Sources J are of same type as ® and are mutually (anti-)commuting, (J, ®) commute with all other
terms in S.

— Ggﬁ)an are fully (anti-)symmetric under index exchange.

e The Gfﬁ).,,un are the expansion coefficients of G [J] (now the index-ordering matches!)

n‘ / G((Wni Ne?% (Y] J(hw, (9)
a1...0n
o Connected Greens functions do not contain disconnected contributions when Wick theorem is applied to

them.
Define connected generating functional [in G [J] replace denominator by Zy and put natural logarithm in
front - Proof: Linked-cluster theorem]

z fD *S@H*(J(I’) 1 "
G.[J] = ln(ZOQ[J]> ( fD oS _Z_:On'/a ) G o Jayeda,  (10)

6"Gc [J]
(n) 0%l
¥ M ¥ A
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L (2) a1 ay o Qo
Gc,a1a2 - - * = _GOLQOél

Figure 16: Graphical representation of the connected Green function (left) and its two-point version also called
the propagator (right).

o Example: Relation between connected and disconnected GFs

Z
0 _ il
G, In (ZO)

Gg,lal = Gt(xll) = <(1>041>
Gc?gqaz = Ggi)az - G((;vll)valg) = <(I)042 q>0¢1> - <(I)012> <(I)Ot1>

The first line is equivalent to the interaction correction to the free energy (up to factor T').
e Graphical representation G,(;fgl,,,an: Empty circle with arrow pointing to ai-leg, use abbreviated “line”
notation for 2-point function.

G.[J] for Gaussian theory
o Can find G, [J] explicitly for Gaussian theory (S; = 0):

_1 ‘I>,G_1(I> J,<I>
oGoclJ] — | D[®]e 3(2,G5 1) +(,@) "
[ D[®] e=S0[®]

In numerator, shift ® = ® — G{'J and obtain

1 1
-5 (0.G7'0) + (1, @) = -3 (¢ - GIr1G' [@ - GEI]) + (/.9 - GLJ)
clean up and use (Gg\II, <I>) = (¥, Go®). The term o< ®? cancels with denominator. Comparing the
exponents:
1 T 1

Gocl7) = 5 (1.G3T) = =5 | | [Golags Jar (12)

so that
2
2) 6°Goc [/] (12)
/ e (I)a(I)a, = — — = — , 1
GOc,a « < >0 5Ja5t]o/ |J 0 [GO}aa ( 3)

e Definition: Differential operator to generate matrix in superfield space

0 0 52
{&] @ &]} ot 0Tud T (14)
so that from above 5 5
Go=— (&] ® &]) Goe [J] |7=0 (15)
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5.3

Figure 17: Graphical representation of the Dyson equation.

Propagator and self-energy

. G( ) oo 18 called the propagator or sometimes simply “Green function” of the theory. Also: “Dressed” or

5.4

“full” propagator.

In analogy with the last equation, but for general (not necessarily Gaussian) theory, define

G=— (55 05) Gl (16)

and we read off (see right part of Fig. 16)

G? = (ByB) = —Goa (17)

c,aq

Self-energy: Defined as difference between inverse Green function and inverse Gaussian (“bare”) Green
function,

G'l=G,' -3 (18)
and it follows the Dyson equation:
G = Go+GXGo+ GXGeXGy + ... (19)
Go + GG

With Gg represented by a thin line, we have the graphical representation in Fig. 17.

Leveraging perturbation theory: Low-order approximation of 3 generates infinite-order diagrams in G.

Alternative representation of G.[J] (without [D[®]...)
Use 5
n (J®) _ (_% (J,®)
((I)a) € (5Ja> e (20)
to write
e_sl[¢]+(J7q>) — 6_31 [%]"F(J,‘I)) (21)

o Use this in definition of G, [J], Eq. (10), and pull out S} [%} from the integral

~1(0637)

—S[®]+(J,® —So[@]+(J,P
= s = e = e sliesntn 2 s lble
—So —0
(22)
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5.5

5.6

Amputated connected Green function

Motivation: Later, want to start fRG-flow from G~ = 0, but from (22) have then G. (Gg = 0) = 0.
Bad: Generic starting point doesn’t know anything about physics of specific model.

Amputate Gg from connected Green functions (difference to G, [J]: now the sources read ® instead of .J
and only appear in Sj):

1 fp e~ S0[®]- 51 [@+] B % q o B )
Gac |®] = ( 5 =y /a Gy o, By, (23)

= n!
. 5" Gac | @]
Gaclay.om = mB:o (24)
Relation between G, [@} and G, [J]: Use shift of variable in Eq. (23), ® = & + &,
R L e ey I (g
G.. 8] = 6. |- (cF) " 8] + 5 (2.679) (25)
Remarks:
— Amputation effect obvious from first term.
— Due to the last term, for a free theory Go.[J] = —% (J, G0TJ> we have G, = 0.
Alternative representation of G, [CT)} (similar derivation to the case for G, [@})
oIac®]  —  ~5(5%:G0 55) o~ 51[2] (26)

One-line irreducible vertices I'™ and tree expansion

Motivation: Connected correlation functions can be sub-divided into “essential” blocks connected by
propagators.
Example: Dyson equation (19) for G where essential block ¥ was called self-energy.

(n)

Anticipate similar structure for G¢ " for n > 2.
(m)

Define irreducible vertex I'a,as..0., (filled circle) as the part of diagrams for Gt (m < n) which cannot

be separated by cutting a propagator line G§2).

Relation Gﬁ") <> F&T&,,,am: Tree-expansion (tree diagrams are diagrams without loops). Example for
n = 3,4 in Fig. 18.
(m)

Toya0...0., ~ true interaction between particles

Final goal: Write fRG flow equations on the basis of F&”l)o@,,an.

Next goal: Find expression for generating functional I" [ } for F((ll)cQ ., such that

rﬁﬁ?..an:mwézo & rfa]- ii [t e (27)

1---Qn
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\(3)
Fﬁl/3253§

T 55
/1234

Figure 18: Tree expansion for the 3- and 4-point connected Green functions.

Interlude: Legendre transformation reminder

o Legendre transformation f* of convex function f(z) (with f” > 0):

e From chain rule: (f*)'(p) = h(p) = (f')~%(p), i.e. the derivatives of f and f* are inverse to each other.

o Graphical construction: Draw f(z) and the linear function px, find the point x = h where the tangent
to f has the same slope and call the distance between the curves at that point f*(p).

/() P

. f*(p) =p-h(p) — f(h(p))

p = f'(h(p))

o Legendre transform in thermodynamics (different sign-convention):
Internal energy U which depends on entropy S, volume V', particle number N (extensive variables)

U=U(S,V,N) (30)
dU =TdS — pdV + pdN (31)

Relate U to free energy F(T,V, N) which depends on temperature T (T is “slope” of U with respect to
S, intensive variable)

=-TS+U (32)
T =dU(S,V,N)/dS (33)

Need to replace all S in F' by T. Obtain:
dF = -TdS — SdT + dU = —SdT — pdV + pdN (34)
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Generating functional I’ [i)}

o Claim: I’ [i)] is the functional Legendre transform of G, [J]

rle] = (J[@),®)-g.[J[] - S[®] (35)
~cfa]
b = ey, (36)

Last contribution Sy {(ﬂ ~ ®2 in Eq. (35) is a convenience convention that “shifts” only ng)ag.
e Remarks:

— In Eq. (35), replace all sources J by the inverted relation Eq. (36). Note that ®, = (®,)|; with
non-vanishing sources.

— Assume absence of spontaneous symmetry breaking, i.e. as J — 0 one has Dy = (D) ]750 = 0.
This can be lifted by using ® = §® + ®°, see [Kopietz].

Three preparations for tree expansion: Relate % ~ %.
1. Express J in terms of ®:
SLI|D| (], @) —6G.[J] s ,
(2] _o(22)- =<aJa+<J7q)) [ el (37)
0P, 0P, 0P, o 0Dy 0Jy
——
B,
2. Chain-rule: Apply chain-rule to 6/6®, and use (1.):
9 _/ {Ua'} 6 @/ oz 9] el 2 (38)
5(i)a a o 5(i)a 0J o B o 5(i)a5<i>a/ ¢ 0y
or, in compact notation with Z,, = dq0/Ca,
1) 0 1) = 0
—=||l—=® =|L|P| | Z— 39
0P ([5<I>®5<I>} [D oJ (39)
3. Use chain rule for % on & = 5%}‘” (Eq. 36):
5_(;;(;>5596[J](2.)([5 5] _) <[5 5] )
1=—¢ = — == —=|LI|P|Z||—=0 —|G.|J 40
5% 5% 0J 5 ®53) £ 2] 57 % 57) 9l (40)
or, isolating the J from the ® terms:
o ] 0 1) _\ ¢
—® — J=Z(|l—=9—=|L | 41
[6J®6J}gc[] <[5<1> 5q>} H) )

Tree expansion

o In identity (41) above, expand both sides in powers of J, and compare coefficients. For r.h.s. , first

expand in powers of ®, and then use ® = %}J} to expand in powers of .J,.
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e Self energy F((fo)é,: Use

1) ) _ _ ~(2)
(5J © 5Ja/) gc [‘]} |J:0 = GOlO/ - Gc,a’a

and get (J — 0 yields ® — 0)

267 = [ o g £l o= 5 0 5] (1 6]+ 0 #]) oo =[50 ] 8] s f?])”

and further, using the definition of the self-energy ¥ = G g,

EREI

and taking matrix elements
r®

alag [ ]alag

e General case '™ for m > 2: Define

ule)= ([ ol 8) - (o] o) - X5 [ [ ]s

(n+2)

with definition of the matrix in superlabel space |:Fa1...an:| a1

Use L =T+ Sy to get

5 552 9] = 55 0 gt [8] - [e] " =07 [o] w5 — ]

-1

o In order to connect to Eq. (11), we need to expand the inverse of the above

<cf] © (f]) GelJl =2 (6(; 5(<SI>£ [ D_l B ZUT [cﬂ i GT]!

1 o0

= r("+2 . Note that U {@ = 0} = 0.

=U" (o] - [GT]A (47)

= -ZGT —=-cY [uT[a]GaT|"
1-UT [CD] GT VZ:O [ [ ] }
. s .=, . .. (n+2) (n+2)
o Expand in J’s (left) and in ®’s (right). Use definition [Gcm,,,an} = Gc aa'ar..a, Lake the transpose

of the matrix structure.

Ny

n+2 _ _K
S o St = S S [y S

X

XV

« For final comparison of J-coefficients, trade ® for J:

= 5gc (n+1)
5= 2 :va/ /a A

on the rhs and compare terms with the same powers of sources J, on both sides.

e Symmetrization:

(nv+2) (n1+2)
G(I‘Bly__ﬂ%u)...G(I‘B%._.B}ll>GZ<I>6%...<I>57111

. /ﬂ (48)

v
ny

ny

— Assume that Gﬁfﬁil_._an (on lhs) and F(()Z)an are symmetrized with respect to label exchange. Need

to symmetrize rhs.
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— Symmetrization operator S:
Consider function Fy,. o, of n superlabels aj..c, |@n,+1---Qny4ns |y 4ng+1--..0, grouped into v
groups, ni + na... +n, = n such that Fy,, 4, is already properly symmetrized for exchange of labels
inside groups.
We get a fully symmetric function from

Sttty in—my 41.0-0m (Foy.an) = B Z sgng Fopayapm — n!/(nq!...n,!) distinct terms
bt PeSy,
(50)

with sgn, (P) defined as follows:

Do, ... Do, = sgne (P) Papy)--Pap, - (51)
Example:
If Fy,q, is not yet symmetrized, we have v = 2 blocks with n12 = 1 and Sa;:00 (Fayas) = Fajas +
sgie Fosan -

If Fy,q, is already symmetrized, we have v = 1 block with n; = 2 and then Sy 0, (Fajas) = Fayas-

e Full expression for Ggloiman including symmetrization S — Ex. 5.2.

Examples
e Casen =1 (G( )) Only v =1, n; = 1: Need on rhs <I>51 = fal Gcnl;l) Ja . and no symmetrization
required
@ - _ ®3) @)
Gc,Ocl - s1 G- Fﬂl G- ZGC Blai
= - | G TY .G -Z[-Gu,s]
5 B1 a1

or, using G, — G, on the left-hand side:

(3) - ™. q.
Giazasar = /B1 [G Fﬁl G ZLWS Gaip

3
= Gazﬁzr(ﬁg)ﬂg,@l G0 Laza3 Gai g

B1,2,3

Re-label indices on the lhs and some integration variables:

_ (3)
Gg o)z1a2a3 B / {G}alﬁl [G]OQﬂQ [G]O@BB Fﬁlﬁzﬁs (52)
B1,62,83

o Case n = 2 (G,(;4)), assume that '®) = 0 (i.e. fermionic theory): Take v = 1, n; = 2, and i)ﬁ% =
fm Ggg,%al!]al, i)ﬁ% = faz fog}%m Ja,. Need symmetrization on rhs and drop superscript on j3:
1

4 _ 4) (2) (2)
chala2 9 5 GFﬁlﬂQG ’ ZSO‘UO‘Q {GCﬁlmGCszaz} (53)
1,2
and we insert the matrix structure
1
4 _ (4) (2) (2) (2)

Gc,asawlaz - _2/,8 \ [G]asﬁs F636461ﬂ2 [G]a4ﬁ4 |:ch510<ch Boaz T G ﬁ1a2Gc,ﬁ2a1} (54)

1,2,3,

We can treat the last term in the bracket by re-labeling 51 <+ B2 and then changing the order of these
terms in I'® back (factor ¢, ¢2 = 1). We finish with replacing ngﬁ) o = —Gap and some (-independent
index shuffles

4 _ 4
Gg C)V1a2a3a4 - /[7’1 - [G]alﬁl [G]azﬂQ [G]agﬁzs [G]a4,34 F61525354' (55)

This reproduces the term with the blue circle in Fig. 18.
e General case for Gg4) including the 3-point vertices I'® — Ex. 5.2.
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Exercises

Exercise 5.1. Generating Functions for toy model

This exercise should familiarize you with the concept of generating function(al)s in a simple setting. Consider
the classical field theory of an an-harmonic oscillator defined by the action s(¢) = so(p) + s1(p) where ¢ € R
is a single real variable and

a4

50(6) =~ s1(9) =

with G < 0 and v > 0. The full partition function is given by Z = fj_;o dpe*#) and the disconnected Green

functions are ¢ = I,,/Iy with I,, = fjoooo do e and Iy = Z.

1. Show that the partition function in Gaussian approximation is given by Zy = /27(—Gyp). Introduce a
source j € R and write down the definition of the generating functions (instead of functionals!)

9c(7)s Gac(@), ¥(@), (57)

of the connected Green functions, amputated connected Green functions and irreducible vertices, respec-

O

tively. The latter are denoted by g¢ *, gaﬁ),v(") and are related to the generating functions via series

0o 1

expansion, e.g. g.(j) = ! gﬁn) j™. The Legendre transform should be denoted by

n=0 n!

Up) = j(p)e — ge(i (),
¥ = ajgc-

Show explicitly the two relations:

9ac(?) = 9c (~Gg'@) + ¢°/(2Gh),

1= 872[ 8290
02 052 |-

2. Derive the following relations:

o =2/ g = @ oY = g —3[g@]"
ggoc) = ggﬂ) gc(z%) =Gy? 922) + Gy g((fé) =Gy 49((;4)
—1 —4
100) — _ggo) 12) — g§2) 4 — _ g((f) g§4)
S0 =[O N e S = @)

(0:24) perturbatively up to order

3. Use the results of part 1.) and 2.) to calculate the irreducible vertices ~y
u?. First, find Z and g(m) for m = 1,2,3,4 in perturbation theory up to order u?. These results will
be needed below in Ex. 7.1 to compare perturbation theory to the fRG for this toy model. You should

obtain: ) ) )
©_ Y2 Woso _2)_ U 5u” 3 @y _,  3U
vy SGO 12G .Y 2G0—|— D Gy, U= G§. (58)

Exercise 5.2. General form of tree expansion, full expression for ')

1. In the lecture, we have stopped short of writing the complete form of the tree expansion which is free of
source terms J, and ®,. You should now perform this task which involves somewhat tedious indexing.
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Combine Eqns. (48), (49) and (50) to find

(n+2)  _ S
Gc,al...an - Z Z Z nl' ny! /1 /1 / /ﬁ

v=0ni1=1 ny

mi=1 m} =1
(nu+2) (m1+2)
G{r{ '3 G} . {F/B;'%G} 7/

(mi+1) (my,,+1)
G 1 ..G zu+1an}

x S o .
al"'am%""’an_mz‘y"'l'”a" C,ﬂllal...am% C’ﬁzuanfm

X

2. Use the above result to derive the complete form of the tree expansion for G,(;flo)ﬂawgam including the
3-point vertex I'®) and draw the diagrammatic representation. In the lecture, we have derived the
contribution including the four-point vertex I'®) which you can take from there.

6 Exact fRG flow equations for generating functionals
Aims:

e Implement RG idea in a formally exact way, on the level of correlation functions.

o Final goal: fRG flow equation for functional I'y[®] (Wetterich equation)

6.1 Cutoff procedure
e Idea: Modify the Gaussian propagator
G() — GO,A
1

So[®] — SOA[(I)]:—?((I), [GO,A]*@)

e A is the boundary between high-energy and low-energy fluctuations.

o Requirements:

Gy :A—0
OA:{ ’ (59)

0 A= o0

— For vanishing cutoff (A = 0), recover the original theory.

— For infinite cutoff (A = 00), particles do not 'move’ and all generating functional are simply known.

o Strategy / workflow:
— Derive exact differential equations for generating functionals Gy [J],Gc A [J], ... etc. when A is varied
(fRG flow equations).
— Find initial conditions for generating functionals at A = oco.
— Devise approximation scheme for flow equation and solve [usually on a (super-)computer]|.

— Extract physical results at A = 0.
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@ (b)

00O

LU,

Figure 19: (a) Multiplicative cutoff in momentum space. (b) Sketch of a reservoir cutoff for a one-dimensional
system.

Cutoff types and examples

o Multiplicative cutoff: G = ©,Go with boundary condition ®5—¢ =1 and Ox_, = 0.
o Additive cutoff (regulator): G} = Gy' — Ry with [Ry—o| = 0 and [Rp—o| = cc.
o Examples:

— For G diagonal in momentum, can chose ®, = 6, (|k| — A) where 6.(x) is a step function broadened
on a scale e. As A lowers, this switches on smaller and smaller momentum modes iteratively, see
Fig. 19(a).

— For quantum systems, can use Matsubara cutoff: @, = 6 (|w,| — A). This works also for Gy that

are not diagonal in momentum (i.e. disordered systems).

— Reservoir cutoff: Ry = iA, G = +» couples a virtual reservoir to the system which

1
tw—H+isgn(wn )
is removed as A — 0. See Fig. 19(b).
— If Gy involves several field-types, one can chose different cutoffs for fermions and bosons.

— Physical flows: Cutoff scheme can vary physical parameter like chemical potential, magnetic field,
interaction strength or temperature.

x Benefit: Each point along the flow corresponds to a physical system.
* Problem: No RG-like mode elimination.

Morris Lemma

o fRG flow equations will involve A-derivative of cutoff function. For sharp cutoffs, 0,0 (k| —A) =
—0 (|k| — A). Convenient: The d-function cancels loop integrals.

o We might also encounter the ambiguous expression 0 (z) f (0 (x)) where f is a well-behaved function.
This is to be interpreted as (— Ex. 6.1):

1
5 (@) £(0(x)) =6 () /0 dat (1) (60)

Application: § ()6 (z) = (x)

N[ =

6.2 Flow of G, [J] (disconnected Green functions)

e The A-dependence of all generating functionals arises only from G .

65



6.3

6.4

A-dependent generating functional for disconnected Green functions Gy:
1
J = — | D[®] e Soal®=51[P]+(J®)
o7 = 5 [Dlale

Zy = /D[q)] e~ 50.A[2]=51[2]

Differentiate with respect to A:

oG [J] = = /D (@] 1<(I),8A [Goa] ™ <I>) e~ S0al@I=51[@1+(12) _ <8AZA> Ga [J]

ZA 2 ZA
REAPCRIES
1 /5 5
— 5 (55 [0xGik] 55) 9101 - @a1nzn) Ga 1)
Final result:
0rGx 1] = ST { [0, G} (‘5®5g )T — (0xInZ4) Ga [] (61)
AYA — 2 A 0,A 57 57 A A A A .

Flow of G, [J] (connected Green functions)

Use definition

Z
Ga ) = el (62)
take Jz on both sides,
Z Z
DGy = 208 Geld [aAgcA + Opln ( O’A)] (63)
ZA ’ Z\

Solve for 9pG. :

2
OnGen = (0000 ')Z

e=9ealll — 95In (Z°A> (64)
0,A

Z\
For (0,0, ), use (61) and re-express all Gp [J] by G, A [J]: After a straightforward calculation, we obtain

1 (G, 5G., T8
aAgc,A[J]ZQ( ng,[aA oh) gJA>+ Tr{[aAGO}A] (5 = ® 5 gcA>}—aA1n(zo,A) (65)

Initial condition: We saw from Eq. (22) that G, A—yo0 [J] = 0.

This is not convenient, since this initial condition does not contain any information about the system.
All physical information has to be generated along the flow. It is better to have an initial condition that
corresponds to simple and sensible physical limit.

Graphical representation (after expansion in correlation functions): Fig. 20, recall Gé’?,,a” = % |7=0

and the arrow in the circle points to ag. The 4G depends on G and G 12).

Flow of G, {Cﬂ (amputated connected Green functions) - Polchinski Equation

Initial condition: Recall Eq. (26),

and find



Figure 20: Graphical representation of the flow equation (65) expanded in correlators.

o Flow equation follows from differentiating Eq. (66):

94097 Goen = OpeTacr
_ (8 1par ] S ) s
- 3 (5 [t ) A
egac,A

1 /6Gaen 0Gac A 1796 0

= eYacn | = as r LAZEL I o=

e { 5 ( 5 [5AG0,A} 55 ) 5 (6(1)’ [8AGO,A] 6(1)) GacA
o Compare both sides and find the Polchinski Equation, (Polchinski, 1984):
1 5gacA T 5gacA 1 T d J T
= — — ,7 G' 77 - 7T G’ - = =
aAgac,A 9 < 5P ) {a/\ O,A} 5P > 9 I <[8A 07A:| (5(13 b2y 5(I)gac,/\) (68)

e Problem: If we expand both sides in correlation functions G,. and use a sharp cutoff, the first term
contains d-function that is not integrated over (no loops, c.f. Fig. 20!).

6.5 Flow of I' [Cf)} (irreducible vertices) - Wetterich Equation

e Augment definition of ' {i)} with subscript A:

Ta[#] = (7 [#], @) ~ Gen [7n [#]] + 5 (®, [Goa) " ®) (69)
& — 99enlJ]
0J

e The arguments ® do not depend on A, but the second equation enforces A-dependent Jy [Cf)}

Initial condition

e We have a simple initial condition:

lim Ty [8] = - lim Goen @] = 51 |9 (70)

o Proof: Start from relation between G, and G, Eq. (25)

Goer [2] = Geal~ (GFA) " ®)+ 1 (#,G549) (71)
J[2]

67



To connect the rhs to I', we prepare for the use of the Legendre transform with respect to the J {@}

o4 6Ge [J]
/5 0J, W
_ /ﬁ [ ;5(; (gac,A 3] - L (. (o) é))
P = -Gy AW L3

)

o We write the Legendre transform G, a [J] <> 'y [Ci)’},

0o [ @] = (78] &) - [#] 4 5 (. [Go] '), (72)
and add } (@, Gy} @) to find with Eq. (71),
Goer [8] = (1.9) ~Ta[#] + 5 (2, GoAT) + 5 (2.G4®).

o Insert the prepared @' to express the right-hand side in ®. After a short calculation, we obtain

5gacA:| 1 (5gacA T 5gaCA>
= — .G = 73
o | T2\ 58 T 55 (73)

Gac,A [(ﬂ =Ty [(i) —Goa

from which the claim follows as lim Gy = 0.
A—oco

Flow of I'y [‘i}

e The flow for I'y [Cﬂ follows by taking dj of the defining equation (69):

s8] = (000 [6].8) a1 000 [0 8]+ £ (8.0 G 9
= (8AJA [(i)} ,‘i’) — (8AJA, (wi’{\][ﬂ) — 8AQC7A [J] |J:JA[‘£’] + % ((i), oz [GO,A}_l CI))
——

d
The first two terms cancel. For the third term we use the flow of the connected functional Eq. (65).
=1 1 /0GeA T. 17 0GeA 1 IRR LA o
ENN [@} = < R p\G(,UJ 5 > - 5Tr {8AGO’A} 57 © 57904 ) [+ 0aln (Z0.4)
41 <<T> O\G *'<T>>
5 (£,010Go.A

and the brown terms cancel.

« We recall the relation (41) between second functional derivatives of G, o, £ and I'y:

((f] ® (;ZQC,A) = (5(; ® (;;EA [é])l = ((;; ® (;;FA [@} —~ [Gg,A}_l)l (74)

and find the exact Wetterich Equation (Wetterich, 1993)

OAl'A [@} = —%Tr {OAG(IH (5 ® i—FA [(ﬂ - {GaA]_1>1 + Opln (Z0,4) (75)
-

—0ARAp
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Two strategies for approximate solution of Wetterich equation:

1. Vertex expansion (Sec. 7): Expand both sides in powers of fields ® and find flow equation for vertices

E;? .an- This is similar to the considerations leading to Fig. 20, but complicated due to the inverse,

which together with the trace produces non-trivial loops.

12 _
2. Derivative expansion (Sec. 8): Make ansatz I'y { } LU (p) + O([V@} ) with p = ®? a scalar.
The arbitrary functions Uy (p) fulfill flow equations dp\Uy (p) = f (A, U/(\””"“)(p), 0, )

Exercises

Exercise 6.1. Morris Lemma

Prove the Morris Lemma (60) by regularizing the unit-step function 6 (x) and Dirac-Delta function 6 (x) by
their smooth counterparts 0,0 (x) = d. () varying over a scale € and consider the limiting procedure lz'n%.
e—

7 Vertex expansion

Aims:

7.1

Strategy 1. to approximately solve exact Wetterich equation

Expand generating functional T"y [‘5} in vertices FS\ ), write flow equations OAI‘(n ({F }m<n+2>
Approximation: Truncation of hierarchy.

n)

Keep track of momentum- and frequency-dependence of I‘g

Quantitative results beyond critical exponents, but usually requires (super-)computers

Preparations

Preparation I: From the section on tree expansion, recall Eq. (46). Augment all quantities with subscript

A:
S o] - fob] " - oR ) - o] ™

=i

® 1 / (n+2) _
= — r ..o (77)
The Dyson equation is required to hold for each A:

[Ga] ™" = [Goa] ' =34 (78)

Preparation II: Use detA = exp (tr [logA]) and find

ZD A= /D Gy A] aB(I)B x e*%Tr [Zln(fGa’}\)] (79)
so that 1
Oaln (Z0,0) = —5Tr[ZCoa (aAng)] (80)
——
ar,
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A

Figure 21: Sketch of the single scale propagator for a multiplicative cutoff in momentum or Matsubara frequency.

 Substitute preparations in Eq. (75) and get

onra [#] = -y (et { (uh o] - [e1] ) et @)

The term {...} can be rewritten as

1 1
=Gl — ___gt-gl', "~ _GrI 82
{ } AYA 1— GKUK A 0,A<A 1_ G%vAEK 0,A ( )

and we expand the first inverse:

ont [8] =~ (U8 8] S (60T [1]) "+ Gunst o )

e In the last equation, we defined the single-scale propagator,

. 1 1
G),=-G Gllg, 2 - 9,G —_— 4
A A [aA O,A} AT TS GoaZa [9rGon] 1—35Goa (84)
Note that Gy # 0pGp, unless for the non-interacting version,
Goa=—Goa [BAG&H Go,n = IrGo- (85)

For RG-type cutoffs the single-scale propagator has support only close to the (momentum-, frequency-)
scale A, see Fig. 21.

7.2 Expansion of O I'j {Ci)} in fields

o Expansion of Eq. (83) in powers of fields: For lhs use,

pl=3 ! ™ &4
ATy @] = Zn!/al AT, Per B (86)
n= -G

for rhs use Eq. (77).

» Field independent term 8,\1“53) (second term in the trace): After some small modifications using the cyclic

nature of the trace, we have

©o_ 1 : 1
Iy = —-Tr (ZGoASp——
Ty 5 r( Go.a Al_G07A2A> (87)

Interpretation: This yields the flow of the interaction-correction to the free energy F' = —T'log Z (up to
factor T):
F— Fy=—Tlog(2/2) = —TGY =TT — link to thermodynamics (88)
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7.3

Field-dependent terms 6/\1“5\”511')“ an (first term in the trace): Derivation similar to tree expansion, but
simplified by absence of J-sourcefields. Pick the coefficient of ®4, ®a,...®q, on both sides:

PRLG)
EaAFAyfal...an -
T )

--> Z MT (G T (n1+2) GIplna+2) ] {Gfrf(nﬁz) D

n1|n2| Aaq...an Aan1+1 -Qng, Wy, 41..-0n

aaaaa

We also could have picked a different order of the fields. Sum over all n! permutations of the labels

Q1...0p, this leaves 8AFXLL1W% on the left and brings the symmetrization operator S on the right. Also

use Tr (AT> =Tr(A).

) 00
(n) 1
aAFA,OéL,.O!n 5 Z Z 5n,n1+...+ny8041m0¢n1§~-~§an—nu+1~~~an
v=1n132, . ,=1
(ny+2) (n2+2) (n1+2)
XTI' ZG FAan ny+1e-On GA AOén 41- an2GAFA7a1...Oén1

Example: Flow of vertices with even number of legs

Assume all vertices with odd number of external legs vanish (e.g. fermionic theory or ¢*-theory for
T>T,).

For n =2, have v =1 and n; =2 (v = 2 and n1 2 = 1 would involve F(3)) so that

WI® =05 [Za]

Aajaz

a1 = 7Tr (ZGAFE\ )04102) - _% [GA} B152 Fﬁé)ﬁlﬂ2a1az (89)

For n = 4 (effective interaction) we have either v =1 (n; =4) or v =2 (n12 = 2)
(4) _ Ly (6) (4) (4)
aAFA,oel...ou; - 2 (ZG FA , Q1 o X30ug + 804102;013064 {ZGAFA gy GAI‘A,O&lO&Q })

The n = 6 vertex is usually approximated with its initial value (however: Katanin- or 2-loop or multi-loop
schemes).

(87 « . (0%
single-scale propagator: L‘— 2 = Ga1a2 full propagator: @92 — Ga1a2 o M

B b1 All quantities depend on A !

(skipped in diagrammatic notation)
aq (%)

N =

(8
flow of self energy: aA 14@92 = —

flow of effective interaction:

a1 Qg 1 «
On @ =—3 - o _%Salaz;asom Q @

@2 Qg Qa2 Qs s @ a3
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7.4 Application: Vertex expansion for ¢*-theory, relation to Wilsonian RG

Aims:

e See vertex expansion at work for non-trivial stat.-mech. field theory

¢ Recover RG flow equations found for in Wilsonian momentum-shell RG
Preparations

e Single type of bosonic field with momentum index, ®, — ¢y, ( = +1.

o Stay in the disordered phase, zero magnetic field — (px—o) = 0. For generalization to ordered phase, see
[Kopietz], Ch. 8.

« Recall action for p*-theory, assign So,1 in non-standard way:

Snalil = 5 | [eok?] o100

Sol¢]

#3 [et0000 £ 5 [ @nPaa etk k) plk)pli)es )

S1[e]
Remark on non-standard choice for Sp 1:

— reflects flexibility of fRG approach

— momentum independent self-energy flows starting from 7 (like in Wilsonian RG)
o Use multiplicative sharp cutoff in momentum space that switches on smaller and smaller k:

Ok-4A)

(90)

Note: Due to implicit cutoff & < Ag in Sy, [¢], start the flow at A = Ay instead of A = oo.

e Dictionary for convention used in fRG flow equations:

G, = =276 (k+K) G (k) = — (preow) (91)
Gal, = —2m)P3 (k+K) Galk) (92)
[Ealge = +2m)P6 (k + K) Za (k) (93)

Gyl (k) = Gy (k) + Ba (k) (94)
o 1 Ok — A)

Ga(k) = G&}\(k) + 2a(k) T k2 +0(k— A)T, (k) )

« Single scale propagator:

nGoak) —3(k — A)
3 = 5 (96)
[1+Goa(k)Za(k)]”  ok2 [1 + Sk—A) EA(k)]

cok?

Ga(k)
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fRG flow equations

o For vertices, in accordance with Eq. (91), we take out a momentum-conserving delta-function out of rm
and define

T0 = 2028 (ki 4 oo+ k) T (koK) (97)

where Fg\n) (ki, ..., ky,) only really depends on n — 1 momenta.

e Recall the general fRG flow equations for vertices, we truncate I'(6) i 5\0) = 0 and drop all vertices of

odd order since we restrict ourselves to the disordered phase.

1 : (4)
a [EA]alag - _5 /612 |:GA:| 5155 FA,,BLBQOQOQ

AL o = —%Tr (Saraziasas {ZGATY, o, AT, 0, )
e Insert preparations:
OATa(k) = = GA(k’) (Y (K, -k, k, —k)
3AF§€) (ki234) = /GA

X

{8 (k, —k + ki + ko, ks, ka) Ga (—k + Ky + ko) T (+k — ki — ko, —k, k1, ko)
+ (ko ¢ k3) + (ko < ky)}

and the factor of 1/2 has partially canceled against the symmetrization operator that produces 6!/2!/2!
terms.

(4) _

o Initial conditions (momentum independent): ¥, =9 and I'y ' = uo.

Recovering Wilsonian momentum shell RG

e Outlook: Numerical treatment of full momentum dependence possible, but somewhat involved.
Vertex I"l(4) depends on three D-dimensional momenta. Need to use symmetries, beyond-Mathematica
numerics, form-factors and other tricks — Master- & PhD-thesis.

o Here: Assume coupling constants, i.e. momentum independence of ¥, (k) E rp and Fxl) (ki2,3.4) L UA.
e Set momenta to zero at left-hand-side of fRG flow equations.

e Self-energy flow equation:

8/\7”/\ = /G k kOO)

B / —5(/~c A)
= ~ 2
2 Jic o2 [1 + %EA(k)}

Careful: Integrand requires Morris’ lemma (60): We use fol dt[1 + tx] =2 —ﬁﬁj}) = 14%30 and find
. d(k—A)
kY= ——c—"—.
Gall) = =25 + 5 (k) (98)
Next, recall the definition of Kp: fk D f dPk = Kp fo EP=1. dk. We obtain:
—upKp [Ho —A KpAP—1
2 0 C()/f2 + ZA(]{J) 2 C()A2 + A
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e 4-point vertex flow equation:

8A'LLA = —3U?\/kGA(k)GA(k)

§(k — N)O(k — A)cok?
[cok? + Ok — A)rp]?

Ao
= 3uiKp / dkkP~!
0

Ao 1 tCOkz
{Morris} = 3uiKp / dkkP~15(k — M) / dt————
0 0 [Cok)z + t?’A]
2
1/(2[cok?4ra] ")
~ 3Kp u?\AD -1
2 [C()A2 + T’A]Q
e Introduce dimensionless quantities as before,
— TA — UA

= — =Kp——+— 99
TA C0A27 Up DC%A47D7 ( )

and use [ in A = Age~! such that 9;f; = —AOxfa. Putting things together, we recover the same flow
equations as from Wilsonian momentum shell RG in Sec. 4.4

U gy = (4— D)y — S Y . (100)

|
8[7’]:27’["‘* 2m
l

2147’

o Interpretation: Meaning of 7, u,.

— Wilsonian RG: Couplings in action S, when high-energy fluctuations with k& € (A, Ag] have been
integrated out.

— fRG in vertex expansion: Self-energy and effective interaction vertex defined via correlation functions
computed with high-energy fluctuations k € (A, Ag] switched on.

In both cases the low-energy modes k € [0, A] have not been used.

7.5 Application: Vertex expansion for spinful fermions
Aims:

o Derive flow equations for fermions, use them in Ex. 7.3 for single-impurity Anderson model (STAM).

Preparations

o Need two types of fields for creation and annihilation operator, {®,} — {@DKW 1/_;KU}, ¢ = —1, abbreviate

conserved quantities K = (iw, k)_ and o =7, | is the spin index.
In summary: « = (¢, K,0) or (1, K',0’). Generalize spinless case from the beginning of Sec. 5,

[Gal} (P, K ,0"),(,K,0) = 0K’ <Z.W5",” B HK"";K”) - |:G61i|K’0";KO' (101)

« Full Green function, propagate from 11/ [creation with 1’ = (K’,¢")] to ¢y [annihilation with 1 = (K, 0)].
The overall sign and definition of G11/ with 1,1 not explicitly specified is fermionic convention.

Gy, = = (Y1) = G (102)
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(a) (b) (c)
2 2

- ) v> > 1)
?—)—Zp - G = Gy, 5., = — (01¢r) 1/}_)_ Y1 —)l—w o |rzseny)
("from1'to1") ' 7 ' w_)l > l)_w

Figure 22: Diagrammatic conventions for fermionic field theories.

e The above points and the inversion rule of a 2x2 off-diagonal matrix require the following assignments
(also hold with cutoff A):

0 G, - 0 G
_ P _
G_<Gw 0 >_<<GT0>

V) (e, o) ert

I
—

and we read off
G l=Gyt-x. (103)

o The above conventions are summarized in Fig. 22(a,b)

Interaction and initial vertex

o Assume total spin is conserved in bare scattering ({01, 02} — {01, 02}).

_ 1 _ _
Sl [/‘/}7 w] = 5 Z /[; KKK UO’10'2 (Kia Ké; KQ, Kl) "/}Kioqu/}KéchnganglUl (104)
2

01,2
The function U is symmetric under simultaneous exchange within first and last index pair.
UO’10'2 (KZ/L’KévKQyKl) :Uagol (KéaKiaKlaKQ) (105)
e Do not confuse U with the (bare) one-line irreducible vertex F((n)a/;a;& which is (anti-)symmetric under
exchange of all of its arguments.

o Partially symmetrized vertex (can exchange within first or last index pair, separated by “;”):

1
[¢ sz)] (2‘) /K’ ’K’ KiK. FE\)OO (Kl 1’K202 K2027K101) X ¢K’ wKéaéQ;Z)KzUszurl (106)
o 101 K202

T\ (Kiot, Ko Koo, K101) = 05ty 0010, US) ) (KT, K Ky K1) = 01030010, US, ) (K KD K, K)

(107)
o Superfield vertex with full (anti-)symmetry:
1 o0
Si[e] = / T(NA00 By, Doy oy P,y (108)
*Ja12,3,4
which leads to
p(1)A=oe =1 (Ko}, Kboh: Kaos, K101) (109)

041=(1ZK{U£)7012=(1/_1K§U/2)7043=(1/)K202)7044=(1Z}K101)
and Fgll)a2a3a4 with other number of ¢ and 1 terms vanish. The 1/4! = 1/24 is related to 1/2!/2! = 1/4
above by the [4 choose 2] = 6 possibilities to pick two ¥ and two v fields in a-sums.
o Fig. 22(c): In graphical representation of 4-point vertex Fg\i - (1',2:2,1) and self-energy, ¢ is outgoing
arrow, 1 is in-going arrow. Opposite to Green functions!
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Figure 23: Fermionic fRG flow equations in diagrammatic convention. The last term amounts to exchanging
the labels 1 and 2 in the previous diagram and multiplying the statistical factor (. The dash over a pair of
propagators denotes the application of a “product-rule”, GG + GG, see Eq. (113).

Flow equations in ' truncation scheme

e From the general case above, we take the flow equations in terms of fully symmetric I':

and

@ __lre (4)
aAFA,OélOéZ - _5 |:GAi| 18162 FA,ﬁlﬁQOqOCQ
(4) _ Lre (4) (4)
aAFA,Oc1...a4 - *C§ {GA} 8185 [GA]33/34 80110125":5”] {FA,BQ/@:;”:;“ IFA,ﬂwlalaQ}

(110)

(111)

o Pick ay, a0 = (¢, K1, 07), (¢, K2,09) = 17,11 , and similar for T® | oy, ag, s, ag = ¥y, o, 1o, b1 . We
SN—— S——

l/

obtain (see Fig. 23):

— For self energy:

ONXpn = oAt

2

Aar=1yr,02=1)1

- /22' é ([GA} 22/ F%,)22/1/1 + [GA] 22 ng)?’ﬂ’l)

- o 6]

and we insert the conventions from above

. 4
OAXa 11 = —C GA,22'FE\) (1'2;21)
22/

— Interaction vertex (see Ex. 7.2 for details):

o T (125 21)

— W 172,43) [Gr53Gran | TY (3'4: 21
A , 7 A
—C (GA,33’GA,44’ + GA,44/GA,33’) FE\4) (1/4,; 31) FXL) (3’2/; 24)
—¢? (GA,33'GA,44' + GA,44'GA,33') F%) (1'4';32) FXL) (3'2';14)
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Exercises
Exercise 7.1. fRG in vertex expansion for toy-model

Consider the toy-model field theory of Ex. 5.1. The goal of this exercise is to derive and solve fRG flow equations
for the vertices of this simple model and compare the results with the exact results and perturbative approach.

1. Using the general results from the lecture, write down the flow equations for the generating functions
9e(9)s Gac(®); 7()-

2. Use the following cutoff procedure Go — Gop = —A where the flow is from A = 0 to A = Gy. Note
that this is different from the usual convention where A starts at oo and end at zero. Expand the flow

(n)

equations for v, (¢) in powers of sources to define the vertices 'yAn for n =0,2,4,6,8 and show explicitly

(2)

© _ L o
6A’YA - 21—|—Afy/(3)7
(4)
aA’Yf) = 1 A PRI
214 a00]
2
(6) A 4)
1 TA
aA"}//(;l) — 5 ’YA _3 |: :|

[1+ Ay ’ [1+ Ay .

2 [ @73
il N N V7 7 R N ¢

1+ Ay ! 1+ A9y P2 1+ Aqg”] g

oY = 45

3. Find the initial conditions for the quantities in 2) at A = 0. Set Gg = —1 and truncate the above hierarchy
of flow equations ’y/(\n) for n > n. equal to their initial values at A = 0. Consider the cases n. = 2,4, 6.
Integrate the set of flow equations numerically (e.g., using Mathematica) from A = 0 to A = 1. Show

three plots over u € [0,0.7] to compare the fRG results for
7(0) = —In [Z/ZO] ) 7(2) = Ea 7(4)7 (114)

to the perturbative result of Ex. 5.1 and to the exact solution (from direct numerical evaluation of the
integrals I, in Ex. 5.1).

Exercise 7.2. Flow of fermionic 4-point vertex

Derive the flow equation (113) for the fermionic 4-point vertex. Start from the general equation (111).

Exercise 7.3. Fermionic fRG for single-impurity Anderson model

The single impurity Anderson model (STAM) can be used to model a quantum dot (confined region with
Hamiltonian H,; with local interaction) with single electronic energy level per spin that is connected to one or
more metallic leads [ (electrical contacts, Hamiltonian H;), see Fig. 24(a). The total Hamiltonian with a right
and left lead is H = Hy + H;—;, + H;—r where

Hd = Z é‘gng-i-U (TZT - 1/2) (n¢ - 1/2)— Z Z tl (d2-617l’0' + h.c.) y Hl == —tz Z (ci‘n7lyo.Cm+17l’o' + h.C.) .

=14 I=L,Ro=1} o m=1
(115)

Here, n, = did, describes the occupation of dot electrons with spin ¢ =1,| and in + = +1, ] = —1is
understood. The interaction is repulsive, U > 0. The singe-particle energy levels ¢, = V;+0ch/2 can be shifted
by a gate voltage V, and split under the influence of a magnetic field h. We assume two leads | = L, R which
are coupled from the left and right with hopping strength #;—; g and lead-internal hopping strength ¢t > 0.
Consider the case of vanishing temperature where the Matsubara frequencies become continuous.
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Figure 24: (a) Sketch of the single impurity Anderson model attached to two leads. (b) fRG result for the dot

|
occupation with the approximation U = U.

1. The leads are non-interacting and can be treating exactly, for example by integrating over the Grassman
fields ¥, 1.6 (wn), &m,l’g (wn) associated to ¢p i, €, in the path integral formalism. This adds a lead
induced self-energy term in the action for the dot electrons. Assume the wide-band limit lw] < t and
show that the bare propagator of the d electron then reads

Go.o (iw) = [iw — (V, + oh/2) + isgn(w)[] ! (116)

with T' = Ty + g and Iy = [|?/t. Hints: Write down the Matsubara action and integrate over
Y 1.0(Wn), @m,lﬁ(wn) . As the action containing the Grassman fields ¥y, ,(wn), 1,/_1m7170(wn) does not
mix lead index, spin or Matsubara frequency, you can simply sum over these quantities at the end of
the calculation. It is useful to work with a finite lead of length M, use a Fourier transform ), (w,) =

M1 (m%kz) Xk(wn) and take the limit M — oo only at the end.

1 i
AP Y ko Sin

2. The resulting model only contains a single spinful fermion degree of freedom but is nevertheless physically
interesting. Apply the fermionic fRG in vertex expansion by introducing a sharp Matsubara frequency
cutoff G p(iw) = O(|w| — A)Go(w). In a first step, neglect the flow of the four-point vertex, i.e. set
FE\4) (W10, Wy G wWed, wio) = UA U (where ¢ = —0). From the self-energy fRG flow equation, derive
the flow of the effective level position VA =V, + oh/2 + £2 (excluding T'):

UMVA I

A — .
e A+ 4 (V)

(117)

For the initial condition at large but finite A;, confirm VA=Y =V, + oh/2.
Hints: Use Morris’ Lemma and confirm G2 (iw) = —§(jw| — A)/ (iw - (Vg +oh/2+ Eé\) + isgn(w)F).
To prove the initial condition, show that the contribution of the terms Un, /2 to the self-energy vanishes

in the first part of the fRG flow from A = oo to A = A; where a convergence factor ¢’“" coming from the
ordering of imaginary time operators in the interaction term has to be considered.

3. Use the flow equation (117) to calculate the dot occupation (n4 + n;). Show that the dot occupation

can be calculated via (no) = 5 [ dwe™1G, (iw) = & — 1 [ dw Migﬂ/g
Set A; = 100, h = 0, U/T" = 1,10 or 25 and solve the flow equation (117) numerically (e.g. with
MATHEMATICA) to obtain V, = VA=Y as a function of V,/U. Plot the dot occupation (ns+ + n) across

the dot over V, /U € [—4,4] and discuss your result which should look like in Fig. 24(b).

with wg large but finite.

4. Compute the flow of the four-point vertex assuming that the six-point vertex does not contribute. Use
the frequency-independent approximation involving U® from above. You should find

9 (UA)2 V'TAVlA/ﬂ.
[(A+T)° + (V)] - [(A+T)° + (V)]

oNUD = (118)
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8 Derivative expansion

Aims:

8.1

8.2

[A[®] in Wetterich equation: Focus on (homogeneous) field dependence rather than complete k,wn-
dependence of @y, .

— “Non-perturbative renormalization”, alternative to vertex-expansion.
Expansion in orders of V,® (spatial “derivative expansion”), ok for long-wavelength phenomena.

Most simple ansatz for I'y[®]: Local-potential approximation, yields a single PDE.

Apply to p*-theory, solve PDE numerically, find v.

Introduction and preparation

More convenient for this section: Wetterich’s “Legendre effective action” is Legendre transform of G, [J]
without any shifts

Ve [é} =T, [é} - % (<i>, Go‘lcT)) —InZyA (119)

'We |®| differs from I'y—q |®| in the field-independent term and the second functional derivative which
A=0
yields the full propagator (and not the irreducible self-energy). Initial condition:

3 6] = S0, 8] = o, 8] 0 [ 20

Flow equation for FXVC [é} (Wetterich equation, use additive regulator G }\ =Gg - Ry)

11 ) _ N\t
AT @] = Str {[@ARA] <5<1> ® =T @] + ZRA1> } (121)

Derivative expansion for classical O(N) symmetric ¢*-theory

Recall O(N) symmetric ¢*-theory with ¢ = (1, @, ..., on) a classical field (c.f. Ex. 4.4).

Snolel = [ [Pt + 5 (Vo) @)+ [0 (122)

We have units [ro@p?AyP] = 1, [coAZ P @?] = 1, [upp*AyP] = 1.

Initial condition I'\° [@] = S, [@], motivates ansatz for flowing T')\® [] that is an expansion in spatial
field derivatives. Abbreviate density p(r) = @>(r)/2.

TV @] = [ v U (o) + F 25 (o) (V@) () + h o0) (Vo2 )+ | | (123)

First term: Effective potential, scalar function Uy (p) can be obtained from a spatially homogeneous field
configuration,

1 _
Ur(p) = VFXVG (@] |p()=2/7e: - (124)
Recall Eq. (37), (qJo = 0L [Cﬂ /6®,. Thus vacuum expectation value | (p); .o | = |@| = 2\/po (magni-
tude of homogeneous field configuration, spontaneous magnetization) is determined by

L 0La (@] _ OTR° (@]

0= Rp(K* = 0)ep. 125
3% 5% + Ra( )@ (125)
For A — 0, we use Ry_,0(k?) = 0 and the ansatz (123) to find the condition for po:
|
Uh(po) =0 (126)
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Flow equation for U, (p)

o Idea: Insert the ansatz (123) in Wetterich equation ({ = 1), then take uniform field configuration ¢.

o Preparation: Recall tr = > Z;-V:l and prepare

500 = S G (K)eikr 02§(r) _ ke dp(r) (p) ek V() _ s ik
Pl = 2 09 = 5oy T a0 TP g T (D

I
Ay

« Assume regulator to be momentum and flavor diagonal, [Rply.1r.s = 65 #Vx _1 R (K?).
kjk’j 753 )

e Prepare term to be inverted %%ﬁ(k)r/\% [©] | pr)=5:

— U-term:

V 65i(—k) 6i(k) / drUy (p(r)) g =

= Ui (p) +@2UR (p)

— Z-term: Derivatives need to act on gradient terms, otherwise they vanish when setting ¢(r) = ¢.

P e | R ) (VR Wleere = w2y’ () (125)

— Y-term: We use Vp(r) =3, ¢;(r)Vp;(r) and again act on the gradient terms,

2

e Summary for Wetterich equation:

—1
InUn(p ZZaARA { (p) + BiUX (p) + coZy " (p) K* + %OYA (p) @ik° + Ra(K?)|  (129)

k =1
——

e
e The matrix to be inverted is diagonal in flavor and momentum index. We chose a coordinate system in
which ¢ is aligned along one flavor direction (=longitudinal direction I with ¢?/2 =p). The remaining
N — 1 transverse directions have ¢; = 0. We obtain

Kp

OaUa(p) = 5 [ ROk [ou R (1) (130

1 N -1
X - + —
{ U4 (p) + 2007 (p) + co¥a (p) o2 + coZy ' (p) K2+ Ra(k?)  Uj (p) + coZy" (p) K2 + Ra(K?) }

o Flow equation for Uy (p) is exact, but approximations are again needed to close the equation and find the
flow of Z, ' (p) and Y (p).
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Local potential approximation (LPA)

« Approximate Yy and Z;' by their initial values, Yy (p) = 0 and Z M (p) < 1. This implies n = 0 which
is often reasonable! Only Uy (p) flows according to Eq. (130).

o Initial condition:

1 U
= VSAO [¢] = fo+rop+ gopz (131)

Define pg = —3r(/up which can be tuned by temperature. Also choose fy = ugp3/6 and find:

Uno(p)

Uug

Uno(p) = % (po = p)’ (132)

so that rg is the initial value of the vacuum expectation value (¢*/2) = pg which solves U} (po) < 0.

o Interpretation: Minimization of Up,(p) corresponds to mean-field theory (pg ~ @> ~ m?). The fRG in
local potential approximation takes into account fluctuations scale by scale. The function Uy (p) will
change its shape and the minimum will move.

e Litim regulator:

Ry(K?) = co (A% = 17) © (A2 = #?) (133)
This leads to inverse propagators independent of k (it subtracts L(k) = cok?) and one has
ONRA(K?) = 20000 (A? — %) (134)

o Insert local potential approximation and regulator in Eq. (130). Use % Jo° kP dE [2c0AO (A% — k?)] =
coAKp [i* kP~ Vdk:

coKpAP+! 1 N-1
o\U, = 135
AU (p) D o2+ UL (0) + 2007 () Uh () + col? (135)

o This is a partial differential equation (PDE) that usually needs to be solved numerically (e.g. MATHE-
MATICA).

8.3 Case N = 1: p*-theory for Ising model in D =3

Numerical solution of flow equation

o Focus on Ising universality class (N = 1, only longitudinal direction) in D = 3 dimension where K3 =
279/2/ [D(3/2)(2r)?).

o Fix bare interaction strength ug = 0.010(2)A0.
e Let A=A/Ag:1—0and let uy(z = p/po) = Un—a, (p)/fo so that uy—y (z) = (1 — z).

e Flow equation:

Dyuix () = 12K3)\% < Ao )3 1 (136)
AT 001" \eopo/ | 6x 0.0172 2232 14 (x) + 200} (x)

and pg = #Ao/cp is the tuning parameter. For the numerically obtained flow plotted over ¢/ gbé\/[ F=/z,
see Fig. 25.
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Figure 25: Derivative expansion for p*-theory in D = 3: (a) Flow of uy(z = \/¢/@}!F) reducing the sponta-
neous magnetization from its mean-field value. (b) Same as in (a), but for smaller mean-field magnetization
which corresponds to the disordered phase ¢ = 0. (c) Flow of re-scaled position p; of minimum of Uj(p;).

2

(a) Ordered phase: Start with pg = 0.07Ag/co = (@(])MF) /2. Flow to ux—o(z = \/@/@3'*") that still has
minima at finite /@ ~ 0.56. Interpretation: Fluctuation decrease ordered moment.
Note: If there would be no approximations, we should find Uy—_¢(@) at the end of the flow to be
convex as a function of ¢, i.e. a flat shape in the middle. The convex property is due to the definition
of IV, [@] via a Legendre transform (for A # 0, the presence of the regulator R allows non-convex
shape).

(b) Disordered phase: Start with pg = 0.03Ag/co and find flow to uy—g that has single minimum at ¢ =0
which is reached for finite A. The symmetry spontaneously broken by mean-field theory is restored
by fluctuations. (Starting with py < 0 would stay in disordered phase.)

e Right at the critical point, the minimum for A > 0 always appears at finite @, it takes all fluctuations
A =0 to arrive at a minimum at ¢ = 0.

Fixed points and critical exponents

o Recall: Non-trivial RG fixed point requires balance of flow driven by canonical dimension (due to dimen-
sion of coupling) and one-loop contribution.
Expose canonical dimension by working with dimensionless quantities, e.g. Sec. 7.4.

« Dimensionless LPA: Use A = Age™! (— Ady = —0;) and

k = k/A

r = rA
7i(F) = VAP P Pg(r)
p(F

)
) = o> Pp(r)
)

.
= Un(p)/AP = fo+ =7 + ..

U (p 5

to obtain dimensionless flow equation :

T (9) = T (5) D — (D = 2) o0 () — 12 {1 Y0 () ; 2505 () | 0} (ﬁ;i 1} 7

o Search for fixed point function 8,U; () = 0, it is convenient to rewrite the flow in terms of W; (5) = U] (p):

Kp | 3W} (5) + 250} (p)
D

OESNIA®
L+ Wi o)+ 2504 ()] Wi (p) +1]
82
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The location of the running minimum pg; of U, (p) is determined by W, (Po1) Lo.
o Expected fixed point structure (see Fig. 25¢):

— Caussian fixed point: U, (5) = const (no interactions and 7o = 0)

— Ordered/ferromagnetic fixed point: Have finite ¢, thus dimensionless @g; = \/%A@_D)/ 2g507l x
el(P=2)/2 diverges.

— Disordered/paramagnetic fixed point: @g; vanishes for large [, even if initially finite (c.f. Fig. 25a).
This happens at cutoff scale A, ~ 1/& which should be identified with correlation length.

— Critical fixed point (Wilson-Fisher fixed point): 8;,W; (5) = 0 and@g; — @ # 0 for | — oco.

» Extracting critical exponent v (n = 0 by LPA): Fix @ as above, vary 7 and find pf = 0.050459. Go to
the paramagnetic side, po < f§, “measure” & numerically and use {Ag ~ |Fg — 7| ™" or

In (§Ao) = —v1In|7y — 75| + const. (139)

For the 3D-Ising case, with Litim regulator and LPA find vpps = 0.650 (very similar to exact v = 0.630).

8.4 Concluding remarks

e Derivative expansion not applicable for fermions.

— Reason 1: Recall definition of Grassmann variables ¢;1); = —;1; so that 1? = 0. Thus series
expansions only defined up to first order in ;:
TV {i] = Y almi,mo, s mp) P75 n (140)
m;=0,1

— Reason 2: To describe Fermi surface, concept of momentum is important.

o For a fermionic system, it can still be useful to define a bosonic order parameter ¢ ~ 7). Then ¢ might
be treated with fRG in derivative expansion.

o Further reading on non-perturbative RG: [Berges et al, Physics Reports 363 (2002) 223]
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Part 111

Non-equilibrium and Keldysh formalism

9 Quantum dynamics and real-time Green functions

Aims:

9.1

9.2

Define various 2-point Green functions and relate them to the Keldysh contour.

Specialize to equilibrium where spectral density is defined and fluctuation-dissipation theorem holds

Expectation values

Quantum expectation value of observable O: (O) = tr[Op] where p is the density matrix (not necessarily

normalized) that describes the state of the system and tr... = Y, (n|...|n) is the sum over matrix elements
of a Hilbert space basis {|n)}.
So far: Thermal equilibrium (in contact with bath of temperature T'):

— Canonical ensemble p = e~ #H

(H—pN)

— Grand canonical ensemble p = e~ B with particle number fluctuations, trace is over all particle

numbers.
Non-equilibrium: Not necessarily a bath present, possibly time-dependent Hamiltonian. Assume state is
known at t =ty — —oo. For example, p(tg) = e PH.
Dynamics in Schrodinger and Heisenberg picture

Schrodinger picture: State evolves in time, operators have only explicit time dependence,

() = Ut to) [¥(to)) (1)

or for density matrix (von-Neumann equation)
p(t) = U(t, to)poU (to, 1) (2)
Schrodinger equation determines U (¢, tg): From 0y [1(t)) = H(t) [1(t)) follows
10U (t, to) = H(t)U(t, to). (3)
How to solve for U(t,tg)?

Preparation: Time ordering operator for general time-dependent operators A, B. Put later times to the
left:
AW)B()  t>t

CBAYA() t' >t )

T, [A)B()] = {

where ¢ encodes the statistics, ( = +1 for bosons, ( = —1 for fermions.
Note: H = c¢f¢ with ¢ fermionic is a bosonic operator.
Similar: T} for anti-time-ordering (puts later times to the right).

Time evolution operator mediates time evolution from ty to t:

Ul(t,tg) = Ty exp l—i /t dTH(T)] (5)

to
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9.3

The exponent should be interpreted as a power series. The H(t) at different times do not necessarily
commute. Due to time-ordering, H(t) always appears on the left.

Ultt)) =3 <_ni‘)n/tdtl.../tdtnTt(H(tl)...H(tn)) (6)
n=0 : to to

Properties of U(t, ty):

— unitarity condition U (t1,t5) = Ul(ta, t1)
— group properties: U(t,t) =1 and U (ts,t2)U(to,t1) = Ul(ts,t1).

— time-independent Hamiltonian H: Ul(t,tg) = e "(t—t0)H

Time evolution of expectation value of operator O:

(O(#)) = titr OU (1, t0)pol (to, £)] & ——tx[U (1o, )OU (L, t0) po] (7)
rPo trpo

=0(t) Heisenberg pic.

The right-hand side defines the Heisenberg picture, in which operators carry the time-dependence.

Zoo of real-time Green functions
Operators A, B:

— in Heisenberg picture — A(t), B(t')
— do not need to be hermitian.
— with ¢ = %1 for bosonic or fermionic operators

Greater and lesser Green functions [correlation functions, do not care about order of times]:
Gap(t, ) = =i (A(t)B(t))
Gp(t.t) = —iC (B(t)A(t))

Note: Unlike in the equilibrium case treated so far, we now generally encounter two time arguments, one
per operator.

Retarded and advanced Green functions [expectation values of commutators]:
[with #(0) = 1/2 and [A, B] = AB — (BA is commutator (for ¢ = 1, bosons) or anti-commutator (for
¢ = —1,fermions)]

Gt t) = —io(t—1) ([A@®), BXt)],)
= +9(t - t/) (GEB(tv t/) - GjB(tﬂ t/))

Gap(t.t) = +io — ) ([A(), BW)],)
— O — 1) (G ) — Gap(tt))
The retarded G5 5(t,t') is only non-vanishing for ¢ — ¢ > 0, the advanced G4g(t,t) for t — ' < 0.

Application - Kubo formula: Find change of observable A under perturbation B switched on at time %,
to order O(B) (“linear response”)
+oo
(Aw) - (Ao)) = [t Glp(e.t) )

—0o0

where the right-hand side is calculated for the unperturbed system. Thus, retarded (and advanced) Green
functions are also called response functions.
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o Relations at time ¢,t':

GiB(tat/) = _GETAT (t',t)"

Gap(t,t) = (Gt 1)
Giiar (', 1) = Gp(t,1)"

Gaa(t',t) = CGhg(t. 1)

Equal time relations [recall §(0) = 1/2]:
Ghp (t,1) + Gip (t,t) =0
Gip (1) — Gip (t,t) = =i [A, B],
o Time ordered Green function [useful for actual calculations]:

Ghp(tt') = —i(LA®B())
=0t —t"Gp(t,t)+ 0t —t)G5p(t, 1)

and anti-time ordered Green function

Ghp(tt) = —i (TLAW)B())
=0(t' —t)GHg(t,t") +0(t —t")G5p(t, 1)

¢ Redundancy relation: )
Ghp(t,t) + Ghp(t,t') = Gip(t,t) = Gip(t,t) =0 (9)

» Keldysh Green function (for later):
Ghip (1) = Gip (1) + GHp () (10)
and the above relations imply the “anti-hermitian” property:
Ghp (1) = =G (U, 1) (11)
Parameterization with hermitian matrix F' and the hermitian conjugate pair G, G4:
GK(t,t) = / dt" [GR(E Pt ) — P(t,)GA 1)
GEk=Gt.F-F.G*

o Temporal Fourier transform for stationary state (or equilibrium) where G(t,t’) = Gt —1t):

Clw) = / T dte G ()

—0o0

G(t) L /00 dwe ™G (w)

T o oo

9.4 Green functions in thermal equilibrium and fluctuation-dissipation theorem

e In equilibrium, we can work in single frequency representation.
All Green functions can be calculated from the spectral density:

Aup () =i (Ghpw) = Gl 4t (@)") (12)
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o Definition: “Real” and “imaginary” parts of Green function (not the same as for complex numbers unless

A = BT, thus denoted by “Gothic” letters).
Applies for time-ordered, retarded and advanced Green functions:

GT/TIA = RGTIRIA 4 j53GT/TIA (13)
where
B = (G + ).
GHFN ) = o (GHE e - GNe),

or, for stationary states, after Fourier transform,

mGT/R/A( ) = }(GT/R/A( )_|_GT/R/A( )*)7

2 Bt At
R/A R/A R/A
WGEA W) = o (GYEM W) - GH MW,
Relations which follow from definitions:
[RGE = neA = mGT | (14)
1
IGE = 364 = —54 (15)

Integral relation for equilibrium: Shift t-integration from real axis to the line ¢ — i (use definition of (...)
and A(t) = e Mt AeHt)

/dt et (A(t)B(0)) = e“ﬂ/dt et (B(0)A(t)) (16)
o We derive a relation between JG%BA (w) and G g(w):
IGhpw) = -IGipW)
1 X
= 5 (Ghp) ~ Giuw))
1 [ »
= 5 dt (e“"tGﬁB(t,O) —e WGE i (1,0) )
1) _x —,_/
G4 5(0,t)
1 > ] —iw
= 5% dt (6m9(t) (GAp(t,0) = Gip(t, 0))) —e7¥0(1) (Gp(0,1) — G75(0,1))
—00
eq.:G5 g (—t,0)-G7 5(—t,0)
1 [ , ,
(right st = —t) = o2 [ dt ('0(1) (G75(1,0) = Gip(t,0) ) = €“'0(~1) (Gp(1,0) = G7p(1,0)
1
= 5% " e (G5 5(1,0) — Gp(0))
1 .
= —2/ dt ™" (A(t)B(0) — CB(0)A(t)) (17)
. i w
(16)] = =5 (1-¢e?) Gipw) (18)
Similar for time-ordered Green function:
W hpw) = —5 (1+¢e™) Gip W)

+ Combining the last two equations and eliminating G7 5 (w), we find a relation between the imaginary
parts of retarded, advanced and time-ordered Green functions:

1+ (e B

w) (19)




o 1GEL(w) = —Aap(w)/2 determines the full GB5(w): Find full retarded Green function using 6(t) =

L “+o00 d etwt

577 J—o0o AW = and convolution:

Glpw) = [ dee o) (Gu(t.0) - Gip(t.0)

1 oo / 1 > iw't _
_ W /_ e AW B(O) — CBO)AW)

/-
Foo IGE 5 ('

a7 = 1/ aur 248
T J oo W —w—in

= 1/+Oo dwli_%AA’B(W/)

T J_ oo w —w—1n

e Similar relations:

9.5

iAA,B(w)
Gi,B(w) = - 1 _ Ceiwﬁ

iAA7B(w)
Gj,B(w) = +1 _ Ce-l—wﬂ

or

e? + ¢
ebw — ¢

Glip(w) = Gipw) + Gip(w) = —idapw) (20)

This is the fluctuation-dissipation theorem. It only holds in equilibrium.

— Fluctuation: Correlation function GZ on the left-hand-side.
— Dissipation: Imaginary part of the response functions 3G ~ A on the right-hand-side.
Contour ordered Green function

Assume the state of a system at ¢ — tp — 0o, p(—00) is known. Recall Eq. (7) for expectation value of
operator O:

o) = trpl(t)tr (U (—00, )OU (1, —00)p(~00)]

This is shown schematically in Fig. 26(a) in solid lines.

Extend the time evolution from —oo to +oo (top) and back (bottom), see dashed contour also called
Keldysh-contour. Insert | = U(t, +o00)U (+o0,t) in front of O:

(O(t)) = trpl(t)tr [U (=00, )U (1. +00)U (+oc. ) OU(t, —0)p(—00)]
1

~ trp(t)

Note: Operator O could equally well be inserted on backward branch of contour. Standard choice for
later: O/2 on both branches.

tr [U(—o00, +00)U (400, t)OU (t, —00) p(—00)]

Two operators A, B on contour (either on top [+] or bottom branch [-]):

Define contour ordering operator T, in analogy to time-ordering operator, see gray arrows in Fig. 26(a).
This means that time-ordering only matters if two operators are on the same branch. This leads to the
2x2 matrix valued contour-ordered Green function:

/ / GT ! G< !
Cap (t,y>5_i<<TcA+<t>B+<t>> <TCA+<t>B<t>>>:<G§:ZE;/; Giig%) (21)




N

) righm/ig;oo) U(t,—o0) Q\ U(+00,t)
() f | real time
(—) leftmost /
—00 t +00
b1 1o [

(b) | |

Figure 26: (a) Expectation value (O(t)) evaluated on the Keldysh contour c. (b) Time-slice convention for the
construction of functional integral representation of partition function.

Exercises

Exercise 9.1. Harmonic oscillator: Green function, spectral density and equation-of-motion technique

The Hamiltonian for a 1D quantum-mechanical oscillator with mass m and frequency wq reads

1 2 1 2,2
where momentum and position operators satisfy [p, z]_ = —i.

1. Introduce the bosonic creation operator a = x+/mwy/2 + ip/y/2mwy and express the Hamiltonian as
H = wy(ata 4 1/2). For the operators A = a and B = af, find the Heisenberg time-evolution, a(t) and
af(t). Assuming thermal equilibrium at temperature T, find the greater and lesser Green functions Gfah

the retarded and advanced Green function GaRa/ TA and the time ordered Green function G ., both in time

and frequency domain. Confirm that the spectral density reads A,,+ = 27 (w — wo).

2. Use your results in 1.) to find the retarded Green function for the position operator,

GE (t) = —0(t)—— sin (wot) . (23)

mwo

Find the same result from the equation-of-motion technique, which does not require a diagonalization of
the Hamiltonian: Take the definition of GZ, (¢), apply two t-derivatives and solve the resulting differential
equation for G (t).

Exercise 9.2. Spectral density and tunneling spectroscopy

Consider the equilibrium spectral density Aap(w) of Eq. (12) for the case A = ¢, B = Al = ¢l where cf is a
fermionic creation operator. In this exercise, we explore the meaning of A_.(w) as the energy resolution of a
particle created by ¢/ and discuss an established measurement scheme in the solid state physics context.

1. Show that A,.+(w)...

(a) is normalized 5= fj;o dwA i (w) =1,

(b) is real and non-negative (use the Lehmann representation),

(c) determines the occupation when integrated with the Fermi distribution np(w) = eleH, ie. (cfe) =
o [T dwA i (w)np(w).

(d) is a -function for a non-interacting Hamiltonian H = eycfc whereas it broadens if scattering pro-

cesses remove the particle from its state with rate 7 (assume G%, (t) = —if(t)eteote=t/27),

2. In solid-state physics, the spectral density can be measured by tunneling spectroscopy. Consider two
pieces of metal (described by - possibly interacting - Hamiltonians H4 and Hp, respectively) weakly
coupled by a tunneling barrier Hap =3, TWCLMCB,, + h.c. with T}, a small complex tunneling matrix
element (7' = T7) and Greek letters denoting some basis states of H4 5. The total Hamiltonian reads
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H =Hs+ Hp+ Hap. The tunnel current through the barrier is given by the rate of change of the charge
in metal A (or B), I = 0:Qa = i[H,Qa]- where Q4 = —e3_, CLuCAM. Show that

zeZ( W,CAHCBV T CBVCAM> (24)
and use the Kubo formula to calculate the (change of) I when the tunneling barrier is added,

I(t) = / ety (1) (25)

—0o0

where the retarded Green function needs to be calculated with respect to Hq + Hp only. Assume a
voltage bias eV = pu4 — pup between the two metals (i.e. use Hy — Hy — g Zu CTLMCA# and analogous
for Hg). Show that

1 2
I= e / dos 5,} Tl Ayt (@A, 0 @+ V) fp(+ V) = nr(w)]. (26)

Assume that metal B has a spectral density that does not vary strongly with w, 3, \TW\Z A, (w) =~
v~Bv

const., and we also assumed that \TW\2 does not vary strongly with p. Show that at low temperature, the
differential conductance dI /dV = G(V') is proportional to >, A (—eV). This underlies the principle
H=Ap

of tunneling spectroscopy.
10 Keldysh functional integral
Aims:
e Find functional integral formulation of operator formalism of Sec. 9.

10.1 Generating function Z[V]
¢ Define time-evolution operator on closed time contour c:

U. =U (—00,+00) U (+00,—00) =1 (27)

« Source-term for observable O: H(t) — H*(t) = H(t) £ OV (t) where V (¢) is a function and H¥ is applied
on forward branch of ¢, H~ on backward branch. Thus:

Ue— U V] (28)

o Generating function (also “partition function”)

1

Z\V] = o

tr{Ue [V] p(—00)} (29)

We can compute (O(t)) from generating functional as

©0) = 55l (30)
Proof:
i 6Z|V] i1 5
sov V=0 = 2trp(—oo)tr{(5V(t)Uc[V]p(_oo)}|V_0
7 1
- 2 trp(—o0)
%t {(SU—V (_OO7+OO)U (+ ) ( )+U ( + )6U+V (+OO>_OO) (_ )}|
' SV (1) +VATO0, 700 —VATO0, o0 sV  Peilv=o



and use
U4y (+00, —00) ) ,/+°°
—0= ——1, - drH —

= U (+o0,t) (—10) U (t, —00)

e Remarks:

— Without source field, partition function is normalized: Z[V = 0] = 1.
— If source-field is different on the two branches, have U, [V] # 1 and Z[V] # 1.

10.2 Functional integral representation for Z[V] (Bosons)

Review: Bosonic coherent states

Def. coherent state | |¢) = ity #ia] |0), ¢, € C || overlap (p|v) = e PV
action of g ap |p)y = ¢p|b) res. of id. | 1= fH Me‘ I |o) (9|
™
<
d(¢*,¢)
action of alT (9| alT = (¢| of trace trO = [d(¢*, p)e” PIERD (9|0 o)
auxiliary identity <¢\0“T“W1> =e?¥¢ cecC

o Proof of auxiliary identity (does not appear in equilibrium applications): Define

ata ala—
f(e) = (@le ) = Bef(e) = (glalac”“|u). (31)
Note that for an arbitrary function g, we have
ag(ala —1) = g(aTa)a. (32)

This is clear by acting on basis vector |n) which yields g(n — 1)y/n|n — 1) on the left and on the right.
Then we find

Def(c) = (@la’e" “alp) = ¢*vf (c) (33)
This can be uniquely solved as f(c) = e®"¥ since indeed f(c = 1) = (¢|y)) = e®" .

Construction of functional integral representation of Z

o First start without source terms (V = 0)

o Bosonic Hamiltonian in 2nd quantization with all creation operators left of annihilators (“normal or-
dered”). The operators fulfill [a,, al,]+ = 6pm, assume M degrees of freedom [ = 1,2, ..., M:

H (aT,a) = Ztlma;am + Z Ulmnoazrainanao (34)
Ilym

l,m,n,o

o Take standard steps to coherent state functional integral representation for Z, pay attention to (+) or
(-) contour.
1. Use formula for trace

2. Slice closed contour ¢ into 2N — 2 intervals so that ¢t} = —o0o = toy and ty = +00 = tn41, see Fig. 26(b).
We label time-steps by j = 1,2,..,2N and use U, = U_g;...U_g; - 1 - Ugy...Use. Insert resolution of identity
operator using bosonic coherent states.
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1
J— 7t c
Z7 = tr{lep}

(1) = ti/d(ﬁbgméf)w)ezz 192801 (o N | Ul o)

@) = o / H (65, 67) (0o IU-sléan 1) -~ (o 42lU-sulbn ) (on 116w}

=1

j=11=1

W7
X AdN|Ust|on—1) - - - (D2|Use|p1) (P1|p|dp2n)cxp { ZZ ”n./g}

o Evaluate matrix elements for 6t — 0 (keep 6t x [2N — 2| fixed) where we use that H is normal ordered
and approximately time-independent on a time-scale §t:

(95|Usstl@j—1) = <¢j‘€$i5tH(alT’al)|¢jfl>
= <¢j‘1 + z'6tH(azr, al) + O(5t2)’¢j_1>

(631651) [1F i0tH (%, 65-11) + O(5#7)]
_ e(z);d)j—l [e:l:i6tH(¢;7l7¢j—1,l) +O(5t2)}

Insert in expression for Z (suppress [ and recall ¢n11 = ¢n):

2N N 2N 2N
- / ITd(éj:6)) exp Z¢ G50 — 0t Y H(6),05-1) it S H(6050) = > 10,/ | (Biloldaw)
P =2 J=N+2 i=1
(35)
Example: Single non-interacting bosonic mode
« Consider single bosonic mode H = wya'a starting out in equilibrium:
p(—00) = p = e PH = ¢=Pwoala (36)

e Preparations:
— Normalization: trp = 300 je~won = 1/(1 — e=Fwo)
— For last factor in Z, use auxiliary identity from table with ¢ = e=#«0: <¢1\€_Bw°afa\¢2N> = exp (e‘ﬁwO qﬁ’l“(z)QN)

o Express Z as

1
trp H (97, #5) exp [z Zl ¢*Gﬂ,¢] (37)
j,J' =
with the 2NV x 2N-matrix (here, choose N = 3 for clarity)
-1 0 0 0 0 ef=
h- =1 0 0 0 0
0 h- -1 0 O 0
. -1 .
Z(G>_ 0o 0 1 1 0 0 (38)
0 0 0 hy -1 0
0o 0o 0 0 hyg —1
where h_ =1 —idtwy and hy = 1+idtwy and the e #“0 and 1 are the gluing conditions which connect +

and - branch.
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o Check normalization (Z = 1): The functional integral yields 1/det (—iG~!). Expand the determinant
with respect to the top row, use for upper or lower triangular matrix 7: detT = t11to9...

det (—iG™') = det ([iG]*l)
= (—1)(—1)2Nt — e Pwop N-lpp N1
= 1—e_ﬁw°(1—75fw0) L (1+idtwo) N1
N—
= 10 (14 5t%f) '

N-1
St2w?
= l-—ePo14(N-1 0
e <+( )N—1>

12

1 — e Poexp {(N — 1)dt x (5tw8}

—1
{6tN = const.} ~ 1—e P
This cancels with 1/trp, so normalization is confirmed:
1 — e Bwo

Continuum limit (for generic bosons)

e Take continuum limit as N — oo, 0t — 0 with Nd&t = const.

o For forward branch ¢j—12. N — ¢4 (1), Zj.vzl ot — f_Jr;o dt, and

G5 1010 = ~0t0] I 1 (006 (1) (40)
Analogous on backward branch.
e Find:
z- | D (¢, 64,62, 6] 59091 (6., (~o0) plé- (o)) (41)
¢4 (00)=¢—(0)
with
+oo
Sp+, - +/ [Z ¢4 1 (1)i0py 1 (t) — [cbi(t),m(tﬂ]
+oo
/ [ L (0)i0kd—i(t) — H [¢(t), - (t)ﬂ
and
* * — ]'
D[4 64,0%,0-] = o lim /quﬁ],qﬁj (12)
e Remarks:

— Keep in mind: Continuum notation is just an abbreviation for discrete form.

— Compare to equilibrium formalism, Z = [ D[¢*, ¢le~51%) with S = foﬁ dr¢*(1)0:¢(T)+H[*(T), (7))
and no backward evolution. In Keldysh, we now have two copies of the field in real-time for forward
and backward branch, with opposite signs of the action (—).

— The field ¢ is coupled to field ¢_ at the two boundaries, ¢ (00) = ¢_(00) and (¢4 (—o0) |p|Pp— (—o0)).
In the case of Eq. (38), these correspond to the entries 1, e~P«0 in the corners of the off-diagonal
blocks of i (G™1).
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Green functions (for single bosonic mode)

o Find two-point function (no factor of 1/Z!) at times ¢, ¢’ corresponding to time slice j,j'. Use Gaussian
integral formula:

2N 2N
<Tca(t>af(t’)>:<¢j¢;>zi T1 d(%, dx)di % exp [z N GiGitw | = iGyy (43)
k=1

trp kek'—1

« Back to simple model H = woa'a, can invert G=1 explicitly (p = e=#«0). Here for N = 3 (but general-
ization to arbitrary N straightforward),

1 phih_ ph%_ ph phy o] $1= 1.1
h_ 1 phih_ /)/zilz, phih_  ph_ :
1 h? h_ 1 ph?>h? phyh®>  ph? ON = i N
iG=— 2 | 2 ith -
! det (—iG_l) h% h_ 1 1 phz,h+ ph% Wi ¢N+1 = ?bf,N
h2_h,+ h,fhjL th h+ 1 ph2_h+ :
| R2R%E hoRE B2 hZ hy 1] ¢mv=;¢71
(44)
For convenience, we re-label the slice-index to indicate the top (4) or bottom (-) part of the contour:
$1= ¢4 ON = O N
o

| Il
T T /

PaN = -1 ON+1 = O- N

« Compare to Eq. (21), read off four propagators G</>/7/ T depending on choice of ¢:

G = (et ) = St

i3 = <¢L,j¢*+,z> - M

z‘Gﬁ = <<Z>+,j¢i,l> = (M(h_]_;(l;—g {iﬁwo(h+h_)N1 ; i ;
Z‘G;fl = <¢_,j¢t7l> — da(h_{iz;_l) {(i_ﬂwo(h+h—)N—1 j Z ﬁ

« Continuum limit, (hyh_)N — 1 as before. Use h?, = (1 + i%wo)] — ewodt] — eFivot and det (—iGT!) =

1 — e« and the boson number np = lf;f“l;‘lo = eﬂw})_1
iG< (t,t') = nge wo=t)
iG> (t, t/) = (nB + 1) e*iW()(tft/)
G (t,t) t>t
GT(t,t) = (t,t) :t=> )
G= (t’ t/) t<t
) it =t

46
G<(t,t) :t' <t (46)

Up to the case t = t' (see below), this is in agreement with the result from the operator formalism in
Sec. 9.3 and Ex. 9.1.
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o Equal times: The last two lines differ from the convention 6(0) = 1/2 put forward in Sec. 9.3! This should

not bother us because:

— What matters for practical calculations in the fulfillment of G (t,t)+G4(t,t) = GT(t,t) — GT(t, t) =

0 and G (t,t) — GA(t,t) = G™(t,t) — G<(t,t) = —i (the commutator).
— The redundancy relation (9) is modified at equal times:
0 :t#t

G (t,t) + G (t,1)) — G (t,t') — G<(t,¢') = {1 )

(47)

The right hand side is a manifold of measure zero in the ¢-t’-plane and does not bother us further

in the next section.

Keldysh rotation (for generic bosons)

o Idea: Take into account the redundancy relation (9) in a simple form. Find retarded, advanced and

Keldysh Green functions.

o Define new fields in terms of rotation applied to ¢+ (analogous for ¢% ):

¢At)555(¢+(ﬂ-%¢—(ﬂ)
balt) = = (6 () — D (1))

5

2

The components ¢, 4 are called “classical” and “quantum”.

e The rotation yields for
iGap(t,t) = (6a(H)05())
with a, § € {¢, ¢}:

a_L(1 1 GT G- 1 1\ ([ GEY) GR(tY)
“2\l1 -1 G> GT 1 -1 )\ GAtt) 0

(48)

(49)

and we identify the retarded (R), advanced (A) and Keldysh (K) component introduced above in Sec. 9.3.

The zero in the bottom right (<¢q(t)¢;(t/)> = 0) is the consequence of Eq. (47).

« Example: Single bosonic mode Hy = wpa'a (see Ex. 9.1):
/
N —iwo—t) [ 2nB+ 1 0(t—1)
Goat (£, 1) ie ( ot — 1) 0
and the Fourier-trafo with the important infinitesimal convergence factors 7 reads:

—i270 (wg —w) [2npg + 1 L
GW@»=< ot ]“ﬁ¢m>

w—wp—1in

 Graphical representation for —i <¢a(t)qﬁg (t )> Conventions:

— classical field ¢., ¢ solid line
— quantum field ¢, ¢;: dashed line
— arrow: from ¢(t') to ¢a(t)

GE(t,t) GA(t,t) GE(t,t)
e < —_—
be(t) 5(t) Bq(t) s(t) Pe(t) ¢e(t')

(50)



Keldysh action

 Non-interacting case: Want action S{¢., ¢4 such that (a, 5 € {c, q})

(a(t)o5(t)) = / D [ge, ¢q) da(t) $5(t')e 1904 (52)
reproduces Eq. (19). Need
400 1A / /
Smmmzfmdm%@wwwn<w4ﬁ@w gq%$%)<§ﬁ§) 53)
=G-1

with the defining condition for G~
-114 K (R /
1A 0 (G A G W I (B 0
Gr-G= ( 1% 1" e 0 5(t —t') (54)
e Written in components, we have the following relations:
A -1
o = o]

o = o

R R

=[¢"] " F-F- et

-1
where in the last step, we used GX = GF. F — F.GA. Note: [G_I}K # {GK} :

» Main features of S[¢., ¢4 (called “causality structure”, remains intact even with interactions):

— S[¢pe, g = 0] = 0 > ¢ - ¢ block of quadratic action vanishes: If ¢, = 0, then ¢ = ¢_ and the action
on the forward and backward branch is canceled.

— The ¢ — ¢ and ¢ — g sub-matrices [G_l}A and [G_l]R of G~! are mutually hermitian conjugated
lower and upper triangular matrices in the time-domain. Indeed, in Sec. 9.3 we found for A = BT:
GA(,t) = GR(t,t)*

— The ¢ — ¢ component is anti-hermitian, G¥ (¢, t) = —G¥(¢,#')*. It is responsible for convergence of
functional integral and contains information about the distribution function.

For the single bosonic mode model, we have after a short calculation [Gil}K x 7, it becomes finite
if interactions are added.

External sources

o For the computation of observables, want to include source-fields Z — Z[V], see Eq. (29). Recall sources
should be different on forward and backward branch, assume the following coupling V4 (¢, ") ¢ (t) 4 (t)
and V(1,16 (1) ().

+ Keldysh-rotation for source fields (like ¢+ — ¢, but with extra factor 1/v/2)
Ve= % (Vi +Vo)
Vy=5 (Ve — V)
Note:
— For V, =0, we have V. = V_ and thus Z[V,,V, =0] = 1.
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¢ Keldysh action in continuum:

+oo !/ * * — / V ‘/;: / c t,
S:/_oo dtdt’ (95(t), o3 (t) ) [G Lt t) — ( Vo ) (t,t)] <Z;Et/; ) (55)
o Partition function from Gaussian integral
2V, Vi) = — ! ! — exp (—trIn[l — G - V) (56)

tr(p) det (—iG-1+iV) det(1—G-V)

where the trace runs over Keldysh-matrix index and time.

Example (single bosonic mode):

e Compute observable

2]V, V]

ZW’VC,FO = <¢Z(t)¢c(t’)+¢;(t)¢q(t’)> (57)

= (L (1)¢+(t) + ¢~ (t)o-(t))
We compute both sides of Eq. (57) separately:
1. Right-hand side: Recall that in the functional integral formalism
(Tra(tr)al (t2)) = (64 ()6 (t2)) , (Tra(tr)al (t2)) = (@ (t1)6% (t2)) (58)

and obtain:

(61 (065 () + o- 06~ (t)) = (Twa(®)al(t') + Tra(t)al(t)))
= iGT (1) +iGT(t,¢)

2. Left-hand side:

,5Z[V6,Vq]| B ,5exp(—trln(1—G-V))‘
vty Vet Tt 3V, (t, 1) Vea=0
oV
B— —‘ — . _1 —_— —
= —itr l(l G-V)" (-G) (5Vq(t,t’)1 Ve q=0
. 1 0
= itry [G(t',t) ( 01 )1
= iGE(t,t)

and we now from Sec. 9.3 that both expressions are equal.

Exercises

Exercise 10.1. Driven harmonic oscillator

A quantum harmonic oscillator Hy = wpa'a (with a, a' bosonic operators) is coupled to a time-dependent
driving field U(¢) which vanishes for ¢ — o0,

H(t) = Ho+ U(t) (a +a') /V2. (59)

This non-interacting but non-equilibrium problem can be treated exactly using the Keldysh formalism. Assume
that the oscillator starts out in the ground state at ¢t — —oc.
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1. Upgrade U(t) to a source field UL (t). Note that Uy couples differently to the fields ¢,¢* compared to
the source V4 used in the lecture. What could be the motivation for the coupling in (59)?7 Write down
the generating functional Z[Uy,U_] for H(t) in the continuum notation. Perform the Keldysh rotation
(2U./q = Uy £ U-) and introduce the (inverse of the) matrix of non-driven harmonic oscillator Green
functions

GE GE
n o /
Evaluate Z[U,, U,| by performing the Gaussian integral and show that Z[U., U, = 0] = 1.

2. From introductory quantum mechanics, we expect that the periodically driven harmonic oscillator will
end up in a coherent state with (a) = a # 0 and n = <aTa> = |a?. We want to find a. Compute
the functional derivative i6Z [Uc, Uy /0Uqy(t)|v,=0 from Z[U,, U,] found in part 1.). To which expectation
value in terms of the operators a() (t) does this correspond? Show that in the limit ¢ — oo, the coefficient
« is given by the Fourier transform of U.(t) = U(t) (up to an unimportant factor v/2¢¥ with p € R).
Hint: Use the results from (50).

3. Specialize to a periodic driving field with Gaussian envelope, U(t) = Up cos (wt) e t/(4T%) " Assume T

much larger than w and wg. Compute the final occupation number n = |a|?. Which driving frequency w
maximizes n?

11 Interactions and self-energy

11.1 Interactions

« Consider interacting part of bosonic Hamiltonian (now in D-dim real space, contact interaction):

Hip = g/dxaT(x)aT(x)a(x)a(x) (61)

which yields in terms of the action:
St = g / dx / 6™ (x, £)6 (%, D)%, )d(x, 1) (62)
+o0
— g [ax [ arf@i00’ - (@70-)
400
rot) = =g [[dx [t [626;60000+ 61636460 + 0u6,630: + 0u0u0303)

Remarks:

— Sint vanishes for ¢, = 0, just like the quadratic action.
— Diagrammatic notation with the rules defined below Eq. (19) but with arrows pointing to the ¢*
field (so that Green functions with opposite arrow convention can be attached).

o Interactions maintain normalization (Z = 1): Check via perturbation theory to order g and g2, see
Ex. 11.1. Possible reasons are (i) <¢;¢q>0 = 0, (ii) (Gg‘ + G(If‘) (t,t) = 0, or (iii) an integral in the
t1,2-plane over GR(t2,t1)G a(t2,t1) with incompatible 6-functions.

5‘ 73

A AN /@ L
gs gs‘/ g\

/ / ?
2 \»@ o; ¥4, ¢C/ \¢; b Lo

C C
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11.2 Dyson equation
o Although Z = 1 is maintained with interactions, the propagators are modified (“dressed”). They are
defined as:
G = =i (6adi) = i [ Dle, dyfoadei® S (63)

o Perturbative expansion in g via Wick-theorem generates various diagrams (internal vertices: sum over
Keldysh-indices, integrate over space-time coordinates)
— Disconnected diagrams vanish due to Z = 1, they contain (Sju), = 0, <Si2nt>0 =0, ...
— One-line irreducible diagrams contribute to the self-energy ¥ (without external legs).

— One-line reducible diagrams are taken into account via the Dyson equation (“-” includes ¢-integrals!).

G=Gyp+GCy 2 -Go+Gy-X-Go-%-Go+ ... (64)

=Go+Gy-2-G

or 4
G=|G' -3 e (Gt-%)-¢=1 (65)

~ is ~ g2, connected, irreducible ~ g%, connected, reducible
g, disconnecte )

=0 (z=1) contributes to self-energy taken into account via Dyson equation

« The matrix self-energy has the same causality structure as G, 1 (similar perturbation theory arguments

as for Z =1):
0o x4
Y= < ER EK ) (66)
The Dyson equation then reads:
-1
0 (GOA) — ZA GK GR
-1 NK lga o =1 (67)
(6f)  -=% (') -z~

1 K . . . K
Remark: <G0 ) = 2inF can be omitted if ¥* # 0.

o Suppose we want to find L4/F/K from diagrammatic perturbation theory. What are the terminal fields
for the diagrams contributing to these self-energies [boxes in Fig. 27]7 For the irreducible diagrams
appearing in the perturbative expansion of G, we use the second contribution of Eq. (64) together with
Eq. (66) and find

Groaty (G -ER-GetGy B0 -Gy + GF BTGy G- BTG (68)
(;\ () (AN G64 . ZA ° GE)4 O

This tells us which diagrams should be accounted for as /4% see the figure below. In other words,

Eq. (66) is to be understood in ¢* — ¢ space (while G is a matrix in ¢ — ¢* space). The irreducible Keldysh
Green function G¥ ;.. has also contributions involving »iA but we show only the one including XX
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Figure 27: Terminal fields for perturbative expressions of self-energies in Keldysh formalism.
Exercises

Exercise 11.1. Normalization of Keldysh partition function with interactions

Use perturbation theory (up to order g2) to show that Z is not modified in the presence of interactions described
by Sint in Eq. (62). Hint: Show explicitly that the two rightmost terms in

Z = / Dlge, gle 0 Ti5ime = (ei¥ine) =14 (Sut)y % (), + - (69)

vanish individually. For the term <S,L~2nt> recall that the two interaction vertices can be connected by two or

four propagator lines.

0’

12 Kinetic equation

Review: Classical Boltzmann equation

o Definition of classical distribution function f(x,¢, p)dxdp = number of particles in phase-space volume
dxdp.

e From Liouville theorem, under propagation to time t + dt, phase space volume preserved under Hamil-
tonian equation of motion x = v(p), p = F(x, p) (force). Thus %f(x, t,p) = 0, f|°°" can only change by
collisions beyond these equations of motion.

e Apply chain rule on the left-hand-side to find Boltzmann equation: % f(x,t,p) ={0 +%-Vx+p-Vp}f,

{0y +v(p) - Vx +F-Vp} f =0 f|! (70)

e Goal: Derive analogous equation from quantum Keldysh formalism.

Solution of Dyson equation

o Assumptions: i) particles with parabolic dispersion, ii) Self-energies nhR/A/K

i.e. from perturbation theory.

are approximately known,

e Recall from path integral formulation:
—1 1
(G3™) " (x %) =3 (¢ =) (x = ) {i@t g Vit in = Vi(x.1) (71)

and abbreviate the space-time arguments =z = (x,t).

« Dyson equation for G*/4 < $f/4 (diagonal components):

-1
/d:c” ((G(?/A) - ER/A> (z,2") GRAGR" ') =6 (z — 1) (72)
For V. = 0 (space-time translational invariance) can be solved via Fourier transform of G/4(z,z') =
GR/A(z — 2'):
1
G (k,w) = 73
kow) = o @m) - oAk w) (73)
Observe:
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— ReXf(k,w) = ReX4(k,w) modifies (“renormalizes”) the w — k relation (dispersion) of the pole:
w = k2/(2m) + ReXf/A (k, w).

— Im%f(k,w) = —Im¥%4(k,w) has the meaning of an inverse lifetime for the above particle k.

« Dyson equation for off-diagonal component involving G¥:

—1
(af) -3f. gf  =xf.et (74)

-1 —1
Multiply from the right by (Gé‘) -4 = [GA} and rearrange. Obtain the quantum kinetic
equation for the matrix F(x,2’) (“distribution matrix”):

F-(Gg‘)*l—(Gg%)*l-FzzK—(zR-F—F-zA) (75)

 Kinetic equation for F'(z1,z9) is usually too difficult to solve.

o Simplification: Assume separation of intrinsic and extrinsic time and length scales (e.g. external potential
V.(x,t) smooth compared to wavelength of particle).

Wigner transform

W

e Tool to approximate convolutions as in kinetic equation (75) by algebraic products.

o Wigner transform for general function A(z1,z2) that depends on two space-time arguments: Keep center
coordinate (z1 + x2)/2, do Fourier trafo with respect to relative coordinate x1 — 2 only. Use p = (p,w)
and convention pz = p - x — wt (and 0,0, = VxVp — 0,0,))

Az, p) = /dx/e_ipm/A (z+2'/2,2 —2'/2) (76)

and the inverse Wigner transform is

1+ T2 )
D).

. (77)

A(z1,20) = Zeip(xl_”)A <
P

o Wigner transform of function C' = A - B which means C(z1,22) = [ dxsA(z1,x3)B(x3,x2) (“convolu-
tion”). In Ex. 12.1, one shows the following:
If for A(z,p) and B(z,p) the dependence on the central coordinate z is slow, one has the following
approximation (no “-”!)

C(l’,p) = A(a:,p)B(a:,p) + % (8IA(a:,p)8pB(:c,p) - aPA(xvp)axB(x’p)) (78)

and corrections include higher order x-derivatives 9234 which are assumed to be small.
e Prepare Wigner transform of “commutator”:
[A;B]=A-B—B-A~i(0,A(x,p)0,B(z,p) — 0pA(z,p)0, B(z,p)) (79)

where the notation [.;.] should remind us that we are dealing with “.”. The rhs is the Poisson bracket
{A, B} of classical mechanics.
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Wigner transform of kinetic equation

o Idea: Apply the Wigner transform on both sides of the kinetic equation (75).

o Left-hand side: We have with the free particle assumption (71) (can drop +in terms in this context):
) 1
lhs = {F; i0p + %vi - Vc(x)] (80)
Last term: Assume V.(z) to be slow, e.g. V.(x) = V.(z, p):
[F; =Ve(@)] = =i(0.F0,Ve(w, p) — OpF Ve, p) ) = i0uVel)Dp F (81)
—_————

—0

Other terms: The Wigner transform of the translational invariant derivative operators is i{dy — w, of
Vi — —p2. Also use 0,0p = VxVp — 010,

[F';i0;) = i (0, FOpw — OpFOpw) = —i0,F

—1

1 i
F; —V2| = — (8,F9,p* — 8,F0,p*) = —pVsF
{ 5 Va| = 5 (0:F0,p° ~ 9,F0,p°) = —p

e Right-hand side: Use EA(x,p) = [ER(x,p)r:

s = XK _(2F.F-F.%
rh by (R A)

= SK-F(3f-3n4) - % (0.370,F — 0,570, F ) + % (0. Fo,=4 — 0,F0,5%)

= X - 2iFIms? — 0, [Rex"| 9,F + 0, [Ren| 0,F

o Final result: Multiply by i, move all derivatives of F" on the left-hand side, write out z = (x,t) and
p = (p,w), and define the effective potential V (z,p) = V.(x) + ReX(z,p):

{(1 — 9, [ReZRD 0 + 0,V (z,p)0 + (;p +Vp [ReERDVX - vxf/(:z:,p)vp}F = 2K 4 2FImxR

collision integral <0l [F]

—Vp

(82)
e Remarks on Eq. (82):

— The left-hand side contains the self-energy enhanced single-particle dynamics of F' (“kinetic term”).
— The right-hand side is the “collision integral” I°°!'[F], it will be caused by interactions or disorder.
— Can generalize dispersion ﬁpQ — Wp, leads to vp = %p — Vpwp.

— Consider static situation, such that all d; — 0. The left-hand side is zero for any F(x,p) = F(w).
The only F'(w) which also nullifies the right-hand side is the equilibrium solution

F*Y(w) =14 2np(w) = coth <2C;) (83)

Mass-shell approximation

e Shift the energy argument w of the distribution function F' by quasi-particle energy:

F(x,t,p,w) = F(x,t,p,w — wp — V(z,p)) (84)

=w
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« Express the kinetic equation (82) in terms of F' (x,t, p,&). The terms 9;, 9, Vy and Vp acting on F' are
modified by the chain rule involving V = V, + ReX# derivatives:

OF = OF - (aV)a.F
OuF = 0.F = (0.V)0.F
ViF = Vil = (ViV) P
VpF = VpF — (Vpwp+ VpV) O, F

Use that the external potential V.. (which is a part of V) is a “slow” function VV.(z) = 0 and 8,,V.(z) = 0,
obtain after some straightforward algebra:

{(1- 0. [Re2] ) 01 +¥p Vs — (ViV) Vp } = I F] (85)

Observation: The derivative dg is now absent in the kinetic term.

o If yooll [F] would only depend on w via @, we could solve the kinetic equations for each & as a parameter.
This is generally not the case.

e Quasi-particle approximation:

— Fact: In Il [F 1, F always multiplies Wigner trafo of G — G4 ~ spectral density. We will see this
for the disorder application below.

— The spectral density in the non-interacting limit is ~ d(w — @). Not too far from this limit assume
the peak in G — G4 (of width 1/ Typ Where 7, is quasi-particle lifetime) is much sharper than the
w-dependence of F.

— Hence: For given p, we may focus on
F(x,t,p,0) = F (x,t,p) (86)
which is the mass-shell restricted distribution function.
o Remarks:

— F(x,t,p) is a classical object = probability at time ¢ for particle at point (x,p) in classical phase
space.

— Up to “semi-classical” self-energy effects = tilde-terms Z~! = 1 — 9, [ReER} lw=w (quasi-particle

weight) and V', Eq. (85) is equivalent to the classical Boltzmann equation (70).

Example for collision integral: Disorder scattering

e Consider non-interacting bosons in a static disorder potential:

H = praLap + /de(x)aT(x)a(x) (87)
P

o Assume V(x) comes from randomly placed impurities, V(x) = Z;-Vzl v(x —r;) where ri o n are the N
uncorrelated impurity positions.
Assume [ dxv (x) = 0, i.e. a potential offset is already taken into account in a shift of dispersion wp.

o Disorder average for quantity @) (integrate over all impurity configurations):

g=uy, |} [ Q] (35)
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V(x) V(x)
--< - -

t,x t,x t,x t,x

(a) Vertices for impurity action:

(b) Green functions in perturbation theory to 2nd order:
GR GR (1)%
= b e e

_ / scattering at same impurity
disorder average —0 - -

disorder self-energy —3 ER

Figure 28: Disordered bosons: (a) Diagrammatic building blocks for impurity scattering. (b) Diagrams for G to second
order in V.

Application: Averaged disorder correlator:

N N
V(x1)V(x2) = Z Z v(x1 —rj)v(xe —rjr)
J=1j'=
N
:ZU(XI_I']) XQ—I'J +Z Xl_rj (XQ—I'J'/)
= o V=0
(diag.) = N/V/drv (x1 —r)v(xg—r)
= K(x1 — x2) (89)
and we used V(x) =TIV, L [dr; >N v(x—1;) = 0.

e The impurity action for a specific realization is

+o00
/ dt/de [ X, 1)y (3%, 1) + 850, ) belx, )
— b —9% D

and the corresponding diagrammatic building blocks are given in Fig. 28(a).

« Find G'/A4/K using perturbation theory to second order. Keep F general as it will be determined from
kinetic equation. From Fig. 28(b), we have for example for G*::

GB (21, 29) = GF (21 — x2) + /deOR (x1 — 2) V(2)GE (x — x2)

+ /da: / dr'GE (21 — 2) V(2)GF (2 — ) V(2 GF (2 — 22) + ...

o Take disorder average, the term o V' vanishes and for the term o< VV we use Eq. (89). We recover
translational invariance:

GE (21 — x2) = GF (x1 — 20) + /dm/daz'G(If (21 — ) K(z — 2 )GE (x — 2') GE (2/ — x3) + ...
o Introduce self-energy. For the identification of relevant diagram parts, refer to Fig. 27 or GE = G+
GETEGR,

SRATE (4 — o) :K(:c—a:')GOR/A/K (z —2) (90)

104



« For the kinetic equation, we need the Wigner transform of $1/4/K (x — 2’). This is simple, because the
expression only depends on relative coordinate. Then the Wigner transform is just an ordinary Fourier

transform.
e Use “product — convolution” rule and K(p) = nvpv_p vOgeR n; |vp|® (Fourier transform of v(x) =
dp ePXup,.)
SEAIK (1 p) = n, Z Ggé/A/K (x,t,p',w) |vp,p/|2 (91)
p/
« Find collision integral I°°[F] = i2K 4+ 2FImXE:
— 2FImXE: Use G?’A (x,t,p,w) = Gg’A (p,w) = w—wlpim in Eq. (91):
2% (2,p) = =S+t = - 3 [GF - GF | (0, w) (92)
Ap=270(w—wp)
— i¥X: Use Eq. (91) and insert
GK (x,t,p,w) = (Gé%-F— F-Ggl) (x,t,p',w)
[lowest order approx.] =~ —ii {G(}f - Gfﬂ (p',w) F (x,t,p',w)
= —i270 (w —wp) F (x,1,p,w)
so that
i2K = 2, Zd (w — wpr) |vp,p/|2 F (x,t,p',w) (93)
p/
o Collect terms and work with F at @ = 0 (w — wp):
yeolt {F (x,t,p) } = _27”%25 o) |Up—pr | {F x,t,p) — F (x,1, p’)} (94)

o Interpretation (phase-space classical mechanics + energy conservation):

— First term: Loss rate proportional to occupation F (x,t,p) due to scattering of particles to other
momenta p’.

— Second term: Gain rate to occupation F (x,t,p) due to particles scattered from other momenta p’.

— Scattering rates determined by Fermi’s golden rule: W (p,p’) = 2716 (wp — wp) |(plv|p’)|?.

Exercises

Exercise 12.1. Wigner transform of C = A- B

Find the Wigner transform from Eq. (76) for a function C' = A- B where the “dot” notation means C(x1, z2) =
[ dxsA(z1,x3)B(x3,x2). Express your result in terms of the Wigner transforms of A, B. You should find

= +Z 5 —i " m n m n
O = S G GO A ) oo B ) (95)
T e
= A(e,p)et (9:90-9:72) gy p) (96)

where the arrows show the direction of the differentiation. Hints: With appropriate substitutions, first confirm
C(z,p) /dma/dxbz:e”’b““_’p“b/l (1’ + — 5 p—i—pa) B (x + — 5 p—l—pb) (97)
Pa,b

Expand the p-dependence of A, B and use appropriate z-derivatives of the identity >_, eTPr — §(x) to replace
the >, eTPTp - Subsequently, evaluate the Zq,p integrals.
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13 Keldysh for fermions

Grassmann numbers, fermion coherent states
o Consider fermionic Hamiltonian H ({c}, cj}) with canonical anti-commutation relations {c¢;, c;r} = 0y;.

e Review of Grassmann numbers ):

— mutually anti-commute 11/ = —1)’y) and thus ¥? = 0.

— function of Grassmann number defined via first two terms in series expansion: f(¢) = fo + fiv
(other terms are trivial).

— integrals are defined as [dy1 =0, [dipp = 1.
— 1) anti-commutes with fermionic operators, {c, ¢} = {CT, 1/1} =0.

— “bar”-field 1 is unrelated to the 1-field.

e Fermionic coherent states:

) = e 0) = (1 —weh) o) = 10) — ¢ [1) overlap: Wly) = e =14 4/

coherent siate (1= (0= = (0] — (1] tes-ofid_ | 1= ] dgdve " 4] (o]
action of c: cly)y = |¥) trace: trO = [ dipdpe=%Y (1h|O] )
action of cf: (W]t = (v Gauss. integral: ledﬁldwle_ﬂ’T'Aw = det(A)

e In trO, the sign |—v) = |0) + ¢ |1) comes from the fact that the coherent states contain Grassmann
numbers which pick up a sign upon exchange, (n|y) (1|O|n) = (|O|n) (n|—1).

e The auxiliary identity <1Z]:UCTC|1/)> = %% till holds.

Partition function

« Consider single fermionic level, H = ggcfe. In thermal equilibrium at t = —oo, we have p = e A0 and
trp = 1 + e 70 (no geometric series) and the occupation is <cTc> = np(eg) = 1/(1 + eP%0).

o In definition of Z, add time slices on both branches (¢4 ) , find in analogy to bosonic case

1 - AN B
Z = % /H§N1d¢jd¢j exXp [Z Z (2 (G 1)jj’ ¢j/} (98)
J,3'=1
with (N=3)
-1 0 0 0 0 —e P
h— -1 0 0 0 0
e _ 0 ho -1 0 0 0
! (G )]J/ “l o 0o 1 -1 0 0 (99)
0 0 0 hy -1 0
0 0 0 0 hy -1
. . . . dct(—iG_l) N—oo 14820
where h4 = 1 4 iggdt and indeed normalization holds, Z = " T 1ye o = 1.

e Green functions G G can be read off as in the bosonic case:

C,CT =
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Keldysh rotation

« Keldysh rotation: Redundancy relation (9) (GT + GT — G> — G< = 0) holds also for fermions, take it
into account via rotation.
Careful: Use convention different from bosonic case “Larkin-Ovchinnikov”.

1

P12 = NG (Yytep)
&1,2 = \2 (%Z)JHF?Z*)

Note that the “classical-quantum” nomenclature is not used: Grassmann variables never have classical
meaning.

o Propagators: For «, 8 € {1,2} we have

. n GE GK
i (Ya(t)0p(t)) = Gas(t,t) = A, (100)
0 G af
with GF/4 now on diagonal. The inverse propagator reads (with convention above, have same structure
as G)
-1
GR aHr
Gl = ( ) ( )_1 (101)
0 G4)
With the parametrization GK = GE . F — F . G4, find
K -1 -1

(¢7)" =(c¢") -F-F-(c*) (102)

e Single fermionic level in thermal equilibrium

GR(L ) = —if (t — ) emico-t) FT L
w—¢&g -t
GA ) = i ( — t)emico-) FT L
Ww—¢€p—1n
GE(t,t') = —i (1 - 2np(e)) e =) B (1 - 2np(w))[~27i0 (w — £0)]

F(w) GR(w)=GA(w)

The last identity is the fermionic fluctuation-dissipation theorem.

Exercises

Exercise 13.1. Electron current through interacting region

Consider two metallic leads attached to the left and right (L, R) of an interacting central region where {d}}, {d,.}
form a complete set of orthonormal electron creation and annihilation operators, see Fig. 29. The central region
could be a nanostructure like a quantum dot or similar where electrons are confined and screening is weak so
that interactions are significant. The leads are approximated as non-interacting with operators {CL ob {ckal
ka € {L, R} which are characterized by momentum £ and channel index a. The latter could be spin or any
other single-particle index like a sub-band characterizing the lead states. The Hamiltonian reads

H= Y eratholho+ Him ({d}{da}) + D Vianchadn + Viaadhcka- (103)
kae{L,R} kae{L,R}
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left lead L right lead R
Vka,n Vka,n

- —— | S\

1

Figure 29: Setup for Ex. 13.1. The electron states belonging to the d,, operators reside in the interacting central region,
the cxq operators belong to the leads, ka € {R, L}.

We compute the steady-state electron current I, = I between the left lead maintained in equilibrium at chemical
potential py, and temperature T and the right lead (at pur and T'). As in Ex. 9.2, we start from

I = % kaze:L zn: Vean (Chan ) = Vi (dhoka)

e dw
- h ZZ: E:L/jQWL%QJJ;;ka(w)__ngﬂﬁgzam(w)a

kaelL n

where G, (t) = z<c,TC adn(t)> is the steady-state lesser Green function (note ( = —1 for fermions). You might

want to review Ex. 9.2 to understand similarities and differences between the setups considered and the reason

behind the formula for I;. The goal is to express the current I in terms of appropriate d-electron Green

functions Gy, ,(w) in the presence of the leads and the Green functions G(aok) or €valuated for the uncoupled

system with V' = 0. The former are local but hard to compute in general while the latter are trivially known.

1. Consider V as a perturbation and use the (2x2 matrix valued) Dyson equation G = G + G . ¥ .G to
show

Gran(@) = 3 Veam [Ghl o (@)Girn (@) = Gl ()G ()]
* , T
Gia0@) = X Vi |G @)GE () = G (@G )]

Hint: The self-energy ¥ is simple with entries proportional to V. Why?
2. Use the above findings to express the current as
e
=723 / 02 pa(E)Van (Vo m(E){nL(e) [Glu(e) = Gin(@)] + G} (104)
acl n,m

where the retarded and advanced Green functions appear, Vi n(€) = Vian for € = ero and po(e) is the
density of lead states in channel « so that Y-, — [ depa(e).

3. We could have also chosen the link to the right lead to derive a similar formula for the current Ip = —1Iy,.
Symmetrize I = (Ip — Ig)/2 and define T}, . (¢) = 2mpa(e)Van(e)Vi,,(€) to confirm the final result
expressed in bold matrix notation for n-indices,

e

= —
2h

detr | (ni ()T (e) = na()T7(e)) - (G () = GA(e)) | +1r | (TH(e) = TF(e)) - G=(e)] . (105)

Show that under equilibrium conditions with zero voltage [nr(¢) = ng(¢)], the current vanishes, I = 0.
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Part IV

Quantum magnetism

14

Basic concepts

14.1 Magnetic moments

Circular current I around area A generates magnetic moment m = [ Aey .

The magnetic moment determines the energy in magnetic field B, F = —m - B. Magnetic moments m
minimize their energies when they align parallel with the field B.

With a macroscopic charged particle (charge @, mass m) going around the circle in time 7" we have
I =@Q/T. The angular momentum is L = r x p. It is easy to see that

m = Q/(2m)L (1)
———
v
with v the gyromagnetic ratio.
Quantum mechanics of moving electrons: Eq. (1) is still valid, v = —e/(2me). It is often written as
e L
my, 2 KB h (2)

with pup = eh/(2m,.) the Bohr magneton.

Quantum mechanics: Electron spin S adds to magnetic moment (intrinsic to quantum nature of electron,
no classical analog),

S
ms = —ge/lB 7, (3)

with Landé-factor g. from relativistic quantum mechanics including QED correction o = 1/137 (fine-
structure constant):

ge =2 (1 + 23 + (’)(a2)) ~ 2.0023 (4)
i
From now on: Approximate g, = 2, set i = 1.
Total magnetic moment of electron:
m = my, + mg = —up (L + 2S) (5)

Main focus of “Quantum magnetism”: Magnetism of spins (— myg), collective behavior of macroscopic
number of interacting quantum spins.

14.2 Spin algebra

Spin operator S; = (S¥,SY,57) fulfills angular momentum algebra (h = 1),

{S?, SJB} = 10j; Z 6“57517, (6)

'Y:x7y’z

where €287 is the fully antisymmetric tensor with €*¥* = 1, €*¥* = —1, invariance under cyclic permuta-
tions of indices and otherwise vanishing. The rest of this section follows from the spin algebra.

Spin raising and lowering operators: ST = S +i5Y
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« Spin length S: S? = S*S% + S¥SY + $*S% commutes with S® and has eigenvalue S(S + 1) with S =
0, %, 1, %, ... integer or half-integer. Electron has S = 1/2, but larger S can arise from addition of multiple
electron spin in an ion.

« Spin operators acting on S* eigenstates {|m)},,_ s i1 5 15
5%m) = m|m)

SElm) = \/S(S+1) —m(m=+1)[m=*1)

o Example: Spin operators for S =1/2 and S = 1.

. 0 1 . 0 —i . 1 0 .
S=1/2 S:§<10>:§0 Sy:é<z. 0 = 1oV S:%<0_1>—;0
010 0 —i 0 1 0 0
_ x _ 1 _ 1 z _
S=1 Sfﬁ 1 01 SyfﬁzO—z S¥=|0 0 0
010 0 ¢« 0 00 —1
14.3 Single spin thermodynamics
e Single spin in magnetic field B in z-direction with Hamiltonian
H =-mgB = —(—2upS?®) B =2upBS* = hS~? (7)
——
=h
where we abbreviate h = 2upB.
o Partition function (kg = 1)
Z(h) = Trexp [-BhS*] (8)
Compute the sum using a geometric series
+S +28 .
m  sinh [BR(S + 1/2)]
()= 3 epl-shm] = exp[hs] 3 e l-hl" = T ©)
o Free energy FF = —TInZ, find magnetization m* = —2up (S?) as a function of Sh = y [Brillouin
function, Fig. 30(a)]:
sinh [y(S + 1/2)]
(5% O Oyl sinh [y /2] ly=s
1
- 3 {coth (g) (14 28) coth ([S + 1/2] y)}
= 1
521/ — tanh {‘;’] (10)
o Susceptibility (for S =1/2):
om? 4M2 h=0 ,UQ
- — —4p%0p (S7) = L =8 11
X~ 9B HpOh (57 AT cosh®(Bhj2) ~ T (11)

This is the famous ~ 1/7T Curie-law indicative for magnetic insulators with localized non-interacting
moments. See Fig. 30(b)

 Corrections to Curie law from interactions (phenomenological):

— FM interaction: 1/x ~ T — T, with T} the ordering temperature.
— AFM interaction: 1/x ~ T 4+ © with © > 0 the Curie-Weiss temperature.
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Figure 30: (a) Brillouin function for magnetization of free spin S for various S. (b) Generalized Curie law for paramagnet
(black), ferromagnet (red) and anti-ferromagnet (blue).

Exercises

Exercise 14.1. Spin representations in terms of bosons and fermions
Spin operators S}-l with & = {x,y, 2} and j a site-index commute on different sites and for the same site fulfill
the spin algebra, [SO‘, Sﬁ} = ie®P787, see Sec. 14.2. The (half-)integer spin length S determines the eigenvalue

S(S 4 1) of S2. However, for calculations on spin systems it is often desirable to use methods that are well
established for bosonic and fermionic operators with their canonical (anti-) commutation relations {c¢,, CZ} = dap

and [bg, b}:] = 4 Where subscript a, b are generic discrete single-particle indices and we denote n, = bgba and
Ng = clca for the number operators. This exercise explores two of the most common spin representations.

1) Holstein-Primakoff bosons: This spin representation for arbitrary spin length S is used in spin-wave analysis,
see Sec. 16.3. We introduce one boson b; per site and define

S’:r = \/25—711' bl',
S; == b}LV QS—TLZ',
S-Z =5 - n;.

(2

so that the correspondence between S7 eigenvalue m; and boson number n; is m; = S —n;. Show that the spin
algebra is fulfilled and check that S? evaluates to S(S + 1) in the physical subspace defined by n < 25. Also
show that the operators SijE do not connect physical and unphysical subspaces.

2) Abrikosov fermions (S = 1/2). In this fermionic spin representation S& = 3 2ape{tl} czaag“bcib where 0® are
the 2x2 Pauli matrices and a,b € {f,]}. You may assume that the spin algebra is fulfilled (the calculation is
straightforward). Show that S? = %P with P = n| +ny — 2n4n. Show that P is a conserved quantity for any

Spin-Hamiltonian H = H ({Sf‘}m) written in terms of Abrikosov fermions and that P has eigenvalues 0, 1.
This means the Abrikosov fermion representation for S = 1/2 comes with an unphysical spin S = 0 subspace.
15 Magnetic interactions

Aims:

e Microscopic interaction mechanisms between electron spins residing on different atoms
o Derive/motivate microscopic models of quantum magnetism (e.g. Heisenberg model)

o Skip: Coulomb exchange for electrons on the same atom (Hunds rules favor ferromagnetic spin alignment)

Dipole-dipole interactions
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(b)

Pa ©b

r

Figure 31: (a) Magnetic field exerted by a magnetic moment. (b) Setup for direct kinetic exchange between two atoms

with overlapping wavefunctions g p.

Classical magnetic field Bp(r;) exerted by magnetic moment m; located at position r; (see Fig. 31),

Ho 2
BD<I‘j) = M |:3(II17J . rij)rz’j — rijmi] (12)
with rij =r; — I‘j.
Interaction energy
Mo
Ep =-m;-Bp(rj) = % [rm; - my — 3(m; - vy (m; - i) (13)

j

In most magnetic materials, dipole-dipole interactions Ep ~ 0.1K cannot explain the observed J ~ Ty ~
100...1000K (distances r too large, moments m; too small).

Note: The dipole-dipole interaction is generally anisotropic and long-range (decays as 1/73). The long-
range nature has interesting consequences explored in Ex. 16.1.

Kinetic exchange I - Direct exchange

Consider two spatially separated atoms with single electrons in orbitals ¢, and ¢y, respectively — use
2nd quantization cqs, cpe with o = {1,/}.

Overlap of orbitals — hopping ¢, two electrons in same orbital on same atom — Hubbard repulsion U > 0.

H = Ztcjwcbg + h.c. + U (ngynay + npnp)) = Hiin + Hy (14)
ag

Remark: If generalized to N sites, this is the Hubbard model.

We now focus on half filling (two electrons in the system). We have H |[1,1) = H||,]) = 0. For the
remaining states {|1,4), [, 1), [T},0),]0,7))} we have the Hamiltonian

0 0 t t
0 0 —t —t

H = t -t U 0 (15)
t —t 0 U

Perturbation theory in |t|/U < 1 (degenerate PT, or Schrieffer-Wolff): Effective Hamiltonian in subspace
spanned by {|1,]),[{, 1)} at energy ~ 0. Find no contribution to first order in ¢, H (1) =0, but in second

order find )
2t -1 1
H<2):U< 1 —1>' 10
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Figure 32: (a) Superexchange for copper oxide. (b) Exchange paths for anti-parallel copper spins exist, but not for
parallel copper spins.

« Combine H® with the states |1,1), |1,1) that were also at energy 0. Find in basis {|1,1), |1,1), 1, 1), [{, 1) }:

0 0 0 O
2210 -1 1 0
Hr=7710 1 -1 0 (a7)
0 0 0 O
Compare to Heisenberg Hamiltonian in the same basis:
0 0 0 0
B IR | e 1) 0 —-1/2 1/2 0
H—J(Sa‘Sb—4)—J(2SaSb +§Sa5b +SaSb_4)_J 0 1/2 _1/2 0 (18)
0 0 0 0

Note: The ground-state is the (total spin)Sy, = 0 singlet ¥s = (|1,1) — [{,1))/v2 at Es = —J and the
other Sy = 1 triplet states (|T7 ~L> + |~l/7 T>)/\/§7 |Ta T> ’ |\l/7 \l/> reside at £ = 0.

¢ Conclusion:

— Direct kinetic exchange affects neighboring atoms with singly occupied outermost shells.

— Quantum tunneling leads to effective AFM Heisenberg Hamiltonian with J = 4t2/U > 0. Generalize
for lattice where one can usually focus on nearest-neighbor exchange ((7,j)) and drop constant:

H=J>8;-S; (19)
(i.)

— Physical picture: Exchange paths exist for [1,]),|],1) but not for |o,0), ¢ € {1,]}. Thus anti-
parallel spins can lower their energy by Hg;,, €.g.:

Hy;

I, 4) 28111, 0)
lo, o) M 0

T4

Kinetic exchange II - Superexchange

e In real materials, the hopping between two magnetic ions often proceeds via a non-magnetic ion in
between.

e Example with 180° bond: Copper oxide, CuOs. See Fig. 32.

— copper Cu?" has one hole in d-shell ([Ar]d®) and oxygen O?~ has a completely filled p-shell (two
electrons in p,-shell).
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— compare exchange paths for anti-parallel spins on Cu to exchange paths for parallel spins (none).
This again favors AFM configuration.

— Detailed calculation: Get again AFM Heisenberg interactions.

e Remark: 90° bonds can lead to weaker FM interactions. Why: Hund’s rule for intermediate configuration
in p, and p, state favors |1,1) over |1, ]).

16 Heisenberg Model

Aims:

Introduce basic notions around quantum Heisenberg model

Mean-field theory (recap for FM case, new for AFM case)

Approximately include quantum fluctuations on top of ordered state by spin-wave theory.

Assess stability of ordered phase at T'= 0 and 7" > 0 depending on dimensionality.

16.1 Introduction

e The Heisenberg model is defined as

1 - 1 — Z Qz
H:JZsi-sj:JZ(QSjsj +55 Sj++SZ~Sj) (20)
(i) (i)

where we assume spin S = 1/2 and nearest-neighbour couplings.
e Symmetry:

— Global SU(2) spin rotation, S; — RS;R for all i with R = exp (—i¢n Y, S;) and unit vector n € R3
defining rotation axis.

e Remarks:

— Exactly solvable in D=1 (Bethe-Ansatz, 1931)
— FM case J < 0, the exact ground state is known for all D: It is a simple product state, |0) = [, ®[1);.
Note that the terms S; S;r act trivially on |0).

— AFM case J > 0, the exact ground state is not known (for D>1). Problem: The staggered state in
Fig. 33(a) is not an exact eigenstate of H due to S;rS; + h.c., but it is a good approximation to the
true ground state.

o Frustration:
— For lattices with particular motifs like a triangle in Fig. 33(b), there is not even a staggered state

that would be the unique ground-state of the S7S%-term (Ising model).

— Frustration might prevent magnetic order and can give rise to exotic disordered ground states like
quantum “spin-liquids”.
Example: Nearest-neighbor S = 1/2 AFM Heisenberg model on triangular lattice. The ground-state
is magnetically ordered, a few percent of next-nearest-neighbor coupling is needed to melt the order.

— Remark: If frustration stems from lattice, it is called geometric frustration. Also the coupling-type
in the Hamiltonian can result in frustration.
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Figure 33: (a) Staggered state on the square lattice. (b) Frustration for an AFM Hamiltonian on a triangle. (c¢) Mean-
field susceptibility for a FM and (d) the same for AFM.
16.2 Mean-field theory (reminder)

o Add magnetic field B in negative z-direction, H — H — h ), S7 with h = —2upB.

e Mean-field approximation in H:

Si-8; — (Si) -8 +8Si- (85) — (Si) - (Sy) (21)
which implies that fluctuations (thermal and quantum) are small, (S; - S;) = (S;) - (S;).

e Recall: Coordination number z, the number of nearest-neighbors. For hypercubic lattices z = 2D.

Mean-field approach to FM case (J < 0)
o Ansatz (S;) = (S?) for all .. Up to a constant term, obtain
Hyp = — (J2(S%) +h) )Y _ S (22)

()

which is the Hamiltonian of a (independent set of) free spin S = 1/2 in a magnetic field (which depends on
(S#)!). The magnetization has been found in Eq. (10). We obtain the familiar self-consistency equation

for (S%):
1 h+|J|z (S?)
Y= —tanh | ———* 2
(57) = 5 tanh () (23)
e Set h = 0, obtain critical temperature T, = % and critical exponent § = 1/2 as in Part L.

o Magnetic susceptibility at zero field (use m* = —2Npup (S*) and h = —2upB):

om? PR
X0 = Z-lB=0 = AN B0 () 1 (24)
v 1+ 2]z, (59| 12 (5°)
IR + |J|20, (57) 1= _ z h=
()// t\b ") ‘//:() = 4]T 0 cosh 2 (WO> (25)
which can be solved for 9y, (S?) [n—o. We find
1 >1. Np2
_ 2 e B
xo=Nupo 3 (L) _ 1 "ToT, (26)

which is of the Curie-Weiss form, see Fig. 30(b).

o The susceptibility xo for all 7' is shown in Fig. 33(c). Below T, the susceptibility becomes anisotropic.
We so far calculated xo = xp,| with the magnetic field applied parallel to the magnetization B | e..

o The transversal susceptibility xo ; with B L e, diverges as the magnetization can be rotated by an
infinitesimal field. This reflects the presence of a gapless Goldstone mode due to broken continous
symimetry.
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Mean-field approach to AFM case (J > 0)

16.3

Split the lattice into sub-lattices A,B. Ansatz (S;) = <S§LB> for i € sub-lattice A,B.
Note: The nearest neighbors of ¢ on sub-lattice A are on sub-lattice B. Obtain with hy p = —J% <sz41,3>:

Hyp=—hay Si—hpy Si—h)»_ 5; (27)

i€EB €A

Self-consistency equation:
) 1 h—Jz(S% 1)

Set h = 0, obtain (S%) = — (S%) = (S%) which fulfills the same self-consistency equation as in the FM
case. We find the same T, which is known as the Néel temperature T.

Magnetic susceptibility at zero field:

1
T—‘rTN

Xo = 2N 1% (0 (S3) + 0h (S3)) Ihmo =2 ... = Nyt (29)

The susceptibility is shown in Fig. 33(d), it does not diverge and splits below Ty into a constant transversal
part xo,1 and a decaying X, -
Notes:

— The susceptibility to a hypothetical staggered field (taking opposite values on the two sub-lattices)
would diverge.

— The critical temperatures of an AFM and FM on the same lattice are only the same in MFT, but
quantum effects make them differ.

Spin-wave theory

Q: What are the excitations of a magnetically ordered Heisenberg system? Naive expectation - spin flip:

T = 11U would cost energy O(J).

This is wrong, the spin-flip excitations are delocalized over the lattice such that they are gapless spin-
waves (=magnons).

16.3.1 Spin representation: Holstein-Primakoff bosons (see Ex. 14.1)

Generalize to arbitrary spin-S, introduce one boson per site, [bi,bj-] = 0ij, n; = b;rbi and b;-r |ng) =
v+ 1lng +1), bing) = /nln; — 1)

St =125 —n; b;

ST =bl\V25 -,

S;i=8-—n;
The representation fulfills the spin algebra. From the last line, the correspondence between S7 quantum
number and boson occupation is m; = —n; + 5. What about n; > 257 Problem: S7 has only 25 + 1

eigenvalues m; = =5, —S5+1, ..., S whereas n; = 0,1, 2, ... has infinite number of eigenvalues. The Hilbert
space is too large and we need to restrict to n; < 285.

The vacuum of bosons n; = 0 for all ¢ corresponds to the fully polarized state 1111 ....

Note: Holstein-Primakoff bosons single out one direction in spin space. The S? direction is used to
define their vacuum. This is why Holstein-Primakoff bosons are used to describe phases with broken spin
rotation symmetry.
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16.3.2 Spin-wave theory for ferromagnet (J < 0)

« Insert Holstein-Primakoff representation in Heisenberg Hamiltonian

1 - 1 - Z QZ

\J|Z<S\/1 bbT\/125+bT\/ 2”—5 géb+(8 )(Snj)>

o Assume that at low T, we are close to the fully polarized ground state state such that n; <« 25. This is

the case if S is large. Then expand /1 — & =1 — 7& + O(S72) and keep only terms to order S*0 and
drop terms of order 1/S and smaller.
Nz
H = —|J|8*= +1JIS Y (b1bi -+ blb; — blbs — bl ) = 171> "bibTbb” +
(i) (i)
= H0+H1+H2+...

e Term Hj contains the classical ground state energy FEjy.
e Term H; S describes spin-waves. It can be diagonalized with a Fourier transform, b; = \/% Sy e XRipy

We find

H = |J|S Z Z ( i(k—k)R; + e~ i(k—K)R; _ ,—ikR; ik'Ri _ efikRiefik’RJ) bLbk’

= ZUISZ 1 — cos [k - AR])b] by
k AR

=Wk

where AR are the nearest-neighbor vectors and the dispersion wy = 2|J|S(D — 25:1 cos k) describes
parabolically dispersing spin-wave excitations (=magnons) that are gapless at k = 0.

e The occurrence of a zero-energy mode follows from Goldstone theorem: Spontaneous breaking of a
continous symmetry (here SU(2) spin-rotation) results in a zero-energy “Goldstone” mode.

e Term Hs: Interactions between spin-waves. Hard to treat and sub-leading for large S. Discard.

o Consistency check: Is n; < 2S5 really true? Check if (S?) is close to S.

(S0 =8~ ) = S~y ) =S~ oy [ P (30)

The integral is dominated at small k where wy ~ |J|Sk? is small and can be easily occupied thermally. Ex-
tend the k-integral over all space up with a lower boundary set by system size A = 27 /L and approximate
the fraction,

QD * D—-1 1 QD D-3
Sy~ § — WP L g W [Typsg 31
80)= 5~ 1555 | a71ske = @mPals 3!
The integral is yields
- 1/A D=1
/ EP3dk ~{ —InA : D=2 (32)
A

const. : D=3

and we are interested in the behavior of the integral as the system size L grows and A — 0.
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Figure 34: Schematic spin-wave dispersion for nearest-neighbor FM (red) and AFM (blue).

— D =1,2: The integral diverges for any finite 7', the magnetization is not close to S but goes to —cc.
Spin wave theory is not valid. Although the result for (S?) is unphysical result, we can infer that
the magnetic order melts.

This is in agreement with the [Mermin-Wagner-Hohenberg theorem: Continous symmetries
cannot be spontaneously broken at 7' > 0 in D < 2 dimensions with short-range interactions.]

3/2
— D = 3: Closer inspection of the convergent BZ integral reveals S — (S?) = 4(38/2) (W|§|S) . T3/

which is small for small enough 7. The magnetic order survives finite 7T'.

16.3.3 Spin-wave theory for anti-ferromagnet (J > 0)

We chose the staggered state [Néel state, see Fig. 33(a)] as the reference state.

Recall: This is not an eigenstate for the AFM Heisenberg model — Look out for the effect of quantum
fluctuations at T' = 0.

Introduce two types of Holstein-Primakoff bosons, one for each sub-lattice. Drop the /= factor right
away to neglect interactions. The state with n; , = 0 = n;; is the Néel state.

T

e

— Sub-lattice B (spin down, b-bosons): S7 = +n;j, — S5, S} ~ bg, S ~b;.

— Sub-lattice A (spin up, a-bosons): S7 = —n;, + 9, S ~a;, S; ~a

Insert in spin Hamiltonian:

Nz
H=—JS"="+J5 3 (ala;+bb; + aib; + bla]) (33)
(i),i€A,jEB
~ | ikR; 1 —ikR;
and perform Fourier transform a; = TN >ke ax and b; = Nop) DK€ by
We obtain
H = Eo e + 782y (aax + bibi + mc [axcbic + blal]) (34)

k
with v = % 25:1 cosky, and Eg pp = —JS’Q% = —JS?ND the mean-field g.s.-energy.

The latter two terms are anomalous as they do not conserve the boson number. This is analogous to
what happens in the fermionic BCS mean field theory.

We apply a canonical Bogoliubov transformation a,b — «, 8 to get rid of the anomalous terms,

ax = cosh Oy — sinh Gkﬁlt

by = —sinh GkQL + cosh 6y i

Since the transformation is canonical, the new bosonic operators ay, By still fulfill the standard bosonic
commutation relations.
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e We find with ¢ = cosh 8y, s = sinh 6y

H = EO,MF + JSZZ {28%{ - 2’chk5k}
k

+ JSz Z {012{ + si — QVkSka} (OzLOzk + 51T(ﬂk)
k

+ 823 {onc (st + k) — 2ausc} (Bl + ncBic)
Kk

The last line with the anomalous terms vanish if we pick 8y such that tanh 26y, = ~.. Then we have after
some algebra for hyperbolic functions (cosh™!z = /1 — tanh? )

N
H = Boyr—JS25 +) JS2\/1-% (aLak + Bl B + 1)

k N——
=wk

o The magnon dispersion close to k = 0 is wyp ~ JSz\/l — ﬁ [D — k:2/2]2 ~ 2JSv/Dk. This vanishes
linearly, i.e. with a finite velocity in contrast to the parabolic dispersion for the FM case, see Fig. 34.

Zero temperature (ground state)

e Ground state is the vacuum of o and S-bosons.

o Energy: kg = Eomr — J Sz% + >k wk can be calculated numerically and is smaller than Ey a/r. The
results are shown in the table. For S = 1/2, agreement with Bethe-ansatz (1D) and Quantum Monte
Carlo (2D) is surprisingly good.

T=0(gs.) | Eo/Eomr Eo/(NJ)|s=1/2 m*(Q)/mZy | m*(Q)/miuls=1/2
SWT SWT | exact SWT SWT | exact
D=1 1+0.363/S | —0.4315 | —0.4434 divergent | divergent 0
D=2 1+0.158/S | —0.658 | —0.669(2) || 1—0.197/S | 0.607 | 0.614(12)
D=3 1+0.097/S - - 1—-0.078/S - -

o Staggered magnetization [at wavevector Q = (7,7, ...)]

m*(Q) = —2up((Sa) —(SB))
= —2up(2(S4))
= —2up (25’ -2 <azai>)

4
= Mmiy+ % Z <cosh2 QkaLak — sinh 6y cosh Oy B oy — cosh By sinh GkQL@t + sinh? Qkﬂkﬁlw
k

The two anomalous middle terms vanish and we use <aLak> = np(wg) 5 0 and <ﬂkﬁl> =1+

np(wk) 51, We use sinh? 6 = (1/4/1 =~ —1)/2. We find

P : 1 1 T 1
m (Q)/msat =1- ﬁ (27{.)D /71- "k (m o 1) (35)

— D = 2,3: The integral converges. See table for numerical value. Néel state is not real ground state
of AFM Heisenberg model, the true staggered magnetization (in 2D) is reduced to ~60% of the
saturated magnetization.

— D =1, the integrand ~ 1/k and is thus infrared log-divergent (ground state is disordered by quantum
fluctuations). Note the difference to the ordered ground state in the D =1 FM case.
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Finite temperature

e As before, we find that staggered magnetization survives thermal fluctuations only in D = 3,

_2ﬁmB<T>2

144 \JS

m*(Q,T) ~m*(Q,T =0) (36)

which is different from the ~ T3/2 law for the FM.

Exercises

Exercise 16.1. Spin-wave theory for FM XY model on 2D square lattice: Nearest-neighor vs. dipolar coupling

Consider the ferromagnetic XY model on a 2D square lattice with lattice constant a = 1 for spin length S = 1/2,

H= =" (jr; —xj]) (S7S7 + SY8Y). (37)
i#]
Note that each bond is counted twice! We are mostly interested in the long-range coupled case J%P-(r) = |.J|/r3
but also consider the nearest-neighbor (n.n.) case, J""(r) = |J|0, 1, for reference. The goal of this exercise is
to understand how the long-range model emerges from dipole-dipole coupling and how the long-range nature
drastically alters the predictions from spin-wave theory when compared to the n.n. case.
1) Motivation for long-range coupling: Consider magnetic moments m; = (S7, SY, S7) on the sites r; of a square
lattice interacting with dipole-dipole interactions Hp ;j ~ r;jf’[r?jmi -m; — 3(m, - rj;)(m; - r;;)] and show that
the in-plane nature of r;; = r; — r; = r;;(cos ¢, sin ¢y, 0)T L e, simplifies Hp to
1 A .
+o- _ g-g+ —2i¢i; o+ gt | ,+2idi g— g—
Hpij ~ 15 [—SZ. ST —S7S7 +45757 —3 (e 9 G 5F 4 eT29 5 5 )] . (38)
ij
If a large Zeeman field ~ h(S7 + S7) = hM;; is present, the dynamics caused by Hp;; can be restricted to
=, say M7 = 0 and we can drop off-resonant terms. Argue that in this case, the

the subspace of the initial M7,
long-range XY-Hamiltonian (37) emerges.

2) Assume a classical ordered state with spins pointing in the negative x-direction. Show that the energy per

site in this state in mean-field approximation is ey yr = O’TMF = —|J|® where the Fourier transform of the

coupling is defined as
1 -
= > eI (Jry). (39)
| |r‘7$0
J
Note that ey is real-valued, positive and fulfills e_, = e due to inversion symmetry. Show the following
leading-order behaviors for small k£ around the ordering wavevector k = 0,

= o conk?+ ... (nn.) (40)
Cdip.k + ... (d’Lp)

where the positive constants ¢y ,. and cg;) do not need to be determined.

3) Spin-wave analysis: Adapt the Holstein-Primakoff bosonic representation to the situation that the magnetic
order is in the negative x-direction, e.g. S¥ = n; — 1/2. You can work with S = 1/2 and drop the square-root
term in SY” right away. Insert in Hamiltonian (37) and use a Fourier transform a; = ﬁ Sk ey and a

b U —v a
(2)-(a ()

with ufl —vg =1to eliminate anomalous terms bLbik and byb_x. Show that the spin-wave Hamiltonian and
dispersion of Goldstone modes from broken U(1) symmetry reads:

1 k I n.n.
H=Eyyr+Y Ex+ Y Exblbg, where Ex = |J|\/0 (€0 — ex) ~ (42)
2 k k \/E

Bogoliubov transform

: dipolar
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4) Compute the spin-wave correction to the classical magnetization Am® = (S¥) 4 % = <aTai> =¥k <a;r(ak>

(A
and show that
1

1 2e9—ex 1 1
Am® = — - ——1. 43
Nzk: (4 Vo (20 — ex) tanh 25k 2) 43)
Consider the cases T' = 0 and small 7' > 0 separately. In which cases (n.n./dip. and T'= 0/T > 0) does the
momentum sum converge? What can you conclude about the ordered or disordered nature of ground- and low-

temperature states for the n.n. and dipolar model? Is there a contradiction to the Mermin-Wagner-Hohenberg
theorem?

17 Antiferromagnetic Heisenberg chain (D=1)

e We consider the AFM n.n. Heisenberg chain

N

H=1J7) 8iSi, (44)
i=1

with J > 0, N even and periodic boundary conditions, Sy4+1 = S;.

e We have seen that AFM interactions in D = 1 are special: Even at T = 0, staggered magnetization
vanishes by quantum fluctuations.

e« What are the properties of the ground-state and the excitations? Important: Keep spin-length S =

%, 1, %, 2, ... general as this will matter!

Bipartite lattice

« A lattice with couplings J;; that can be separated into two disjoint sub-lattices A and B where J;; are
non-zero only for i € A, B € jori € B,j € A is called bipartite.

o Examples for bipartite lattices: Nearest-neighbor (n.n.) coupling on a chain (D=1), the square lattice
(D=2) or the cubic lattice (D=3)

o Examples for non-bipartite lattices: Chain with n.n. and next-n.n. coupling (D=1), triangular lattice

(D=2) with n.n. coupling.

Marshall’s theorem (any D)

o Total spin defined as S, = >; S;. For Heisenberg systems, [H, S;y] = 0, the total spin in each of its
three components is conserved.

e Theorem: Consider the Heisenberg model on a bipartite lattice with sub-lattices A and B of equal and
finite size and J;; > 0 (AFM) for all i € A, j € B (or vice versa) and every pair of sites connected by a
string of bonds with Ji; # 0: The ground state |0) is (i) non-degenerate and (ii) a singlet of total spin,
i.e. Sior [0) = 0.

Remarks:

o Proof can be found in [Auerbach]. Simple check: AFM Heisenberg dimer with g.s. [0) o |1,]) — [}, 1)
which is indeed non-degenerate and a singlet.

e The theorem does not uniquely determine the g.s. In general, there are many total spin singlet eigenstates,
that are not the ground state.

e The theorem does not contradict a SU(2) symmetric degenerate manifold of ground states allowing for
spontaneous symmetry breaking. This happens only for N — oo.
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Lieb-Schulz-Mattis theorem [for Hamiltonian (44)]

o Theorem: For half-integer spin, S = 1/2,3/2, ... there is an excited eigenstate with energy that approaches
the ground-state energy Fy as N — co. (The chain is “gapless”.)

Proof:

o Denote the (non-degenerate) ground state of H by |0), define state |1) = U |0) using twist operator
U= H —1 €Xp {z 2 Sz} which rotates spins around z-axis by an angle increasing linearly with position j,

e.g. UMMM o NI N\— ). Note: |1) is not necessarily an eigenstate of H.

e Define unitary translation operator 717, TlszlJr = S;41. Since [H,T1] = 0, all eigenstates of H are also
eigenstates of the Ty, in particular the g.s., 71 |0) = €% |0) with kg € [, 7).

o Overlap (0[1):

(0[1) = (O[U]0) = (O|TI T U T T1]0) = <0|6_Zk0]:[exp [ZS } ¢i#0]0). (45)
e j=1

The e cancel. We split off the contribution j = N from the sum, recall the periodic boundary
conditions, S5, ; = Sf. Then we shift j — j — 1 and note that the j = 1 contribution is trivial,

(0]1) = (0| (H exp [ )SZD exp [i2755]10). (46)
The parentheses are almost the U operator, up to exp [—z%ﬁ Z;yzl Sﬂ which involves S7,. We have

(01) = (O|U exp [127.57] exp [-i%s;ot} 0). (47)

We invoke Marshall’s theorem (bipartite, with N/2 sub-lattice sites each). Thus S7,|0) = 0. We are left
with (0]1) = (0|U exp [i2wS7] |0) and note that S7 has eigenvalues mj = —S,—S +1,...,.S. Thus

1 :5=1,2,3,...
exp [i27S7] = * (48)
-1 :5=1/2,3/2,...
We only get a non-trivial result for the half-integer spins:
(0[1) = = (0]U]0) = —(0[1) (49)

and conclude (0[1) = 0, the states are orthogonal!
o Energy expectation value for |1):

ey = (ojutauo)

N
= IO [5755,0+ SYSL + 5587,1] U0)

e
=

Il
—

= J
J

2m|y + 1 2l + 1] ,
+< > <COS WS;CH + sin W{?VHS)L’H)

27Tj , 27[j + 1] . 2m[j+1]
+ <COS — sin NS?> <cos TS’;’H —sin ——— ;-‘H)

N
1 |0>

+S7S
= Z (0] cos 27 ( TSE o+ 57 S]H) + sin 27 (stjﬂl Sy ]+1> +57551110)
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The middle parentheses vanish because they go to their negative under a global mw-rotation around the
(1,1,0) axis in spin space which lets S;"¥ — S/ but does not affect the singlet |0).

e We finish the proof with a a few inequalities:

N
2w o o
AH|L) = o+ (0] [cos - 1] (7871 + SUS2.,) [0y (50)
=1 . ,
<0

and use (0| (SfS;”H + SE?’SJZ-’H) |0) > —252. Finally, we use 1 — cosx < x?/2 and obtain

2
(1|H|1) < Ey +2JNS? (1 — cos ;fr) < Fy+ 4n%JS%/N (51)

N—oo

so that (1|H|1) — Ey — 0.

o Since (0|1) = 0, the state |1) is a superposition of exited eigenstates. If all excitations were gapped, this
would lead to a contradiction. Thus at least one excited eigenstate needs to be gapless. Q.E.D.

o Remark: Model (44) with integer S = 1,2,3,... has an excitation gap (“Haldane gap”).

Spinon excitations

e Recall Goldstone theorem: Spontaneous broken continous symmetry — gapless excitation.
Lieb-Schulz-Mattis theorem shows that one does not need spontaneous symmetry breaking to obtain
gapless excitations. (The g.s. of the 1D AFM Heisenberg chain is not ordered.)

o The gapless mode in the 1D-AFM Heisenberg model (assume S = 1/2) cannot be a magnon, since we
have no long-range ordered background. Question: What is it?

e Recall: The g.s. of the 1D-AFM chain is close to a superposition of staggered configurations in all
directions ((S;) = 0, no spontaneous breaking of spin-rotation symmetry, power law algebraic correlations

(8¢5%,,) ~ (=1)"/n). Snapshot of a correlated region is shown in Fig. 35.

o We (= an experimentalist’s neutron which also has S = 1/2) can flip one spin at energy cost ~ J. This
is a |S| = 1 excitation (S =1/2 - S =—-1/2).

o Follow idea of magnons: Gain kinetic energy by moving the excitation by the S]-*S 1t h.c. terms in H.

o We see that two domain walls (“kinks”) emerge which move independently and carry away only spin
S = 1/2. They are called spinons.

o Compare to magnon in 1D FM (Ising) setting: Can only move the flipped spin as a whole ( /1111 —
AT = PPt = )

o Spinon: Example of a fractionalized excitation. (Other example: Fractional quantum Hall effect where
electron charge is fractionalized, e.g. v = 1/3 plateau state.)

o Separating spinons does not cost further energy (deconfined). — Spinons are well-defined quasi-particles.
From Bethe ansatz: wy = 7"2—‘]] sin k| (sharp dispersion!)

o The same strategy does not work in D = 2,3, ... due to the region of flipped spins (-----) left behind which
would create an energy cost proportional to separation.

e Remark: The discussion above draws intuition from Ising limit but stays qualitatively correct in Heisen-
berg case. The domain walls are then smoothed out.

e Spinons in neutron scattering experiment: Besides AS = 1, neutron deposits momentum ¢ and a tell-tale
energy wq. How does w, look as a function of g7
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Figure 35: (a) Schematic sketch of spinon excitations (red) that emerge from a local spin-flip. (b) Continuum in w, for
elastic neutron scattering as indirect experimental evidence for spinons.

— Two spinons are created that carry ¢ = ky + k2 and wy = wg, + wg, ~ |sink;| + |sin kz|. Thus there

are many possibilities, expect continuum signal and no sharp features (only individual spinon has
sharp wy,).

— Limiting cases (i): k1 = ¢, k2 = 0 or k1 = 0,ky = ¢ leads to wy, = %|sinq|. (ii): k1 = ko = q/2
leads to wy = 2 x & |sin(q/2)|.

— With all intermediate cases, obtain the continuum with boundaries from the limiting cases in

Fig. 35(b). This has been measured in KCuF3 where the magnetic Cu atoms are arranged in
well isolated chains [Tennant et al., (1993)].

- ---06.02.2023

18 Non-magnetic states: Variational wavefunctions and parent Hamilto-
nians

Use variational principle and educated guesses for variational wavefunctions to better understand non-
magnetic ground states.

Similar philosophy as in fractional quantum Hall effect (e.g. Laughlin’s wavefunction)

o Focus on S =1/2 (can be generalized to any S)

Parent Hamiltonian: A (contrived) Hamiltonian for which variational wavefunction is exact. Might still
offer insights for more realistic models close in parameter space.

Valence-bond states

» For a given lattice, let A, be a configuration of bonds (i7) such that each lattice site belongs to one bond.
See Fig. 36(a) for an example on the square lattice.

e For each A,, define a product state of singlets

oy =TI (tady) = aty)) /v2 (52)

(1,3)€Aa

with Syt |a) = 0 (c.f. Marshall’s theorem).
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Figure 36: (a) Schematic sketch of possible configuration A, for square lattice. (b) Spin chain: Two n.n. choices for A,,.
(c) Numerlcal phase diagram of the AFM J; — Jo-Heisenberg chain (58).

o The state |a) breaks translational symmetry, and A, determines spin-correlations:

3/4 k=1
(a|Sk-Sila) ={ —=3/4 : (k) € Aq (53)
0 : otherwise

The correlations are short-range if A, contains bonds of finite size.

o General valence-bond state (still spin singlet): Pick ¢, € C,
[{ca}) = D _cala) (54)

Note: Such a general valence-bond state can restore translational symmetry.

o Resonating valence bond state (RVB): |{c},) with macroscopically many |a) contributing. (This was
first proposed by Phil Anderson for the frustrated n.n. triangular lattice AFM.)

Example: Heisenberg AFM chain

o Consider again Hamiltonian (44), we still want to understand ground-state better.

o Due to n.n. nature of H, use n.n. valence bond states AL of Fig. 36(b). Use both to avoid translational
symmetry breaking. Since (+|H|+) = (—|H|—), the c+ are not suitable for variational calculation.

o Check how state |£) performs against Néel state |N):
1 2
(NIH|N) = —7JN==2JN
3 J 3
LH|E) = —SN=-2JN
(HHIE) = —SIN=-21

The valence-bond state gives a tighter bound on the g.s. energy.
Fact: The true g.s. is in fact similar to valence-bond state, but with macroscopically many and long-ranged
contributions |«).

Majumdar-Ghosh Hamiltonian

o Q: Is there a H so that |£) of Fig. 36(b) is exact g.s.? Yes, but need to add next-n.n. coupling.

o Majumdar-Ghosh Hamiltonian with K > 0 (non-bipartite!):
1
HMG = K; (Sz . Si+1 + 581 . Si+2> (55)

125



Proof

that |+) are g.s. of Hy:

Define J; = S;_1 +S; + S;+1 so that J; - J; has eigenvalues J;(J; + 1) with J; = 1/2 or 3/2 (addition of
angular momenta).

Projector to J; = 3/2 case: P, = (J; - J; — 3/4) /3. (Check: P? = P;, however [P;, P;] # 0!)

Rewrite
1 3
P = 3 (Sic1+S;i +Si41) (Si—1 +S; +Si1) — 1
1 2
=513 (Si—1-Si+Si-1-Sit1+Si-Sit1)
so that we have twice a n.n.-bond and one next-n.n.-bond as in Hy;¢.
Express Hy;q with P;:
3 3NK
Hyc=-K» P— ——
MG = zz: 5 (56)

In |+), the J; = 3/2 cannot appear. Indeed J; = S;_1 + (S; + Si+1) = (Si—1 + Si) + Si+1 and either the
first or second parentheses refer to total spin zero, so only J; = 1/2 is possible. Thus

3NK
Hyg|) = === |4) (57)
Lower bound for g.s. energy Fy: The lowest eigenvalue of Hj;g cannot be smaller than the sum of the
lowest eigenvalues of its individual terms. The lowest eigenvalue of P; is 0, thus Fy > —% which is

saturated by the eigenvalue of |+).

Generalization: J; — J» AFM Heisenberg chain

19

Aims:

Interpolation from n.n. AFM Heisenberg chain to MG-model: AFM J; — Jo-Heisenberg chain

H= Z (J1Si - Sit1 + J2S; - Sit2) (58)

Phase diagram is known numerically, see Fig. 36(c).

y \ Jo/J1 € ]0,0.2411) | Jo/J1 € (0.2411,00) |
excitations gapless gapped
valence-bonds | macroscopically many long-range |o) | dominated by |+)
| (S Sitn) ]| ~ 1/n (algebraic decay) ~ exp(—n/§)

Kitaev’s honeycomb model

Q: Does spin fractionalization and quantum spin liquid exist beyond D=17
No realistic parent Hamiltonian is known for D=2 resonating valence-bond state.

[A. Kitaev, (2006)]: Exactly solvable spin S = 1/2 model in D=2. Fractionalization of spin-1/2 in
Majorana fermions.

Proposals for material realization in spin-orbital J.r¢ = 1/2 Mott insulators. Most famous material to

date: a — RuCls.
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Majorana operators

Figure 37: (a) An elementary hexagonal plaquette of the honeycomb lattice with bond directions labeled as z,y, z. (b)
For the classical model, the g.s. is highly degenerate and once can expect quantum fluctuations to cause a superposition of
these states. (¢) The S = 1/2 at each lattice site are represented by four Majorana fermions. The resulting Hamiltonian
H features interactions between four adjacent Majoranas in the colored regions. (Figures adapted from [Kitaev, (2006)]
and [Tagaki et al, Nature 2019])

Spin-Hamiltonian
o Spins S = 1/2 on sites of a honeycomb lattice, see Fig. 37(a).

o Ising interactions along links, special feature: Axis of Ising interaction depends on orientation of link (—

frustration)
H:—JxZUff—JyZaf?—JZZJij (59)
(is), (is), (is),
The signs of J,, . do not matter for what follows, they can be flipped by unitary rotations (e.g. flip J,
by applying m-spin rotation around x-axis along every other horizontal zig-zag line).

o Classical picture (spins S replaced by vector, assume FM interactions): Huge g.s.-degeneracy, can make
1/3 of the bonds happy, see Fig. 37(b). Hope: With quantum effects, have superposition of classical g.s.,
similar to RVB state.

o Plaquette operator for plaquette p [see Fig. 37(a)] W, = ofojoj0iolof commutes with H and W, for
p’ any other plaquette. We also have Wg = 1 so that W), has eigenvalues w, = £1 (=“flux”) which can
be chosen for each plaquette.

o+ Unfortunately, this is not quite enough for exact solution: Of each spin, only 1/3 belongs to a plaquette.
Thus we have 2 spins per plaquette, but only one constraint.

Majorana Hamiltonian

o Majorana fermion operators: For usual fermions f, (a = 1,2,...n}, we have {f,, fJ } = d4p. For each a,
define the two Majorana operators naq_1 = f, + f1 and 12, = (fo — f1)/i. It is easy to check that 77]2- =1

and {n;,n,} =0 for j # k.

o Kitaev Majorana spin-representation (c.f. Ex. 14.1): Four Majoranas b7,b!,b?, c; per site 67 = ib¥c;,

6! =iblc;, 67 = ibfc;. Faithful for S = 1/2 only in subspace D; = b¥b!b?¢; 21 (D? =1and [D;, H =0
for any spin Hamiltonian, thus D; = +1).

o Projector on physical subspace: P =II;P; with P, = (14 D;)/2.
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e In the Kitaev-Majorana representation, the Hamiltonian reads

H=il, Y (i) cicj +idy Y (bY8Y) cicy + i Z (0703 cic; (60)
(i), (), (i),

see Fig. 37(b).

o Key fact for exact solution: Extensive set of conserved quantities. Define

ib7b7) : (ij) = = — bond
Uij = z'b%’b? : (ij) =y — bond (61)
ibibs ) :(ij) = 2z — bond

with U;; = —Uj; and see that (i) {FI, Uij} =0, (ii) [Uij, U] = 0. Since U7 = 1, we have eigenvalues
u;j = £1. These eigenvalues can be chosen individually for each bond.

 Hopping Hamiltonian for ¢;;: The Hilbert space of H splits into eigenspaces that are indexed by the
configuration of u; denoted by u, £ = @, L,. Relation between physical w, and u (in physical

subspace):
H Uij (62)
(ij)€dp

« Note: Seen from the c-Majoranas, the u;; = £1 are similar to Peierls phase factors as from hopping in
the presence of a vector potential = gauge field. Thus w;; is called a Zy gauge field. A local Zy gauge
transformation changes ¢; = —¢; and b — —b§* for all @ = x,y, z. This does not change ¢§* = ib{'c;.

o If restricted to £,, H is a non-interacting hopping Hamiltonian for the ¢;-Majoranas,

f{u = in Z U;5CiCj + in Z UjjCiCy + iJZ Z UjjCiCy (63)
(15} (i), (i5).,

e Huge simplification: For N lattice sites, we only have to diagonalize N x N Hamiltonian for c-hopping
problem instead of 2V x 2V Hamiltonian for the original spin model.

e Procedure for finding the g.s. of H:
1. Fix some w, = %1 for all p
. Find any u satisfying Eq. (62)
. Solve the non-interacting Hamiltonian (63) and find its g.s.-energy Eo({wp}) and g.s. |¢({wp}))

2

3

4. Repeat for all {w,}, pick the {w,} than minimizes the energy

5. Compute physical observables from the state projected to the physical subspace, P |7,/J>

e Shortcut - Lieb’s theorem: For lattices with mirror symmetry that does not cut through lattice sites,
plaquettes of length 2 mod 4 carry zero flux in the g.s. (plaquettes of length 0 mod 4 carry 7-flux).

» Conclude: Set w, = +1 to find the g.s.! Suitable choice of u;; configuration u(9) which is translational
invariant: u;; = +1 if ¢ € even sub-lattice, u;; = —1 otherwise. See gray arrows in Fig. 37(c).

Spectrum of the Fermions in the Kitaev-Honeycomb model

o Translational invariance of H (0 suggests spatial Fourier transform. Follow Fig. 38(a) and use the basis

nio = (:l:%, %) and reciprocal basis g1 2 = 27 (jzl, f)
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Figure 38: Kitaev honeycomb model: (a) Choice of (reciprocal-) lattice vectors. (b) Ground-state phase diagram.
Adapted from [Kitaev, (2006)] and [Kitaev and Laumann, (2009)].

 Sub-lattice index A = {o, e} goes into a 2x2 grading, ¢y, » = ﬁ >k e*ik'rick)\ which leads to (ck’A)T =
c_x,x and k is from the BZ of the triangular lattice. We find:

H,o = 92 Z Ck,e (Ja:e_Zk‘m + Jye_lk'nz =+ Jz) C—k,o
k

o We move over to complex (ordinary) f-fermions, treating the Majoranas with &, < 0 as the other species.
Thus we need to restrict the k for fiy to kz > 0 (primed sum):

S = ckons fIL,\ = C_x,\

Note that (fk)\)T = flt 5 We get

B T T T ik-nq ik-no
Hyo =Xk ( fl?’. ) ( R (Jze Ty * Jz) ) ( ;k” ) + const.
fk,o c.c. 0 k,o

o The spectrum has gapless Dirac points at k* iff (...),_,. = 0. This will happen if the J,, . fulfill the
triangle inequality, |J;| < |J;| + |Jk|, (4,74, k) are permutations of (z,y,z). Otherwise, the spectrum is
gapped. This leads to the g.s. phase diagram of Fig. 38(b).

e For the symmetric case J, = J, = J, the gapless condition reads ek m 4 oik™ 2 — 1 which is fulfilled
for k* =27 (%, \/§> .
e Further facts:
— The A-phases are adiabatically connected to Toric code model (a spin model with 4-spin interactions,

exotic anyon excitations and topological order).

— Gapless B-phase can be gapped by breaking time-reversal symmetry, e.g. by physical magnetic field.
The Majorana bands carry non-trivial Chern number C, which leads to edge states and a quantized
thermal heat conductivity. This was claimed to be measured in « — RuClgin [Kasahara et al, Nature
559, 227 (2018)], but the result is highly controversial.
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