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Sheet 01: Mathematical Foundations

Solution Homework Problem 1: Composition of maps [2]

()

Since 02 =0, (£1)? =1, (£2)? = 4, the image of S under A is T = A(S) =|{0,1,4}|.

Since V0 =0, V1 =1, /4= 2, the image of T under B is U = B(T) =|{0,1,2}|.

The composite map C'= Bo A is given by |C': S — U, n— C(n) = vVn? = |n||.

A, B and C are all surjective. B is injective and hence also bijective. A and C' are not injective,
since, e.g., the elements +2 and —2 have the same image under A, with A(£2) = 4, and
similarly C(£2) = 2. Therefore, A and C' are also not bijective.

Solution Homework Problem 2: The groups of addition modulo 5 and rotations by
multiples of 72 deg [3]

()

(d)

+ [0 1 2 3 4 (b) . r(0)  r(72) r(144) r(216) r(288)
00 1 2 3 4 r(0) | r(0)  r(72) r(144) r(216) r(288)
1 (1 2 3 40

51 3 401 r(72) | r(72) r(144) r(216) r(288) r(0)
303 4 0 1 2 r(144) | r(144) r(216) =(288) r(0)  r(72)
4 (4 01 2 3 r(216) | r(216) r(288) r(0)  r(72) r(144)
The neutral element is 0. r(288) | r(288) r(0) r(72) r(144) r(216)

The inverse element of n € The neutral element is 7(0).

Zyis 5 —n. The inverse element of 7(¢) is 7(360 — ¢).

The groups (Z5, +) and (Rra, ) are isomorphic because their group composition tables are
identical if we identify the element n of Z5 with the element 7(72n) of Rrs.

The group (Rseo/m, *) of rotations by multiples of 360/n deg is isomorphic to the group
(Z,,, +) of integer addition modulo n.

Solution Homework Problem 3: Decomposing permutations into sequences of pair per-
mutations [2]


https://moodle.lmu.de/course/view.php?id=17525

(a) The permutation [132] is itself a pair permutation, as only the elements 2 and 3 are exchanged,
hence its parity is odd.

(b) To obtain 123 24 931 via pair permutations, we bring the 2 to the first slot, then the 3 to
the second slot: 123 =% 213 24 231, thus [231] = [321] o [213], with even parity.

Below we proceed similarly: we map the naturally-ordered string into the desired order one pair
permutation at a time, moving from front to back:

[3214 [1432]

(c) 1234 243214 ™9 3412 =  [3412] = [1432] 0 [3214] even

[3214 [1432] [2134]

(d) 1234 F29 3214 2% 3412 22 3421 =

15342]

(e) 12345 %

32145]

(f) 12345 2%

13245

15342 24 15243

21345

32145 2% 31245

[12435

[3421] = [2134] 0 [1432] 0 [3214] odd

15234 = [15234] = [12435] o [13245] o [15342] odd

[15342

P 31542 = [31542] = [15342] o [21345] 0 [32145] odd

Solution Homework Problem 4: Algebraic manipulations with complex numbers [3]

(@) (z+i)=(r+ily+1) =2 - (y+1)*+i2z(y + 1)
(b) oz Zz4+1 0 (z+iy)  (z+1-1y)
z4+1 z+1 z+1 (z+1+iy) (v+1—iy)
_ e+ D)+ iyl + 1) —ay) e+ 1) +y’ +iy
@1+ G+ |
(© Z_Z Z4i (z—iy)  (z+i(1—-y))
z—1i z—1 zZ4+1 (z+i(y—1)) (z—i(y—1))
_ P4yl -y +ile(—y) —yr) _|2* +y(l —y) +iz(l —2y)
2?4 (y — 1)? 2’ + (y — 1)° '

Solution Homework Problem 5: Multiplication of complex numbers — geometrical inter-
pretation [2]

21_\/§+\}g1'—>(\%>%§) ,01:\/%+%=% qbl:arctan(l) =2
ZQ—\/E—IH ( 3,—1) P2 = 3—|—1:2 ¢2:arctan<_%§) :HTﬂ-
23 = 2122 = (\/Lg \/Lgl)(\/g—i) ps=1/2+z+i+:=1 gbg:arctan(g;) =Z

— _ _
e T G ) P Gy = arctan(—l) =T

=2 V2= (V2,-V2)



25:21:\%_\%;1'_)(%@7_%) ps=1\s+5=3 ¢5 = arctan(—1) = X

As expected, we find:

P3 = P1pP2

P53 = P14+ P2

pe=1/p .
b1 =~ Rel2)
Ps = P1

¢5 = —h1

Solution Homework Problem 6: Differentiation of hyperbolic functions [2]

(ex + e—z)? _ All(e:v _ e—:v)Q

W=

(a) cosh®z — sinh?z =

=l +24+e ) -1 -2+ ) =[1].v
(b) dsinhe = Li(e" —e™) = L(e" +e7) =|coshz|. v
(c) Lcoshe = Li(e" +e7) =1(e" —e™) =|sinhz|. v
(d) i tanhe = [ dhe = cmbe s ) panl’a ), v

_ cosh®?z—sinh®z __ 1 _
- cosh? T cosh?z sech” z|. v/

d _ d coshz _ sinhz  cosh®?z __ _ 2
(e) dz cothz = dz sinhz ~— sinha sinh?z 1 — coth” ’ v
_ sinh?z—cosh?z __ o 1 | 2
- sinh? o sinh’?z csch” z|. \/

Solution Homework Problem 7: Differentiation of powers, exponentials, logarithms [2]

! _ 2 / . 1 1z 2 1
(@) fi(z) = 3%z (b) f'(z) = @212 2@2+1)32 (224 1)32
22
(©) f(x)=2ze'™" (d) f'(z) = Lel¥=der’in2= o295 19 = 97°27 In 2
1 1 2z T

oy 11 Ve o 1 _
(e) f(x)—mﬁ 2 2 (f) f(x)_\/zz+12\/x2+1_:c2+1

Solution Homework Problem 8: Differentiation of inverse hyperbolic functions [2]

The hyperbolic functions f = sinh and tanh are monotonic, hence the same is true for their



inverses, f~! = arcsinh and arctanh. However cosh(z) is non-monotonic, with positive/negative
slope for x = 0, hence its inverse, arccosh, has two branches, which we consider separately. For

1

each case we compute the derivative of f~! using (1) (z) = Ty 1)
Yy= - T

(a) arcsinh is the inverse of sinh, with sinh(arcsinhz) = x. The slope 3 sinha
of sinh, given by sinh’x = coshz, is positive for all z € R. Hence ) 3
sinh: R — R is monotonic, and so is its inverse, arcsinh: R — R. LS

/" arcsinh x
1 1 B —
arcsinh’ z = —— = , P | b

sinh’(y)|y=aresinn> ~ cosh(arcsinhz) 7

1 1 -

= = . -3
./ 2
\/ 1 + sinh?(arcsinh z) 1+

(b) arccosh is the inverse of cosh, with cosh(arccoshz) = x. scoshz
We consider the two branches of arccosh, with slopes of opposite 5 I
sign, separately. 1 T
I: The function cosh: (0,00) — (1,00) has positive slope, farccosh
cosh’ z = sinh z, and inverse arccosh: (1,00) — (0, 00). 32 - I
Il: The function cosh: (—o00,0) — (00, 1) has negative slope, -
cosh’ z = sinh x, and inverse arccosh: (1,00) — (0, —00). E
Using upper/lower signs for branch I/1l, we obtain -3

3
1 1 coshav\i
arccosh’ z = = 11
cosh’(y)|y=arccoshz  sinh(arccosh z)
_ +1 _ +1 B R 2 3
2 2 —1| -1 .

cosh”(arccoshz) —1 [ V"~~~ T

-2 arccoshz
Unless stated otherwise, the notation arccosh refers to branch I. -

(c) arctanh is the inverse of tanh, with tanh(arctanhz) = x. The slo- 3 arctanhz
pe of tanh, given by tanh’z = sech®z, is positive for all z € R. )
Hence tanh: R — (—1,1) is monotonic, and so is its inverse,
arctanh: (—1,1) — R. tanh

32 1 23
1 1 !
arctanh’ z = - = 5 >
tanh’(y)[y=arctannz  sech”(arctanh z)
3
B 1 B 1
1 —tanh®(arctanhz) |1—22|

Solution Homework Problem 9: Integration by parts [4]

/

(a) I(z) = /OZ dz ; sin??x) = [; (—%ccfs(?x)) r - /OZ dz li/ (-3 covs(Zx))

0

=| —3zcos(2z) + §sin(2z2)




I'(z) = —% [cos(22) — 22sin(22)] + }12 cos(2z) L zsin(2z2) I(%) L

I
(b) I(z2)= / dx 2% cos(2z) = [xQ %sin(Qw)]z —/ dz 2z $sin(2z), use (a):
0 0 0
@ 12%sin(2z) + 1z cos(22) — 1sin(22) I(%) L -7
I'(z) = zsin(22) +2” cos(22) + 3 cos(2z) — z sin(22) — 1 cos(22) L 2cos(22)
(c) I(») :/0 dz (Inz) z = [(lnx) %xQK —/0 dz 1 12%=|(Inz)iz*—12°
I'(z) = i;zQ—i—(lnz)z—%zé(lnz)z I(l)é—i
(d) I(z)= [ dz(Inz) 2" = [(lnx) #13:"“] —/ dz 1 —a™!
0 0 0
= (ln Z)%Hzn-‘rl — mznﬂ [for n > —]_]

To evaluate [In(z)z"*1] _,, we set m =n + 1> 0 and used the rule of L'Hépital
(see sheet 01, optional problems 3,4):

1 il —1 m m
In(z)z™| _ — lim % — Jjm = Ilx:limx— L =070].
=0

= —lim |—
z—=0 ™ z—0 dil’_m z—0 —mg~(m+1) =0 | m
x

The divergence of In(z) for z — 0 is so slow that any positive power of = suppresses it.

n n n ¥ n v oo
I'(z)= %%Hz 4 (Inz)" — %Hz = (Inz)z I(1) = W
(e) I(2)= / dz cosx cosz = [cos:c sin a:] - / dz (—sinz sinx)
~— —
‘ ’ ’ cos?2z—1
:coszsinz—f(z)—i-/ dr 1, solve for I(z):
0
I(z) =|3(cos zsinz + 2)
/ 1 2 2 v 2 Vo
I'(z) = 5(—sin® 2z + cos™ z + 1) = cos” 2 I(m) =3
(fy I(z)= / dz cos® x cosx = [cos?’x sinx} — / dz (—3 cos®z sin a:) sinx
0 0 0 ————
1—cos? z
=cos® zsinz — 3 [I(z) - / dz cos? a:} , solve for I(z), use (e):
0
I(z)(i) 1 [cos® zsinz + 3(cos zsin 2 + 2)] I(ﬂ')é%




I'(z)

=

1—cos? z

Solution Homework Problem 10: Integration by

@ 1(2)

/dac:v2 #+1 [y(z) =241
0

3

—3cos® zgin’ z + cos’ 2 + 3(—sin® 2z + cos® z + 1)
——

v
= COS4 z

substitution [3]

, dy = 3z?% dx]

2741

)
; dy vy = 3y
1

3

2
9

(2% +1)%2 — 1]

/y(
y

(0)

I'(z) =3 +1)/2 428 SN 12) £ 52
(b) I(z2)= / dz sinz e°®7 [y(x) = cosz, dy = —sinzx dz]
0
y(2) Cos z
:—/ dy Y = —e¥ =le —e“®*
y(0) !
I'(z) = —e“* L cosz < ™% ginz I(Z)Le— /e
dz 3
(o) I(2)= / dzcos® v = / dz cos |1 — sin® z [y(z) =sinz, dy = cosx dz]
0 0
y(2) sin z
:/ dy (1-9°) = (y — 3v°) =|sinz — §sin® 2
y(0) 0
10y 02 _ 02y L3 ™Y 5
I'(z) = cos z — sin” z cos z = cos z(1 — sin” z) = cos” z 1(7) =55

y(Z) 2 1.3
dy (y"—1)=(3v" —y)

cosh z

/y(O)

I'(z) = cosh? zsinh z — sinh z = (cosh? z — 1)

= in T T) =TT,
19 = [ dosinvaed  [o) = vAE

1

N

y(2)
2 : 2
= = dy siny = ——=cosy
v /ym) Ve o

I'(z) = \%sin Tz LTz L sin \/7rz\/LE

I(z) = / dz sinh® z :/ dasinh x[cosh®z — 1] [y(z) = coshz, dy = sinh zdz]
0 0

1

3 cosh® z — cosh z + %

sinh z £ sinh® 2 I(In3) L o
dy = 3+\/m/x dx}
= \/%7 [1—005\/732]
¥
1(5) = o=

0 16)= [ drvEeT ) =a¥ dy= 3o do
y(2) 23/2 s
:g/ dyeyzgey zg[ez —1}
y(0) 0
I/(Z) — %eZB/Q%ZB/Q é eZ3/221/2

I((In4)??) £2

[Total Points for Homework Problems: 25]




