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Problem 1 (25 points)

Take the following Lagrangian density in 4 spacetime dimensions (we use units ~ = c = 1),

L = iψ̄γµ∂µψ + λ((ψ̄ψ)2 − (ψ̄γ5ψ)2) , (1)

where ψ is a spinor and λ is a constant. As usual, ψ̄ ≡ ψ†γ0.

a) [1P] What is the mass dimension of ψ ?

Solution : From the kinetic term we read off [ψ] = M3/2

b) [1P] What is the mass dimension of λ ?

Solution : [λ] = M−2

c) [4P] Find the equations of motion for the theory.

Solution :

∂µ
∂L
∂∂µψ

=
∂L
∂ψ

⇒ i∂µψ̄γ
µ = 2λ

[
(ψ̄ψ)ψ̄ − (ψ̄γ5ψ)ψ̄γ5

]
(2P )

∂µ
∂L
∂∂µψ̄

=
∂L
∂ψ̄

⇒ iγµ∂µψ = −2λ
[
(ψ̄ψ)ψ − (ψ̄γ5ψ)γ5ψ

]
(2P )

d) [2P] Requiring that the Lagrangian is Lorentz invariant, can ψ be a Dirac spinor
(in terms of degrees of freedom) ?

Solution : Yes, because the action in (1) is Lorentz invariant, if ψ transforms as
a Dirac spinor. In particular, also the bilinear including γ5 is Lorentz invariant,
because γ5 commutes with the generators of the Lorentz group.

e) [2P] Requiring that the Lagrangian is Lorentz invariant, can ψ be a Majorana
spinor ?

Solution : Yes, since a Majorana spinor transforms in the same way as a Dirac
spinor under Lorentz transformations.

f) [2P] Introduce left-handed ψL and right-handed ψR chiral spinors. How do they
transform under ψ → ψ′ = eiαγ5ψ, with α a nonzero real constant ?

Solution :

ψL,R → eiαγ5ψL,R

⇒ ψL → e−iαψL (1P )

⇒ ψR → eiαψR (1P )

g) [6P] Write the Lagrangian in terms of the ψL and ψR spinors. Is it invariant under
the above chiral transformation ? If yes, find the corresponding Noether current.
Check that it is conserved on the equations of motion.

Solution :

We will repeatedly use ψ = ψL + ψR and ψ̄ = ψ̄L + ψ̄R with ψ̄L,R = ψ̄L,RPR,L,
where PR,L are the right and left handed projectors.
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ψ̄ /∂ψ = ψ̄L/∂ψL + ψ̄R/∂ψR (1P )

ψ̄ψ = ψ̄LψR + ψ̄RψL (1P )

ψ̄γ5ψ = ψ̄LψR − ψ̄RψL (1P )

⇒ L = iψ̄L/∂ψL + iψ̄R/∂ψR + 4λ(ψ̄LψR)(ψ̄RψL) (1P )

Check invariance. (0.5 P)

Solution : It is obvious that the above is indeed invariant under the chiral trans-
formation.

The Noether current reads :

jµ =
1

α

∂L
∂∂µψ

δψ = ψ̄γµγ5ψ (0.5P )

Check conservation. (1 P)

Solution :

α∂µj
µ = ∂µψ̄γ

µγ5ψ − ψ̄γ5γ
µ∂µψ . (2)

Plugging into the above the equations of motion for ψ, ψ̄ we obtain

α∂µj
µ = −4iλ

[
(ψ̄ψ)(ψ̄γ5ψ)− (ψ̄γ5ψ)(ψ̄ψ)

]
= 0 . (3)

h) [7P] Consider the ψψ → ψψ scattering process. Derive the spin-averaged ampli-
tude squared at the leading order in λ.

Solution :

The interaction Hamiltonian is Hint = −λ[(ψ̄ψ)(ψ̄ψ)− (ψ̄γ5ψ)(ψ̄γ5ψ)].

The following contractions will contribute to the process :

〈e(p3)e(p4)| : ψ̄ψψ̄ψ : |e(p1)e(p2)〉 − 〈e(p3)e(p4)| : ψ̄γ5ψψ̄γ5ψ : |e(p1)e(p2)〉

There is an additional set of contractions, if we interchange the contractions of ψ
into initial states, which gives a minus-sign. We can also interchange the contrac-
tions of ψ̄, but this is equivalent to interchanging the bilinears ψ̄ψ, so it will contri-
bute a factor 2! to the vertex. With this, we find the Feynman rule for the vertex
a

b

c

d

= 2iλ[δacδbd − δadδbc − (γ5)ac(γ5)bd + (γ5)ad(γ5)bc] (2P )

where Latin letters denote spinor indices.

So, for the process
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e−

e−

e−

e−

p1

p2

p3

p4

the Amplitude is

iM = 2iλ[ū3u1ū4u2 − ū4u1ū3u2 − ū3γ5u1ū4γ5u2 + ū4γ5u1ū3γ5u2] (1P )

where we use ui ≡ u(pi, si).

We can simplify the calculation, if we split the amplitude as

M =M1 +M2

with

M1 ≡ 2λ(ū3u1ū4u2 − ū3γ5u1ū4γ5u2)

M2 = −M1(3↔ 4)

⇒ |M|2 = |M1|2 + |M2|2 + (M1M∗
2 + c.c.)

|M1|2 =4λ2{Tr(u4ū4u2ū2)Tr(u1ū1u3ū3) + Tr(u4ū4γ5u2ū2γ5)Tr(u1ū1γ5u3ū3γ5)

− [Tr(u1ū1γ5u3ū3)Tr(u4ū4u2ū2γ5) + c.c.]} (1P)

Now, using
∑
si

uiūi = /pi, we can derive

|M̄1|2 =
1

4

∑
{s}

|M1|2

= λ2[Tr(/p4/p2
)Tr(/p1/p3

) + Tr(/p4/p2
)Tr(/p1/p3

) + [Tr(/p1
γ5/p3

)Tr(/p4
γ5/p2

) + c.c.] (0.5P)

= 32λ2[(p1p3)(p2p4) (0.5P )

= 8λ2t2

|M2|2 = |M1|2(3↔ 4)

⇒ |M̄2|2 = 32λ2(p1p4)(p2p3) (1P )

= 8λ2u2

A similar calculation leads to
M1M∗

2 = 0

⇒ |M̄|2 = 8λ2(t2 + u2) (1P )
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Problem 2 (20 points)

Consider the QED Lagrangian

L = iψ̄γµDµψ −mψ̄ψ −
1

4
FµνF

µν , (4)

where
Dµ ≡ ∂µ − ieAµ , Fµν ≡ ∂µAν − ∂µAν . (5)

a) [3P] What is the gauge redundancy of this Lagrangian ?

Solution :

The above Lagrangian is invariant under the following gauge transformation :

ψ → ψ′ = e−ieα(x)ψ , Aµ → A′µ = Aµ − ∂µα(x) . (6)

b) [3P] How is this redundancy affected if we deform the theory by adding a mass
term for the vector ?

L = iψ̄γµDµψ −mψ̄ψ +
1

2
m2
AÃµÃ

µ − 1

4
FµνF

µν . (7)

Notice that a new notation is introduced in order to distinguish between
the massive Proca field Ãµ from the massless Maxwell field Aµ.

Solution : Once a mass term for the vector field is included, then this term is not
invariant under the above gauge transformation - this can be explicitly checked.

c) [4P] How many degrees of freedom are propagated by Aµ and Ãµ ? Explain.

Solution : The number of physical d.o.f. of the massless gauge field in 4 spacetime
dimensions is equal to 2 (1P). The counting goes as follows :

We start initially with a field with 4 components. However, we have the Gauss
law and the gauge redundancy (1 constraint + 1 invariance), giving in total 2
propagating d.o.f. (1P)

The number of physical d.o.f. of the massive gauge field in 4 spacetime dimensions
is equal to 3 (1P). The counting goes as follows :

The equations of motion for the free massive vector read

∂µF̃µν +m2
AÃν = 0 . (8)

Acting on the above with ∂ν , we immediately obtain the following constraint

∂µÃµ = 0 . (9)

The equations of motion for the massive vector in the presence of a source term
read

∂µF̃µν +m2
AÃν = jν . (10)

Acting on the above with ∂ν , we immediately obtain the following constraint

∂µÃµ =
1

m2
A

∂µjµ . (11)

In both cases, the physical d.o.f. for the massive vector are 3 (1P).

Page 5 of 12



d) [4P] Can the massive theory be written in manifestly gauge redundant (gauge
invariant) form ? If yes, write it.

Solution : Yes, the theory can be written in a manifestly gauge invariant form (1P).

To achieve that, we start from the Proca theory and write Ãµ = Aµ + ∂µφ, where
φ is a scalar field that under a gauge transformation behaves as

φ→ φ′ = φ+ α . (12)

We find (3P)

L ⊃ −1

4
FµνF

µν +
1

2
∂µχ∂

µχ+mAA
µ∂µχ+

m2
A

2
AµA

µ + Aµjµ +
1

mA

jµ∂
µχ , (13)

with χ ≡ mAφ .

e) [2P] Write down the Feynman rule for the vertex of the theory in equation (4).

Solution : This is exactly the same as the vertex in the conventional QED.

f) [4P] What are the possible polarization states of the massive Proca field ?

Solution : The massive Proca field of course has 3 polarizations (2P). These cor-
respond to the possible projections of the spin on the z-axis, i.e. Sz = −1, 0, 1.
To find the polarization vectors, we first take the particle at rest and look at the
eigenvectors of the generator of 3-dimensional spatial rotations around the z-axis :

T3 =

0 −i 0
i 0 0
0 0 0

 . (14)

The corresponding eigenvectors read

~ε1 =
1√
2

(1, i, 0), ~ε2 =
1√
2

(1,−i, 0),~ε3 = (0, 0, 1), (15)

therefore, the polarization four-vectors are (2P)

εµi = (0,−~εi) . (16)

Page 6 of 12



Problem 3 (15 points)

Consider a theory with two real scalar fields, φ and χ, with the following Lagrangian

L =
3

2
∂µφ∂

µφ+
3

2
∂µχ∂

µχ+ ∂µφ∂
µχ−m2(φ2 + χ2) . (17)

a) [5P] Find the Lagrangian for canonically normalized fields.

Solution : To find the Lagrangian for the canonically normalized fields, we have to
get rid of the kinetic mixing between φ and χ. This is achieved by rotating the fields
as(2P for finding redefinition+1P for correct 1/2 coefficient+2P for Lagrangian and
masses)

φ =
1√
2

(
ψ1

2
+
ψ1√

2

)
, χ =

1√
2

(
ψ1

2
− ψ1√

2

)
. (18)

Substituting the above into the Lagrangian, we obtain

L = L1 + L2 , (19)

with

L1 =
1

2
∂µψ1∂

µψ1 −
m2

1

2
ψ2

1 ,

L2 =
1

2
∂µψ2∂

µψ2 −
m2

2

2
ψ2 ,

(20)

and m2
1 = m2/2,m2

2 = m2.

b) [4P] Quantize this theory and write down the canonical commutation relations.

Solution : When the fields are canonically normalized, the Lagrangian captures the
dynamics of two decoupled free massive fields. Therefore, we can quantize the two
pieces independently like we did in PS 4, ex. 2 :

Start from the expansion of the fields and momenta in terms of creation and anni-
hilation operators(2P)

ψi(t, ~x
′) =

∫
d3~p

(2π)32ω~pi

(
âi(~p)e

−i(ω~pi
t−~p·~x) + â+

i (−~p)ei(ω~pi
t+~p·~x)

)
,

πi(t, ~x
′) = − i

2

∫
d3~p

(2π)3

(
âi(~p)e

−i(ω~pi
t−~p·~x) − â+

i (−~p)ei(ω~pi
t+~p·~x)

)
,

(21)

Plug the above into the canonical commutation relations

[ψ̂i(t, ~x), ψ̂j(t, ~x
′)] = 0, [π̂i(t, ~x), π̂j(t, ~x

′)] = 0, [ψ̂i(t, ~x), π̂j(t, ~x
′)] = iδijδ

(3)(~x− ~x′),
(22)

to obtain(2P)

[âi(~p), âj(~p
′)] = [â+

i (~p), â+
j (~p′)] = 0, [âi(~p), â

+
j (~p′)] = 2ω~pi(2π)3δijδ

(3)(~p− ~p′) . (23)

c) [6P] Express the Hamiltonian in terms of creation and annihilation operators.

Solution : We have derived in details the Hamiltonian for free fields in PS 4, ex. 2.
For the theory under consideration here, (6P)

H =

∫
d3~p

2(2π)3

∑
i=1,2

â+
i (~p)âi(~p) . (24)
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Problem 4 (15 points)

For two spinors, ψ and χ, consider the following quantities

A) ψ̄LχR

B) ψ̄LγµχR

C) ψ̄Lγµ∂
µχR

D) ψ̄Lγµ∂
µχL

E) ψ̄LχL

F) (ψ̄LγµχL)(ψ̄Lγ
µχL)

G) (ψ̄LγµχL)(ψ̄Rγ
µχR)

(25)

where L,R denote the chiralities (corresponding to the ±1 eigenvalues of the γ5 matrix)
and for any spinor X, X̄ ≡ X†γ0.

a) Which of the above quantities are identically zero ?

Solution : Some useful relations are :

ψ̄L,R = ψ̄PR,L , γµPL,R = PR,Lγµ , PL,Rγ5 = ∓PL,R . (26)

A) ψ̄LχR = ψ̄P 2
Rχ = ψ̄χR 6= 0

B) ψ̄LγµχR = ψ̄PRγµPRχ = ψ̄PRPLγµχ = 0(2P )

C) ψ̄Lγµ∂
µχR = ψ̄PRγµ∂

µPRχ = 0(2P )

D) ψ̄Lγµ∂
µχL = ψ̄PRγµ∂

µPLχ = ψ̄γµ∂
µχL 6= 0

E) ψ̄LχL = 0(2P )

F ) (ψ̄LγµχL)(ψ̄Lγ
µχL) 6= 0

G) (ψ̄LγµχL)(ψ̄Rγ
µχR) 6= 0

(27)

b) Which of them can be non-zero and Lorentz-scalars ?

Solution : It is clear from the above that the bilinears A), D), F) and G) are the
only nonzero Lorentz scalars(8P, 2P for each).

c) Which of them can be non-zero and Lorentz-vectors ?

Solution : there is no nonzero Lorentz vector.(1P)

Justify your answer in each case.

Problem 5 (20 points)

Consider the following Lagrangian in d = 4 spacetime dimensions (we use units ~ = c = 1)

L =
1

2
∂µΦ∂µΦ +

1

2
∂µφ∂

µφ− 1

2
M2Φ2 − 1

2
m2φ2 − κΦφ2 , (28)

which involves two scalar fields Φ and φ with masses M and m, respectively, and κ is a
constant.
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a) [1P] What is the mass dimension of κ ?

[L] = M4

[Φ] = [φ] = M

[L]
!

= [κ][Φ][φ]2

⇔ [κ] = M (1P)

b) [4P] What are the conditions on the masses of the particles such that a particle of
type Φ can decay into two particles of type φ ?

For the process Φ→ φφ to be kinematically allowed :

M ≥ 2m (4P)

c) [4P] Write down the Feynman rules for this theory.

The Feynman rules can be written in either real space, or momentum space.

Feynman rules

1. (1P) Propagators :

x yΦ
= DF

Φ(x, y) = lim
ε→0+

∫
d4p

(2π)4

i

p2 −M2 + iε
eip·(x−y)

x y
φ

= DF
φ (x, y) = lim

ε→0+

∫
d4p

(2π)4

i

p2 −m2 + iε
eip·(x−y)

2. (2P) Vertex :

φ1 φ2

Φ3

Hint =

∫
d3xHint = κ

∫
d3xΦφφ

〈0|T
{

Φ(x3)

[
1− i

∫
dtHint(t) + · · ·

]
φ(x1)φ(x2)

}
|0〉 '

' −iκ
∫

d4z 〈0|

(
Φ3Φzφzφzφ1φ2

)
+

(
Φ3Φzφzφzφ1φ2

)
|0〉 = −2iκ

Therefore, for the vertex we obtain

φ φ

Φ = (−2iκ)

∫
d4z

3. (1P for 3.-4.) External points :

x
Φ

= 1

x
φ

= 1

Page 9 of 12



4. Divide by the symmetry factor

Momentum-space Feynman rules

1. (1P) Propagators :

Φ =
i

p2 −M2 + iε

φ
=

i

p2 −m2 + iε

2. (2P) Vertex :

φ φ

Φ = −2iκ

3. (1P for 3.-6.) External points :

Φ
= e−ip·x

φ
= e−ip·x

4. Impose four-momentum conservation at each vertex

5. Integrate over each undetermined momentum :
∫ d4p

(2π)4

6. Divide by the symmetry factor

d) [6P] Consider the decay Φ → φφ. Draw the Feynman diagram(s) contributing
to this process at tree-level (lowest order). Use it to derive the expression for the
amplitude squared.

Feynman diagram (1P) :

φ(p1) φ(p2)

Φ(k)
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Field decomposition (1P) :

Φ(x) =

∫
d3~p

(2π)32ω~p

[
â(~p)e−ip·x + â†(~p)eip·x

]
φ(x) =

∫
d3~p

(2π)32ω~p

[
b̂(~p)e−ip·x + b̂†(~p)eip·x

]
States (1P) :

|i〉 = |~k〉 = â†(~k) |0〉
|f〉 = |~p1, ~p2〉 = b̂†(~p1)b̂†(~p2) |0〉
Equation for transition amplitude (1P) :

i(2π)4δ(4)(p1 + p2 − k)M = −iκ 〈f |
∫

d4xΦφφ |i〉 =

Calculation (2P) :

= −2iκ(2π)4δ(4)(p1 + p2 − k)

⇔M = −2κ

⇔ |M|2 = 4κ2

e) [5P] Compute the lifetime of the particle Φ to lowest order in κ.

Lifetime τ is related to the decay rate Γ by

τ =
1

Γ

The decay rate is given by (1P) :

Γ =
1

2ω~k

(
1

2

)∫
d3~p1

(2π)32ω~p1

∫
d3~p2

(2π)32ω~p2
(2π)4δ(4)(p1 + p2 − k)|M|2

where the factor of

(
1

2

)
comes from the symmetry due to identical φ’s.

Center of mass frame, four-momentum conservation :

δ(4)(p1 + p2 − k) = δ(ω~p1 + ω~p2 −M)δ(3)(~p1 + ~p2)

ω~k = M

ω2
~pi

= m2 + ~p2
i ; i = 1, 2

p ≡ |~p| : dω

dp
=

1

2ω
2p ⇔ pdp = ωdω

The decay rate then becomes (1P) :

Γ =
1

4M
4κ2

∫
d3~p1

(2π)32ω~p1

(2π)

2ω~p1
δ(2ω~p1 −M)︸ ︷︷ ︸
=

1

2
δ(ω~p1

−M
2

)

Go to spherical coordinates for integraion over ~p1 (1P) :

Γ =
κ2

M

∫ =dω~p1
·ω~p1︷ ︸︸ ︷

dp1 · p1 p1

=4π︷︸︸︷
dΩ

(2π)28ω2
~p1

δ

(
ω~p1 −

M

2

)
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Using p1 = (ω2
~p1
−m2)1/2, we obtain (1P) :

Γ =
κ2

8M

4π

(2π)2

∫
dω~p1
ω~p1

(ω2
~p1
−m2)1/2δ

(
ω~p1 −

M

2

)
=

=
κ2

8πM

(
M2

4
−m2

)1/2

M/2
=

κ2

8πM

√
1− 4m2

M2

Finally, the lifetime is given by (1P) :

τ =
1

Γ
=

8πM

κ2

1√
1− 4m2

M2

Problem 6 (5 points)

Under what circumstances can a massless particle decay into two other particles ? Explain.
(5P) for a justification that makes sense ! :-)
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