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Guidelines :

• The exam consists of 6 problems.
• The duration of the exam is 24 hours.
• Please write your name or matriculation number on every sheet that you hand in.
• Your answers should be comprehensible and readable.

GOOD LUCK !

Exercise 1 25 P
Exercise 2 20 P
Exercise 3 15 P
Exercise 4 15 P
Exercise 5 20 P
Exercise 6 5 P

Total 100 P

Page 1 of 4



Problem 1 (25 points)

Take the following Lagrangian density in 4 spacetime dimensions (we use units ~ = c = 1),

L = iψ̄γµ∂µψ + λ((ψ̄ψ)2 − (ψ̄γ5ψ)2) , (1)

where ψ is a spinor and λ is a constant. As usual, ψ̄ ≡ ψ†γ0.

a) What is the mass dimension of ψ ?

b) What is the mass dimension of λ ?

c) Find the equations of motion for the theory.

d) Requiring that the action is Lorentz invariant, can ψ be a Dirac spinor (in terms
of degrees of freedom) ?

e) Requiring that the action is Lorentz invariant, can ψ be a Majorana spinor ?

f) Introduce left-handed ψL and right-handed ψR chiral spinors. How do they trans-
form under ψ → ψ′ = eiαγ5ψ, with α a nonzero real constant ?

g) Write the Lagrangian density in terms of the ψL and ψR spinors. Is it invariant
under the above chiral transformation ? If yes, find the corresponding Noether
current. Check that it is conserved on the equations of motion.

h) Consider the ψψ → ψψ scattering process. Derive the spin-averaged amplitude
squared at the leading order in λ.

Problem 2 (20 points)

Consider the QED Lagrangian density

L = iψ̄γµDµψ −mψ̄ψ −
1

4
FµνF

µν , (2)

where
Dµ ≡ ∂µ − ieAµ , Fµν ≡ ∂µAν − ∂µAν . (3)

a) What is the gauge redundancy of this Lagrangian ?

b) How is this redundancy affected if we deform the theory by adding a mass term
for the vector ?

L = iψ̄γµDµψ −mψ̄ψ +
1

2
m2
AÃµÃ

µ − 1

4
FµνF

µν . (4)

Notice that a new notation is introduced in order to distinguish between
the massive Proca field Ãµ from the massless Maxwell field Aµ.

c) How many degrees of freedom are propagated by Aµ and Ãµ ? Explain.

d) Can the massive theory be written in manifestly gauge redundant (gauge invariant)
form ? If yes, write it.

e) Write down the Feynman rule for the vertex of the theory in equation (4).

f) What are the possible polarization states of the massive Proca field ?
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Problem 3 (15 points)

Consider a theory with two real scalar fields, φ and χ, with the following Lagrangian
density

L =
3

2
∂µφ∂

µφ+
3

2
∂µχ∂

µχ+ ∂µφ∂
µχ−m2(φ2 + χ2) . (5)

a) Find the Lagrangian density for canonically normalized fields.

b) Quantize this theory and write down the canonical commutation relations.

c) Express the Hamiltonian in terms of creation and annihilation operators.

Problem 4 (15 points)

For two spinors, ψ and χ, consider the following quantities

A) ψ̄LχR

B) ψ̄LγµχR

C) ψ̄Lγµ∂
µχR

D) ψ̄Lγµ∂
µχL

E) ψ̄LχL

F) (ψ̄LγµχL)(ψ̄Lγ
µχL)

G) (ψ̄LγµχL)(ψ̄Rγ
µχR)

(6)

where L,R denote the chiralities (corresponding to the ±1 eigenvalues of the γ5 matrix)
and for any spinor X, X̄ ≡ X†γ0.

a) Which of the above quantities are identically zero ?

b) Which of them can be non-zero and Lorentz-scalars ?

c) Which of them can be non-zero and Lorentz-vectors ?

Justify your answer in each case.
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Problem 5 (20 points)

Consider the following Lagrangian density in d = 4 spacetime dimensions (we use units
~ = c = 1)

L =
1

2
∂µΦ∂µΦ +

1

2
∂µφ∂

µφ− 1

2
M2Φ2 − 1

2
m2φ2 − κΦφ2 , (7)

which involves two scalar fields Φ and φ with masses M and m, respectively, and κ is a
constant.

a) What is the mass dimension of κ ?

b) What are the conditions on the masses of the particles such that a particle of type
Φ can decay into two particles of type φ ?

c) Write down the Feynman rules for this theory.

d) Consider the decay Φ → φφ. Draw the Feynman diagram(s) contributing to this
process at tree-level (lowest order). Use it to derive the expression for the amplitude
squared.

e) Compute the lifetime of the particle Φ to lowest order in κ.

Problem 6 (5 points)

Under what circumstances can a massless particle decay into two other massless particles ?
Explain.
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