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Problem 1 (16 points)

Consider a column of N real scalar fields

Φ(x) =


φ1(x)

φ2(x)
...

φN(x)


1. Construct the most general Lagrangian (in four spacetime dimensions) which is

Lorentz and O(N) invariant and contains terms with mass dimension at most 4 in
Φ and its derivatives.

Hint : The O(N) transformation acts on the fields as φ′i =
∑

j Oijφj, with Oij a

(constant) real orthogonal matrix (OTO = 1).

2. Find the equations of motion.

3. In its infinitesimal form, an O(N) transformation can be written as

Oij = δij +
∑
A

εAT
A
ij +O(ε2) ,

where εA � 1 are the (constant) parameters of the transformation, TAij are the so-
called generators of O(N), and A runs over the number of independent generators.
Show that the TAij are antisymmetric matrices.

4. Find the Noether current associated with the O(N) invariance of the theory. Show
that it is conserved on the equations of motion.

5. Derive the Hamiltonian of this theory.

Problem 2 (40 points)

Consider the following Lagrangian (in four spacetime dimensions)

L =
1

2
(∂φ)2 − 1

2
M2φ2 + ψ̄(i/∂ −m)ψ − gφψ̄γ5ψ .

Here φ is a real scalar field with mass M , ψ the electron-positron field with mass m, g a
coupling constant, and γ5 = iγ0γ1γ2γ3.

1. Check if the Lagrangian is invariant under ψ → eiαψ, with α a constant. If so,
derive the corresponding Noether current.

2. Consider the process
e−e+ → e−e+ .

Draw and label the leading-order Feynman diagram or diagrams. Please use p1, p2
to indicate the incoming momenta, and p3, p4 the outgoing momenta.

3. Derive the spin-averaged amplitude squared in terms of the Mandelstam variables,
in the limit m→ 0.
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4. Using the above result, derive the spin-averaged amplitude squared for the process

e−e− → e−e− .

Hint : You should not need to do any explicit computation.

5. Consider the process φ→ e+e−. For what masses can this process take place ?

Problem 3 (22 points)

1. Write down the QED Lagrangian.

2. Derive the equations of motion for the fields.

3. Write down the Feynman diagrams for the process e−γ → e−γ and show that the
corresponding amplitude can be written as

iM = εµ(~k1)ε
ν(~k2)Aµν .

Hint : You don’t need to fully simplify your result.

4. Show that kµ1Aµν = 0 and explain why this is expected.

Hint : Use four-momentum conservation and Dirac equation in momentum space.

Problem 4 (22 points)

1. Using a complex scalar field φ with mass mφ and the photon Aµ, write down the
most general Lorentz and U(1) gauge invariant Lagrangian up to (and including)
terms of mass dimension 4.

2. Draw and label the two one-loop Feynman diagrams associated with the photon
vacuum polarization in this theory.

3. Now work in four spacetime dimensions and check that qµΠµν(q) = 0.

Hint : You do not need to explicitly carry out the integrals. Use the relation
±2qk + q2 = (k ± q)2 −m2 − (k2 −m2).
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Potentially useful formulas

Decomposition in terms of ladder operators

Massive real scalar field

φ(x) =

∫
d3~p

(2π)32ω~p

(
a(~p)e−ipx + a+(~p)eipx

)
, ω~p =

√
|~p|2 +m2 .

[a(~p), a+(~p′)] = (2π)32ω~p δ
(3)(~p− ~p′) .

Massive complex scalar field

χ(x) =

∫
d3~p

(2π)32ω~p

(
a(~p)e−ipx + b+(~p)eipx

)
, ω~p =

√
|~p|2 +m2 .

[a(~p), a+(~p′)] = [b(~p), b+(~p′)] = (2π)32ω~p δ
(3)(~p− ~p′) .

Massive fermionic field

ψ(x) =

∫
d3~p

(2π)32ω~p

∑
i

(
ui(~p)ai(~p)e

−ipx + vi(~p)b
+
i (~p)eipx

)
, ω~p =

√
|~p|2 +m2 .

{ai(~p), a+j (~p′)} = {bi(~p), b+j (~p′)} = (2π)32ω~p δij δ
(3)(~p− ~p′) .

(/p−m)u(p) = 0 , ū(p)(/p−m) = 0 .

(/p+m)v(p) = 0 , v̄(p)(/p+m) = 0 .

∑
s

us(p)ūs(p) = /p+m ,
∑
s

vs(p)v̄s(p) = /p−m .

Photon

Aµ(x) =

∫
d3~k

(2π)32ω~k

3∑
r=0

εµr

(
ar(~k)e−ikx + a+r (~k)eikx

)
, ω~k = |~k| .

[ar(~k), a+s (~k′)] = (2π)22ω~kζsδrsδ
(3)(~k − ~k′) , ζ0 = −1, ζ1,2,3 = 1 .

ηµνε
µ
r ε
ν
s = −ζsδrs,

3∑
r=0

ζrε
µ
r ε
ν
r = −ηµν .
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γ matrices properties

{γµ, γν} = 2ηµν , γµγµ = 4, γµγαγµ = −2γα, γµγαγβγµ = 4ηαβ,

γµγαγβγγγµ = −2γγγβγα,

(γ5)
2 = 1, γ+5 = γ5, with γ5 = iγ0γ1γ2γ3 ,

{γ5, γµ} = 0 ,

tr(γµγν) = 4ηµν ,

tr(γµγνγαγβ) = 4(ηµνηαβ + ηµβηνα − ηµαηνβ) .

tr(γ5) = 0 .

Projection Operators

PL,R =
1∓ γ5

2
,

P 2
L = PL , P 2

R = PR , PLPR = 0 , PRPL = 0 , PL + PR = 1

Mandelstam variables

s = (p1 + p2)
2 = (p3 + p4)

2 , t = (p1 − p3)2 = (p2 − p4)2 , u = (p1 − p4)2 = (p2 − p3)2 .
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Feynman rules for QED

Cubic and quartic vertices for scalar - photon interaction
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