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Problem Set 6:
Handout: Thu, Jan. 28, 2021; Solutions: Fri, Feb. 5, 2021

Problem 1 Berry phases

In an adiabatic evolution along a closed loop C : g(t) in time ¢t = 0...T, an eigenstate |V, (g)) with
energy F,(g) picks up a geometric (Berry-) and a dynamical phase:

[@(T)) = (s @a(0)),  [0(0)) = [Wa(g(0))), (1)

where:

(1.a)
(1.b)

soBzygdg-<\11n<g>|z'vg|\lfn<g>>, pam(T) = / at E,(g(t)). )

Derive the result in Eq. by making an ansatz |®(t)) = "W, (g(t))).

The eigenstates |V, (g)) are only defined up to an arbitrary overall phase. Derive how the
Berry connection
An(g) = (Un(9)iV4|¥n(g)) (3)
transforms under gauge transformations
Ua(g)) — @[ W,(g)),  Valg) €R, (4)

and show that the Berry phase is invariant under such gauge transformations, pp —
wp mod 27, up to multiples of 2.

Consider a discrete parametrization g; = g(t = j T//N) with j = 1...N which converges to
g(t) when N — oo. Show that

lim | | (Vn(gj+1)|¥a(g;)) = explivs] (5)

N—oo
Jj=1

where gy 11 := g1. Further, show for a given N € Z- that the product on the left in Eq.
is fully gauge invariant under |¥,,(g;)) — €|V, (g;)).

Consider a second parameter A\ € [0, 1], such that M : g, is a parameterization of a manifold
M in parameter space. Assuming that M is a simply connected two-dimensional surface,
with

(A =10) = pp(A=1) mod 2, (6)
show that the winding number of the Berry phase defines an integer-quantized (topological)
invariant (the Chern number):

Discuss the meaning of non-zero invariants C( # 0.
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Problem 2 Topological charge of a Dirac cone

Consider the following Hamiltonian describing a Dirac cone:

~

H(k)=k- o, (8)

where o is a vector of Pauli matrices. This two-band Hamiltonian is gapped everywhere except at
k = 0, where the fully linear dispersion realizes a Dirac cone.

(2.a)

Consider a loop C(k,) in the parameter space, on the surface of a sphere or radius kg > 0,
defined as follows:
Clk,) ={klk-e, =k, k* = ky}. (9)

Show that the corresponding Berry phase vanishes when k, = +kq:

vp(k, = £ko) =0 mod 27. (10)

For —ko < k. < ko, calculate the Berry phase ¢ corresponding to C(k,). Hint: Write the ei-
genfunctions of H (k) as a function of k in cylindrical coordinates k = (k, cos(¢), k. sin(¢), k.)
with k2 + k2 = k3.

The family of curves M = {C(k.)|k. = —kq...ko} define a manifold in parameter-space: A
sphere of radius & around the Dirac cone. Using your result in (2.b), show by an explicit
calculation that the topological invariant C'y, associated with M is

Cy=1. (11)
l.e. the Dirac cone is associated with a unit topological charge C'yy = 1.

In (2.b) you will find in the equatorial plane that:
vp(k, =0) = +7 mod 2. (12)

Derive this result from symmetry considerations alone. Show that from inversion k — —k it
follows that

@B(kz) = _SDB(kz) mod 271—7 (13)
and combine this with C\s = 1 from (2.c).

Problem 3 Edge states in the non-interacting SSH model

Consider the non-interacting SSH dimer chain described by the Hamiltonian (L even):

L/2 L/2-1
=t (alby+he) =t 3 (alaby+he), (14)
j=1 J=1

with open boundary conditions.
Remark: This problem closely follows [Delplace et al., PRB 84, 195452 (2011)].



(3.a)

For periodic boundary conditions, the bulk wavefunctions are Bloch waves. Introduce

L/2
. . - N\T g AT
s <¢A,k,¢3,k> = (L/2)712 )y e (dj> bj) (15)
j=1
and show that that
H= UIH k)T,  n=1,..,L/2 (16)
kn=n2m/M
where the Bloch Hamiltonian is
Hk) =t g(k) -6, g(k) = (Rep(k), Imp(k))", (17)
where 6 = (6%,6Y) and p(k) = t1/ty + 7.
You may write g(k) from (3.a) as:
t
g(k) = p(k)| (cos (k) sind())" . cotd(k) = ——+coth.  (18)
9 sin
Use this result to show that the cell-periodic Bloch functions are
1 .
u) = — (e7®) +1)" . (19)

V2

Further, show that the corresponding Zak phase is ¢z, = 0 (@zax = ) for t1 > to (t1 < t2).
Sketch the line parameterized by g(k) in the two-dimensional plane and show that its topology
changes at t; = t5 — note that g(k) = 0 is special because it corresponds to a closing of the
band gap.

Now we consider open boundary conditions. The bulk wavefunctions |v}) are standing waves
(k > 0) and can be constructed as superpositions of |u}) and |u",), with © = + the band
index. Explain why the following boundary conditions must be satisfied,

(3 =0,Blg) =0, (j=L/2+1,Alv) =0, (20)

where |j, ) denotes site &« = A, B in the unit-cell at position j = 1...L/2.

Using ¢(—k) = —¢(k), show that the bulk eigenfunctions |v}) may be written as
;oL
) = 7775 2B (k7 = 6 b 4) + esin (k) 17, B, (21)
j=1

and derive the quantization condition for 0 < k < 7:

k (§+1> —o(k)=kr, n=1,..,L/2 (22)



(3.e)

Sketch the functions ¢(k) and k(L/2+1) —nn — their intersections correspond to solutions of
the quantization condition in (3.d). Use the different topology of g(k) [and, correspondingly,
of ¢(k)] to show that the number of solutions depends on the ratio of ¢;/t5. Specifically,
show that L/2 solutions exist when ¢; > A.ty and L/2 — 1 solutions exist when t; < A.ta,
where

151 1
Ae=|—) =1——F———1 for L . 2
. (tg) /351 — or L = o0 (23)

l.e. a bulk state is missing in the case when the Zak phase is ¢z, = 7.

C

For t; < Ao [i.e. when the Zak phase is ¢z, = 7] one can similarly construct edge states.
This is achieved by looking for solutions as in Eq. but with a wavevector: k = 7 + ix,
where 1/k = £ is the localization length at the edge. The solution (no derivation is necessary!)

is given by:
L/2

1
lef) = —== 2 _(=1)
NEp2
with eigenenergies e = ut|p(k)| where:
/J, . _ .
(Zﬁ’j) - (Smh(“@/ﬁ 1 ~7>)) (25)
i psinh (k)

and k satisfies the following quantization condition:

I [ale |7, A) + Ve 15, B, (24)

t1sinh(k(L/2 + 1)) = tasinh (kL/2). (26)

Use these results to show for large L > 1 that
t1/ty ~ exp (—k), (27)

which leads to:
el ~ pexp (—kL/2). (28)

Discuss the physical meaning of these results!
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