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Exercise 1 – General Noether’s theorem

Consider the following Lagrangian density L(φi, ∂µφ
i) in a D dimensional Minkowski space-time xµ ∈ MD

and φi are N scalar fields.
We assume that the following transformations

x̃µ = xµ + δxµ

φ̃i(x̃) = φi(x) + δφi(x)

leave the action functional invariant i.e

S =

∫
Ω

L(φi(x), ∂µφ
i(x)) dDx =

∫
Ω

L(φ̃i(x̃), ∂̃µφ̃
i(x̃)) dDx̃ (1)

Show that if φ is a solution of the Euler-Lagrange equations then there exists a conserved current Jµ in the
sense that ∂µJ

µ = 0

Hint: You can assume that
∫

Ω
δL dDx = 0 ⇒ δL = ∂µF

µ for some field Fµ that vanishes on ∂Ω .

The solution should have the following form:

Jµ = − ∂L
∂(∂µφi)

δφi +
∂L

∂(∂µφi)
∂νφ

iδxν − L δxµ + Fµ (2)

Exercise 2 – Energy-momentum tensor of the free scalar field

Given the following Lagrange density of a free massive scalar field with an external scource J(x):

L = −1

2
∂µφ∂

µφ− 1

2
m2φ2 + Jφ (3)

(i) Determine the equations of motion for the field φ and analyze whether this equation transforms inva-
riantly under Galileo and Lorentz transformations.

(ii) Use the condition that L does not depend explicitly on the space-time coordinates (it is invariant
under space-time translations) to derive the energy momentum tensor Tµν . For J = 0 show that it is
conserved, i.e. ∂µT

µν = 0.

(iii) Prove that T 00 ≥ 0 and give its physical interpretation.



Exercise 3 – Conserved current in classical electrodynamics

The Lagrangian of classical electrodynamics (massless vector field) is the following:

L = − 1
4FµνF

µν , Fµν = ∂µAν − ∂νAµ (4)

Use the condition that L does not depend explicitly on the space-time coordinates (it is invariant under
space-time translations) to derive the following equation

∂µθ
µν = 0

where θµν is the corresponding Noether current.
In order to make θµν symmetric and gauge invariant add a suitable conserved quantity. Denote the new
quantity as Tµν and write it down under the assumption that the positive definiteness of T 00 should be
fulfilled. Spell out the component T 00 in terms of the electric and magnetic field.
Take Tµν and check whether a vertex density v, which couples electromagnetic fields to a scalar gravity field
Φ, is possible as discussed in the lecture:

v = Φ trη(T ) . (5)

Recall why this rules out the scalar model for gravity.

General information

The lecture takes place on Monday at 10:00-12:00 and on Wednesday at 10:00-12:00 in A348.

Presentation of solutions:
Thursday at 08:00 - 10:00 in A 348

There are two tutorials:
Monday at 12:00 - 14:00 in A 249
Friday at 14:00 - 16:00 in A 348

The webpage for the lecture and exercises can be found at

www.physik.uni-muenchen.de/lehre/vorlesungen/wise_19_20/tvi_tc1_gr/index.html


