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Tutorials take place on Mondays, 2-4pm (c.t.) in room A 449, Theresien-

37. Please hand in your solutions at the next tutorial on December 9,

2019 or send them in a single pdf in an email before the tutorial.

Exercise 1 When a black hole spacetime admits a Killing vector &, it may
occur that the black hole horizon H is also a Killing horizon. (A Killing hori-
zon is defined as a null hypersurface on which £,£* = 0.) On such horizons,
the surface gravity k is defined through

§7VeEH| = kgt (1)

H

One can show that

= =S (Vu6) (V7€)

(2)

.
. Take the metric

1
A(r)

ds? = —A(r)dt* + dr + r?dQ)? (3)

and assume that A(r) has at least one root at v = ro. Arque that O
1s a Killing vector, and show that the metric has a Killing horizon at
r =rg9. Then show that its associated surface gravity is

1dA
= (4)

Compute k for the Schwarzschild spacetime.

3. When does the surface gravity vanish?

Let x(7) be an integral curve of of the Killing vector . Show that

’

at' = ki*, (5)

where at* is the acceleration of the curve.
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Exercise 2 The Reissner-Nordstrom metric in ingoing Eddington-Finkelstein
coordinates reads

ds? = —Adv? + 2dvdr + r*dQ?, (6)

where A =1 — % + ?—22 For M? > Q? the metric has two event horizons at
the zeros of A, i.e. at ro = M £ \/M? — Q2.

Show that the outer and inner horizons located at r = r4 are null hyper-
surfaces. Show that they are Killing horizons with respect to the stationary
Killing vector & = 0,. By calculating V ,(§?)],=r. show that the surface grav-
ity on the two Killing horizons is given by

T (7)

Exercise 3 In the presence of an electromagnetic field, a particle of charge
q and mass m obeys the equation of motion

a B v

dz* p dr®dz” undx

dr? T las dr dr  m Vdr (®)
where T 1is the proper time of the particle. Consider now a charged particle
mouving in the fields of a Reissner-Nordstrom black hole with electric charge
Q and mass M. Due to spherical symmetry, orbits of charged particles in the
Reissner-Nordstrom geometry are planar as in the Schwarzschild geometry.
We will consider motion in the equatorial plane in the following, i.e. 6 = /2.

1. Show that L = r*d¢/dr is conserved along the motion of the particle.

2. Show the conservation of the energy

2M  @Q*\ dt ¢ Q
E=l1—-—+—=)—+——. 9
( r + r? ) dr i mr )
3. Use these conserved quantities to calculate the effective potential Vg in
1 (dr\? 1
(== w(r) = =(F*—=1). 1
5 () -+ Vaalr) = 52 - (10)

4. Repeat the same calculation for a light ray, i.e. determine the corre-
sponding potential function in

! MQ+W()—W (11)
2 \d\ eff\T") = )

where X is an affine parameter along the geodesic (note that the right
hand side of eq. (@ vanishes for light rays, so that they follow geodesics).
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5. Consider now radial plunge trajectories for a neutral particle of unit
mass and for a light ray, falling in from infinity. Do they reach the
singularity at r =07



