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Black Holes and their T hermodynamicﬂ

Problem Sheet 2
Prof. Dieter Liist?l and Marvin Liibenf]
October 21, 2019
Tutorials take place on Mondays, 2-4pm (c.t.) in room A 449, Theresien-
str. 37. Please hand in your solutions at the next tutorial on October 28,
2019.
Erratum: There was a typo in eq. (6), which is corrected in this version.

Exercise 1 Parallel transport of a vector v along a curve 7 is defined by
Vv =0, where ¥ = dy/d\ and X is the curve parameter.

1. Show explicitly that parallel-transport preserves the norm of a vector.

2. Set up the equations for parallel transport of a vector v along a curve
v on the two-sphere S% (cf. Exercise 2 of the first problem sheet)

3. Solve these equations genmerally for transport along meridians (¢ =
const) or latitude curves (8 = const).

4. Shift a unit vector originally pointing north along the following curve:
north along a meridian from the equator to 0 = /4, then east along a
latitude circle by A¢ = w/4, then south along a meridian back to the
equator, then west along the equator to where it started. Where is the
vector pointing now?

5. Repeat the calculations for the same vector on the cylinder described by
the metric ds? = dz? +d¢?. The vector should be transported along the
following closed path: start from the position (¢,z) = (0,0) and move
east for A¢ = /4, then north along a straight line perpendicular to the
plane z = 0 for Az = \/2/2, then west for Ap = w/4 along an arc of
circle parallel to the plane z = 0 and then south to the starting point.
Where does the vector point now?

6. What do you conclude from these results?

Exercise 2 The Weyl tensor in D spacetime dimensions is defined as

" = Ruupo +
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Show that it has the same symmetries like the Riemann tensor and also that
it is trace-free:

1. Cupor = —Churp

2. Chupr = Cow
w _

3. Yy =0

4. C%,,=0

Exercise 3 Conformal transformations change the metric by a scalar factor

Guv — g;w = 62Agw/ ) (2)
where A = A(z") may depend on all coordinates x#. In this exercise we will

show that conformal transformations leave the Weyl tensor from the previous
exercise 1nvariant.

1. Show that the Christoffel symbols transform as

ry,—=r,=1,,+5, (3)
where
Sy, =0,V ,A+ 8V, A — g, VA (4)
2. Next, calculate the Riemann tensor to show
Rﬁpo = Rﬁpo + (vpsgy + S(l;psgy —p U) ) (5)

where —p <> o means subtract the two terms in the bracket obtained by
interchanging the p and o indices. By writing out the two terms in the
brackets, and identifying terms that are symmetric in the p, o indices,
show that one can eventually write

R,y = Rl + 200V VA = 20,1,V V*A + 261 V) AV, A
—28, 9o (V) = 2,, VA AV*A. (6)

3. By contracting eq. (@, calculate the Ricci tensor and Ricci curvature
of g in D spacetime dimensions.

4. Finally show that the Weyl tensor is invariant under conformal trans-
formations, C¥, = C¥, .

Thus a conformally flat metric of the form d3* = e**ds? (flat) has a vanishing
Weyl tensor (the converse is also true for D > 4).



