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Exercise 37

Consider the transition amplitude for a free particle in the path integral representation,
K(xg,2;T) / Dx exp( Sz (t)]) (1)
{
3:(0) =x;

Why does Dz = Dy hold for a transformation of z(t) according to z(t) = Zciass.(t) + y(t), where y(t) is
arbitrary?

Solution The integration measure is defined as

(2)

Dr = limy_oo

\/27rzhm—1Ato H \/27mhm—1Atk

We can regard the multiple integrations dxj as a multidimensional integral. Upon a change of variables
Ti — Tclass,i + Yi, Where Zoqss4 is @ constant, the integration measure changes by a factor according to the
determinant of the Jacobian matrix.

axi
3
a9; 3)

But for our transformation, the Jacobian is just the identity, so the determinant is 1 and the measure does
not change.

Dx = Dy detdJ , Jij =

Exercise 38 (Central Tutorial)

In the lecture it was shown that, by using the transformation from Exercise 37, the transition amplitude for
a free particle can be approximated as

K(xy,25;T) = F(T) exp (;S[‘Tclasso ) (4)

where F(T) is an undetermined function of 7' = ¢; — ¢;. Check by direct calculation that

y(ts)=0 im [T m \3
F(T) = D 2| = 5
) /y(ti)_ v <h 2 / Y > (5777 (5)

Hint: The following integral might be useful:

2 2 b2
/dm exp {_a; + ibx} =4/ ;ﬂ exp {—2&] (6)




Solution For the propagator we have

.2
K(zg,xi; T / Dxexp[ / dtm;] (7)

and the total propagator is then calculated by the integrals over the intermediate points. As we showed
in Exercise 38, the integration measure does not change, so we can concentrate on the integrand. Our
transformation is &; — Zciass,i + ¥i 50 wWe get

(8)

i

v i (T m 9
K(xf,a:i;T):/ Dy exp ﬁ/o dt;(declass—i—y)

Evaluating the integral gives

T m T T m
/ 0t (frans +9)7 = / at iz v / 0t M etasst] + / dt ™32 = Slwaess] + Sl (9)
0 2 0 0 0 2

where we did a partial integration on the second term and used the fact that x..ss satisfies the classical
equations of motion, i.e. Z.qss = 0 and that y(0) = y(T') = 0. This gives the function F(T') as

y(ts)=0 im T "
Fay = [ oyew (13 [ (10)
y(ti)=0 0

To calculate this function we write the integration measure explicitly to get

i m (Yr+1 — Yr)
BT = th_}oo/ \/2mﬁm—1At0 (H \/2mhm—1Atk> [ ;;)< Aty )] . (11)

Now performing one of the integrals (for 1 < k < N) gives

/dykK(yk+17yk;Atk)K(yk7y;H;At;H) =

/ ) [zm ((yk+1_yk)2 B (yk—yk1)2>] _
kQWZh\/AtkAtk 1 Atk Atk—l

(Zﬁ%HAtk—l + yi—lAtk):| X

m 1
27Tih\/m P [h 2 AtpNti_1

im 1
X /dyk exp |:h2AtkAtkl (yi (Ot + Dty—1) — 2yn(Yes1 Dtp_1 + yk—lAtk)):|

Now using the formula for the gaussian integral (6), we can evaluate the integral and get

/dykK(yk+17yk§Atk)K(ykvyk—UAtk—l) =

_ m exp m (rr1 —ye—1)?] _
2mih( Aty + Atg—1) h 2 Aty + Atp—q
= K (Ypt1,Yn—1; Oty + Aty_1)

In this manner we can integrate over all intermediate points to get

K(yp.ysT) = \/Eexp[;rg(yf;yl)] . (12)

But in this case yy = y; = 0, so




Exercise 39 (Central Tutorial)

Consider the path integral with Hamiltonian H= Gp?q. Derive the measure for the Lagrangian path integral.
Hints: 1) Follow the derivation of the path integral for H = p% + V(§). The integration measure is explicitly
dependent on ¢(t). 2) The integral (6) might be useful.

Solution The propagator is defined as

K(qr,qi5tf.to) = (a7 | U(ty, to) | qo) (14)

After introducing N intermediate points and inserting identities we can write it as the product of intermediate
propagators

N
K(qf,qiity to) = /dQNdQNflmd(h <H K(Qk+17Qk§tk+1atk)> (15)
k=0

Now by expanding the operator U in the definition of the propagator, each intermediate propagator can be
expressed in terms of the momenta and positions.

d [YAN —
K(qk+1, @ togr, te) = QPI;Z p[ hk <pk qurAltk e _ H(pk»Qk))] (16)

Here H has to be in canonical form, i.e. all G to the right of the p.

Aside: The above paragraphs are properly explained in the lecture, following pages 132-136 in CSQFT V.
Mukhanov’s book. Now the required computation begins.

For our Hamiltonian H = ¢

24 = p?G> + 2ihpq, as checked in Exercise 31. Then the propagator is

dpk {iﬁtk ( Qr+1 — Gk

K(qrt1, qrs tegrs te) = or h 3 At

The gaussian integral can be evaluated using (6). In our case this yields the result

— prar — Qihkak)] (17)

1 h qr+1 — qk . 2
K ot ty) = ——nun— — 20q. /\t . 18
(@415 Qs trg, th) NG exp [ T2 it ( - iqr Aty (18)

As we have N such terms we get a sum in the exponent.

N 2

1 1 h qrk+1 — Gk ) )
K t5,t0) g _ — 2igu At
(4, 9031 t0) /Lnl " o iwhAtJ 240v/inhity eXp[ kgmqimk( ) kS

In the limit N — oo we can replace qx4+1 — qx = ¢t and the sum by an integral over ¢.

N .

1 1 2
K(ag,q05t7,t0) = limyoe | |J] d , ‘ L at— (g - 2in 20
(47, 90;s,t0) = limn / [ LD mrhAtk} 2q0/inhilty eXp[h / 7 (4= 2ihq) } (20)

k=1

Partial integration with %ln q= g gives us a total factor of 3—2 and we obtain

N ;
1 1 ¢
K -t t = 1. 0o I | d - dt Aa2 h2 ’ 21
(a7, 90315, to) N = / [ qk 2qk iﬂﬁzxtkl 2qo+/1mh/A\tg qo exp[ / <4q >} )

k=1

We can rewrite this using the integration measure

Dg=limy_ oo —————

a5 1
2q0\/z7ThAt0 H 2qk\/i7rﬁAtk

which is explicitly dependent on g (compare with (2)).



Exercise 40

Show that for analytic operators A(ﬁ, G) the following holds:

Remark: Generally we have dA 4 044, 04

dt G
<¢

Solution

dA<p<t>q<t>>‘¢> = (20 djvm)

dt ot s ot
1 . 1 <
= i W) [ HA[Y(t)s + 7 (1) [AH |9 (t)s
=~ WA H]| )y
Therefore we have )
dA i,2 =
E = h[Av ]

Then

d . aut(t) . e AU ()

@ R(H) (4 A t (1) A(S)

pr (t) U(t) +U'(t) ot

= U HU®)T)TASDT() - %Uf(t)ﬂsm(tm(tﬂﬁﬁ(t)
_Lia f
Exercise 41
Consider a Hamiltonian of the form R . R
H=Hy+V(t),

(23)

(26)

(27)

where Hy describes the free part of the system and V(t) describes interactions. In the interaction picture we

consider the time evolution of operators according to the free part of the Hamiltonian, Uo (t) = exp (—%f]ot) ,

satisfying 88% = —%IAJOIA]O.
(i) How is a state | ¢(t)), defined in the interaction picture?
(ii) Show that |¢(t)), satisfies
i 6(0); = Vi) | 6(0),

where V;(t) = UV (t)U.

(28)

(ili) Take |@(t)); = Uy (t) | ¢o), and making use of your result of (ii), find the differential equation, satisfied
by Uy . Solve this equation iteratively and use it to express | ¢(t)); only in terms of V(t) and | ¢p).



Solution Notation: Subscripts S, H,I refer to the Schrodinger, Heisenberg and interaction picture, respec-
tively.

(i) Defining B
Uy (t) = UJU = ertlot(,

where U(t) satisfies %—[g = f%(ﬁo + V)U the expectation value of a general operator is

)
I

(4) = (80| 0L 0 AsTioliv | 60) = (60| As(t) | 6(t))
where Aj(t) = UgASUO and B
[6(t)); = Uy | do) = en ™! | (1)) g - (29)
(ii) By substituting Eq. 29,
0 O ~1n O / is .~
i | 6(t)), = ihUFU | g0) = ity (eF7010) | 60)
= ~UgHoU | ¢o) + Ug (Ho + V()T | o)
= U§V ()00 T3U | o)
Vi(t) | 6(t)); -

(iii) From the above calculation we also see

9 .
EUV = —*V](t)Uv.

Solving this expression iteratively, we find

Ov() =1+ /0 dt V()0 (1)

. t S\ 2 gt t1 R N
:1+3/ dt V() + (—Z) / dtl/ dia V(t)V(t2) + ...
h 0 h 0 0

Therefore we have

|6(t)); = Uv(t) | do)

i (—;)n/otdtl /Ot1 dtg'”/otnldtn V(t)V(ts) ... V(ty)

n=0

| ¢o) -

Exercise 42

Evaluate directly the matrix elements of the evolution operator

i

K(zg zisty t;) = (g |e” 7O | ;)

~ A2
where H = £ is the Hamiltonian of the free particle. How would the result change in d space dimensions?

Solution We insert one decomposition of the identity between (x| and the evolution operator,

.2
K(zp, @ity t;) = /dp (g | p) e 2w =) (p| ;) (30)
1 i i p> 1 i
= d eﬁprefﬁm(tffti)iefﬁpzi 31
/ p\/Qﬂ'h V2orh (31)

This is of the form of the Gaussian integral (6) with

= b= 2
hm h (32)

a



So we can write it as

o N m im(zy — x;)?
Klzp,wisty,ti) = \ 2mh(tf—ti)eXp{ oh(tr —t;) } (33)

In d space dimensions all the Gaussian integrals would just factorize so we would find a dth power of the
result, i.e.

d
L. m z im(Z — ;)2
. N = P et SV 4
Kt = (e =1) | “Shge =1 39



