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Exercises on Quantum Mechanics 1T (TM1/TV)
Problem set 4, discussed November 11 - November 15, 2019

Exercise 25 (central tutorial)

(i) Consider a system X described by a state |1¢x) and its corresponding density matrix ps, composed
of subsystems I and I7; prove that the two definitions of density matrix for the subsystem I, p;, are
equivalent:

a) For every operator that acts only on the subsystem I, A= A;®1, the density matrix py is defined
such that

A=tr (,61/11) =A; (1)

pr =trrr (px) = Z <H5n | f)E|H5n> (2)

n

where {| Hén>}n€N is an orthonormal basis for 7.

(ii) Prove that in general (i.e. also for mixed states) for density matrices the following relations hold:
a) trp=1;
b) p is an hermitian operator;

¢) p is a positive operator, i.e. (¢ |p|Y) >0 V|¢);

e) (V|p—p*e) >0 V)

)
)
d) All the eigenvalues of p are between 0 and 1;
)
f) If p? = p then there exists a vector | ¢) for which p = | @) (¢| (pure state).

Solution

(i) Let’s first recall the definition for a general density matrix that describes a subsystem I of a general
system Y. Suppose to have an operator that acts only on the subsystem I, A = A; ® 1. The density
matrix py is defined such that

A=tr (ﬁpfl]) — A (3)

Therefore, given a generic normalized state for the whole system |¢s) = > = ¢¥ ’I i) | 116;) we
ij
have:

A= (vs | Apps) =3 (e (16" | (197 |) (Ar 0 1) (] "o0) | ar)) =
ijkl
_ Zcijckl <115j | 1151> <15¢ IAI|I5k> _ Zcijckj <15¢ | AI|16k> _ )

ijkl ijk
= (o)} (AI)k =tr (/311211)
where we defined (,01);C = eet.

J
Therefore we have



Let’s now calculate tr;; (px):

trll(ﬁ2>zz<116n‘A|116>:Z<116n|,¢}>wzll ZCU k]‘l(sk 5z|:

n ijk

, (6)
_ZPI | "oy ("6" | = pr

(ii) From now on we omit the superscript I in the basis elements, since we are dealing only with subsystem

I.
2)

)

The property of the trace follows straightforwardly

~ i i | ¥ )norm.
tr(pr) =D (pr)i =Y cijc? =Y JeyP =11 (7)
i ij

%

= 3Dk 10) (0| = e |8 (5| = (5)

ik ijk

We shall call p; just p from now on, with the properties defined above.

Since we have just proven p to be hermitian, it means that it can be diagonalized in some ortho-
normal basis {| px)}ren through some unitary matrix (U)j = uj, i.e. Pdiag. = UpUT. Therefore we
have:

p= Zpk | pi) <p7~C | where |pi) = ui |6;) and {pp}ren are the eigenvalues of p (9)
k

The relation between the eigenvalues and the coefficients of p is given by the transformation that
diagonalizes p. It follows that

pk:Zuﬁ(p)Zlu ) —Zu " ey (u Z(Zcmu ) (Zcmju ) =
:Z Zc"juﬁ

2 (10)
>0 Vk

Therefore

W plw) = pel (Wl pe)|* >0 (11)
k

since we have proved pp > 0 Vk.

This is immediate since all the eigenvalues are positive and the their sum (the trace of p) is 1.

(1= 1) =D (pr— PR (W] pr)[> >0 (12)

k
since py > p3 (pi is between 0 and 1).

It means that
Sloe =)l W@l P=0 Y[¥) = pe=pi = pec{0,1} (13)
k

Therefore, p must be of the form
p=1pk) ("] (14)

with a particular k; that is the definition of a pure state.



Exercise 26 (central tutorial)

(i) A harmonic oscillator has an equal classical probability 1/3 to be found in each of the states |0), | 1)
and 4]0) 4+ 3|1). Write down the corresponding density matrix p explicitly.

(ii) Consider a system ¥ consisting of two subsystems I and II. ¥ is in a pure state |v¢x), where |¥x)
is a vector in the product space. The density matrices pr r; and px. are defined as in the lecture.
Remembering that

pr=trrpz = (M6 psl™6:)  and  prp = try py = (16| psl6i) (15)
and given that {|n)},en is a set of orthonormal vectors, calculate the density matrix for subsystems
I and II, for

1
=— (02 |1)+]1)®|2 16
| s) \@(|>|>|>|>) (16)

(iii) Consider p; of the previous point. Does it correspond to a pure or to a mixed state?

(iv) Given a density matrix, the entropy of the described state is given by S = — tr(plog (p)). Express the
entropy as a function of the eigenvalues of p.
It can be shown that the maximum entropy is reached when all eigenvalues are equal, i.e. when every
state is possible with the same probability; what is the maximum entropy for a Hilbert space of
dimension d? What is the entropy of a pure state? Calculate the entropy of p; and prr of the previous
part.

Solution
(i) First of all, we need all states to be normalized. In particular, we have to normalize the third state
4 3
410)+3|1) — 3|0>—|—5\1> (17)

Now we can build the density matrix of the harmonic oscillator as follows
. =173 1
p= i) Wil =2 D 1) (| =

=3 [lovor i ar (slo+ 2im) (Goi+2al)) (19)

= Moy B ars Zgoyar o)

(ii) For the sake of legibility we adopt the following notation:

[n) @m) =[nm) , (n|@(m|=(nm| (19)

In this notation the state is .
|Ys) = *2(| 01) +[12)) (20)

Therefore

. 1 1

pe = [¥s) (Y| = 5(101) +112))((01 [+ (12]) = F(]01) (01 +[12) (12| +]01) (12| +[12) (01]) (21)
Tracing out the subsystem II and I we find

pr = trrr s = =(10) (0] + [ 1) {1 ) (22)

(1) (1] +12)2) (23)

prr = trr ps =

= N

(iii) We have from the previous point p; = try; ps; = 2(]0) (0| + | 1) (1]). It corresponds to a mixed state,
and we have two ways of proving it.



a) Suppose py is a pure state; then it must be possible to write it as pr = | ¢5) (¢5 |, with | ¢r) =
> an |n). In this assumption:
n

|61} (b= anay,|n) (m| (24)

We can immediately set to 0 the coefficients a; with ¢ > 1 since the corresponding states do not
appears in p;. We have therefore:

[ 61) (¢1 | = laol* | 0) (O] + |ax|* | 1) (1] + aoai [ 0) (1| + arag | 1) (0] (25)

We can see that there exists no choice of ag, a; such that | ¢r) (¢r| = pr.

b) The second way relies on the fact that for pure states p? = p.

. 1, .
P =gb1 # p1 (26)

and therefore it is not a pure state.

iv) Since the density matrix is an hermitian operator it can be diagonalized in a certain orthonormal basis
y g

{] pr) }ren; each element of the basis is related to an eigenvalue py. Applying the cyclicity of the trace
and the definition of logarithm of an operator, the result holds:

S=-=>"pilog(pk) (27)

k

The maximum entropy in a Hilbert space of dimension d is reached when py, = p = é Vk. The entropy
is then:

d—1 d—1
S==> prlog(pr) = =Y plog(p) = —dé log (;) = log(d) (28)
k=0 k=0

For a pure state p = |¢) (¢ |; it is a diagonal operator with one eigenvalue 1, its eigenvector | ) and
all the others eigenvalues are 0. It follows that the entropy for a pure state is always Spure = 0.

Given the density matrices of the subsystem I and II of the previous point we immediately see that
they are both diagonal, with pg,p1 = % and py,ps = %, respectively; the entropy is therefore

S[ = S[[ = 10g(2) (29)

Exercise 27

Let us now consider a continuous system of two particles ¥, which consists of two subsystems I and 1. As
before, 3 is in a pure state, which in this case can be expanded as

) = [0l ) 9) dody (30)

Show that:
T =trpra; = /zpl(az,:c)dz (31)
p=trppr = —ih/dml [W} (32)

Solution Let us first show that given an operator A which acts only on the subsystem I, i.e. A= A; ® 1,
we have

A =tr ﬁ[A[ (33)
Proof:

A= sl Alvs) = [ aav @) 1) A ([ dedyito )10 =

- / deda’dydy (i | y) @ (@, o )l y) (@' | Ap | z) = / duda! pr(w,2') (o | Ar |2y = Y

= pQILx’AQIcz =tr ﬁIAI



where
pr(a,a’) = / dy* (& y)b(z, ) (35)

Now we have

o= tr(pss) = pfoat = [ dods'prle,) (o 1] 0) =
(36)
= /dxdx’xp;(x,x’)é(x —a2')= [ drvzp(z,z)
and
p=twlpsh) = piert = [ deds'or(w.a”) (o' 1| 2) =
37)
| : . Opi () (
_ / nY oy = 1| YPIE, L)
—zh/dxdx pr(x,x )axé(x x') zh/dx [ 5 .
Exercise 28
Calculate the energy, pressure and entropy of a thermal radiation of temperature T in a volume V.
Hint: You may use the relation for the free energy F(T,V') which is known from the lecture:
F(T,V) =2k TV/ Lk, [1— e Fh] (38)
) B (27T)3
with 1
= — 39
=it (3)
You may also need the following result:
00 ) 71_4
dez‘In|l —e™"| = —— 40
/0 zz®In [1—e "] T (40)

Solution Following the hint, we will start with the expression for the free energy obtained in the lecture,
and make it nicer:

3

F(T,V) = 2/cBTV/ﬁ1n [1—ePr] = ’“f;ifv/ QR I [1 — =]
0

(2m)?
chV (kgT\* [* _
= (== dza®In [l —e™® 41
7r2(ch)/0 2a?In [1 - ] (41)
4o w2kt
F(T,V)=—-—VT* =__B
— POV =-32V © 77 60c2h3

where in the first line we used the isotropy of the momentum space and w = ck, and in the second line used
the substitution x = Bhck.
Now we have

oF 160
=——=_—VyT73
s oT 3c v
40 4
E=F+TS=—VT (42)
C
OF 4o
P=——=_"T*
avV 3¢

Exercise 29

The matrix elements (in coordinate representation) of the density matrix g, = e~ for a free particle in a
three dimensional volume V, satisfy the diffusion equation
Opu(#,38) W

R N (43)



with the initial condition p, (&, &';0) = 6(Z — &').
Show that this equation has the following solution:

wlw

— m m — —)
o629 = (75 ) o |-y =2 o
Solution Calculating both sides gives:
Opu(Z,@58) r m N2 [ 3, 5 m . o1 mo L
55 = (o) |37 o @7 e | —gs@ -7 “5)

On the other hand

h? h? m o\ m 5 m \2 7 m

2 a7 = 1 (N 6 gt () 2t e || s

o AP @3 8) = 50 (oo ol A g) @ T)B T exp | mgpep(@ - )T (46)
The initial condition is satisfied by this solution too, as for 5 = 0 the exponential term suppresses everything
unless £ — &’ = 0. The correct normalisation can be seen by a change of variables and performing the gaussian
integral:

/d?’m pu(Z, 75 8) = /d3x (271_7;25) exp {—2;2&(9?— f’)ﬂ v (27;;5) /d3v exp [_272;5(6)2] =

R3 R3 R3
3

171° =z oy o2 ( W )3 /dU exp {_ T 0? s = 1 ' dw exp [~w’] | =
N 2mh2 3 2h2/ N T N

- (1>3 (va)’ =1

s

(47)

Exercise 30

Consider the three dimensional Hilbert spaces H;, i = 1,2, 3. Take the tensor product H = H; ® Ha ® Hs.
Let |0), |1), |2) be an orthonormal basis in a single three dimensional Hilbert space. Then a basis of the
tensor product is given by | zyz), where z,y, z € {0,1,2}. Pick the following two states in H:

1
V3

(i) Compute the reduced density matrix for the system with Hilbert space H; ® Hso for each case.

| 4) = 000) |¢) = —=(1000) + | 111) +[222)) (48)

(i) Compute the entanglement entropy in each case using your result.

Solution

(i) Firstly note that both density matrix are given by:

1
py = 1000) (000 | po =19} (¢| = 3(1000) + | 111) +]222))({000 | + (111 ] + (222]) ~ (49)
Therefore, tracing over Hsz we obtain the required density matrices:
Pyra = oz pyy = [ 00) (00 (50)
1
Porz = traapy = 5(100) (00] +[11) (11 ] +]22) (22]) (51)

(ii) In order to compute the entanglement entropy is useful to visualize (50) and (51) as matrices in
the basis |00),]11),]22),]01),]10).... In such a basis both are diagonal and so the logarithm of the
matrix becomes the matrix of the logarithm of the components. Then trivially one obtains, after matrix
multiplication, the entanglement entropy for both systems:

Swlz = —trH1®H2Pwlzlonglz =0 (52)

1
S¢12 = 7tr7-[1®7'12p¢1210gp¢12 = 710g§ = log3 (53)



General information

The lecture takes place on:

Monday at 10:00 - 12:00 c.t. in B 052 (Theresienstrafie 37)

Friday at 10:00 - 12:00 c.t. in B 052 (Theresienstrafe 37)
The central tutorial takes place on Monday at 12:00 - 14:00 c.t. in B 139 (Theresienstrafe 37)
The webpage for the lecture and exercises can be found at

https://www.physik.uni-muenchen.de/lehre/vorlesungen/wise_19_20/T_M1_TV_-Quantum-Mechanics-II



