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Exercise 1: Closed string solution

Consider a closed string with initial conditions

X0(τ = 0, σ) = 0 , Ẋ0(τ = 0, σ) = R ,

X1(τ = 0, σ) = R cos(σ) , Ẋ1(τ = 0, σ) = 0 ,

X2(τ = 0, σ) = R sin(σ) , Ẋ2(τ = 0, σ) = 0 ,

Xi(τ = 0, σ) = 0 , Ẋi(τ = 0, σ) = 0 , i = 3, . . . , D − 1 , (1.1)

i.e. at τ = 0 it is a circular string of radius R at rest, localized in the (X1, X2)-
plane. Determine its time evolution and show that the solution solves the con-
straints Ẋ ·X ′ and Ẋ2 +X ′2 = 0.

Exercise 2: Virasoro generators

(a) The canonical momentum density of the Polyakov action in flat (or confor-
mal) gauge is given by

Pµ(τ, σ) =
∂L
∂Ẋµ

= TẊµ . (2.1)

Use the expansion of the coordinates Xµ in Fourier modes, i.e.

Xµ(τ, σ) = xµ + α′pµτ + i

√
α′

2

∑
n 6=0

1

n

[
αµne

−in(τ−σ) + α̃µne
−in(τ+σ)

]
(2.2)

and the Poisson brackets

{Xµ(τ, σ), Xν(τ, σ′)}PB = {Pµ(τ, σ), P ν(τ, σ′)}PB = 0 , (2.3)

{Xµ(τ, σ), P ν(τ, σ′)}PB = ηµνδ(σ − σ′) (2.4)

to show that

{αµm, ανn}PB = {α̃µm, α̃νn}PB = −imηµνδm+n,0 , {α̃µm, ανn}PB = 0 , m, n ∈ Z . (2.5)

Hint: First show that{
(Ẋµ ±Xµ′)(τ, σ), (Ẋν ±Xν ′)(τ, σ′)

}
PB

= ± 2

T
ηµν

d

dσ
δ(σ − σ′) ,{

(Ẋµ ±Xµ′)(τ, σ), (Ẋν ∓Xν ′)(τ, σ′)
}
PB

= 0 . (2.6)
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Use this to verify (2.5) (remember αµ0 = α̃µ0 =
√

α′

2 p
µ and 2πδ(x) =

∑
n∈Z e

inx).

(b) The Virasoro generators of the closed string are given by

Lm =
1

2

∞∑
n=−∞

αm−n · αn , L̃m =
1

2

∞∑
n=−∞

α̃m−n · α̃n . (2.7)

Use the result of part (a) to show that they satisfy the Witt algebra

{Lm, Ln}PB = −i(m− n)Lm+n ,

{L̃m, L̃n}PB = −i(m− n)L̃m+n ,

{Lm, L̃n}PB = 0 . (2.8)

(c) Now use (2.4) in order to derive

{αµn, xν}PB = {α̃µn, xν}PB = 0 (n 6= 0) , {xµ, pν}PB = ηµν . (2.9)

(d) In class it is discussed that the Virasoro generators generate conformal
transformations via the Poisson bracket. Here you should show this explicitly,
i.e.

{Ln, Xµ(σ+, σ−)}PB = −einσ
− ∂

∂σ−
Xµ(σ+, σ−) . (2.10)

To do so, you will need both (2.5) and (2.9).
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