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We consider a spatial model of replication in the RNA World in which polymerase ribozymes use neigh- 

bouring strands as templates. Point mutation errors create parasites that have the same replication rate 

as the polymerase. We have shown previously that spatial clustering allows survival of the polymerases 

as long as the error rate is below a critical error threshold. Here, we additionally consider errors where a 

polymerase prematurely terminates replication before reaching the end of the template, creating shorter 

parasites that are replicated faster than the functional polymerase. In well-known experiments where Q β
RNA is replicated by an RNA polymerase protein, the virus RNA is rapidly replaced by very short non- 

functional sequences. If the same thing were to occur when the polymerase is a ribozyme, this would 

mean that termination errors could potentially destroy the RNA World. In this paper, we show that this 

is not the case in the RNA replication model studied here. When there is continued generation of par- 

asites of all lengths by termination errors, the system can survive up to a finite error threshold, due to 

the formation of travelling wave patterns; hence termination errors are important, but they do not lead 

to the inevitable destruction of the RNA World by short parasites. The simplest assumption is that par- 

asite replication rate is inversely proportional to the strand length. In this worst-case scenario, the error 

threshold for termination errors is much lower than for point mutations. We also consider a more realis- 

tic model in which the time for replication of a strand is the sum of a time for binding of the polymerase, 

and a time for polymerization. When the binding step is considered, termination errors are less serious 

than in the worst case. In the limit where the binding time is dominant, replication rates are equal for 

all lengths, and the error threshold for termination is the same as for point mutations. 

© 2017 Elsevier Ltd. All rights reserved. 
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1. Introduction 

The transition from chemistry to life on Earth may have oc-

curred in an RNA World ( Bartel and Unrau, 1999; Gilbert, 1986;

Joyce, 2002; Higgs and Lehman 2015 ), with RNA taking the central

role as both genetic storage and enzymatic function in the first or-

ganisms. Central to this idea is the existence of a polymerase ri-

bozyme capable of synthesizing a complementary sequence from a

template, thereby forming a self-replicating chemical system. Sup-

port for such a ribozyme has come from in-vitro evolution ex-

periments which have made significant progress in recent years

( Attwater et al., 2013; Johnston et al., 2001; Lawrence and Bar-

tel, 2005; Wochner et al., 2011; Zaher and Unrau, 2007 ). In the

most recent case, a polymerase ribozyme was created that is ca-

pable of synthesizing 206 nt extensions which are approximately

the same length as itself ( Attwater et al., 2013 ). This polymerase
∗ Corresponding author. 
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ibozyme however is not perfect and has a fidelity of 97.4% (accu-

acy of base additions) and processivity of 97.5% (probability of se-

uential nucleotide addition prior to dissociation with the template

trand). 

During polymerase-mediated replication, a point mutation er-

or is the incorporation of an incorrect nucleotide into the grow-

ng product strand, whereas a termination error is the premature

ermination of replication before reaching the end of the tem-

late, which creates an incomplete sequence that is shorter than

he template. Both kinds of errors create non-functional template

trands that have the potential to overrun the replicating sys-

em if the error rates are too high. Following Eigen et al. (1988) ,

e will use the term ’error threshold’ to describe the maximum

rror rate for which the replicating system can survive without

eing overrun by mutations. The fidelity of replication in the

oint-mutation case is a well studied question, but the termina-

ion problem has received much less attention. Here we consider

hese two kinds of error in the same model. Spatial lattice mod-

ls have been used extensively to study replicating RNA systems

http://dx.doi.org/10.1016/j.jtbi.2017.05.037
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jtbi
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jtbi.2017.05.037&domain=pdf
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n  
 Szabó et al., 2002; Könny ̋u et al., 2008, 2013; Ma and Hu, 2012;

a et al., 2010a,b, Ma et al., 2007a,b; Takeuchi and Hogeweg, 2012;

alker et al., 2012; Wu and Higgs, 2012; Shay et al., 2015; Kim

nd Higgs, 2016; Colizzi and Hogeweg, 2016a,b ). Here we consider

 spatial model designed to more accurately represent the process

f strand replication by allowing for termination errors as well as

oint mutations. 

The standard error threshold theory ( Eigen et al., 1988 ) deals

ith point mutations. This theory considers a well-adapted ’master

equence’, e.g. a wild-type RNA virus, in competition with all the

utant sequences that surround it in sequence space. The mutant

equences have a lower replication rate than the master sequence,

ut they are generated by continual mutations from the master

equence. The concentration of master sequences in the mixture

s found to go to zero at a critical value of the point mutation

ate called the error threshold. The value of the error threshold

epends on the ratio of replication rates of the master sequence

nd the mutant sequences, and this can be calculated fairly easily

 Eigen et al., 1988 ). 

We have previously studied point mutations for an RNA poly-

erase in the RNA World ( Kim and Higgs, 2016; Shay et al., 2015 ).

n this case, the polymerase is an RNA and the polymerase se-

uence is mutating, whereas in the standard theory, the poly-

erase is a protein that is not subject to mutation. The sim-

lest assumption for the RNA World model is that sequences with

oint mutations are non-functional as catalysts but are equally

ood templates as the polymerase. This means that the mutant

equences are parasites of the polymerase. In the well-mixed ver-

ion of this model, the polymerase is overrun by parasites for any

on-zero error rate. Survival of the polymerase at finite error rate

equires cooperating groups of polymerase sequences, either in a

urface-based model with slow diffusion, or in a protocell model

ith group selection (see Higgs and Lehman, 2015 , and references

herein). We have shown by simulation ( Kim and Higgs, 2016 ) that

here is an error threshold in the two-dimensional surface-based

roblem, and that spatial clustering allows survival of the poly-

erase for error rates below this threshold. Calculation of the er-

or threshold for the spatial lattice model is not easy because it

epends on spatial correlations of the states of neighbouring sites,

hich cannot be determined exactly. In the appendix of this pa-

er, we give a paired-site approximation to the lattice model that

xplains the error threshold behaviour of this model at least qual-

tatively. 

The main aim of this paper is to compare termination errors

ith point mutations. The strands generated by premature termi-

ation are shorter than the template and therefore replicate faster.

he simplest assumption is that the replication rate of a strand

s inversely proportional to its length. Hence there will be selec-

ive pressure for parasites of shorter lengths. This selective pres-

ure was shown in well-known experiments with Q β RNA, which

hrunk its genome by 83% after many rounds of selection, causing

t to replicate 15 times faster ( Mills et al., 1967 ). The Q β example

ses a protein polymerase that does not evolve in the experiment,

hereas a polymerase ribozyme in the RNA World would have to

ompete with the short parasites generated by premature termi-

ation. The worry that motivates this paper is that parasites might

volve to shorter and shorter lengths until they inevitably destroy

he polymerase. If this were true, this would essentially rule out

he idea of an RNA World that depended on an RNA polymerase

ibozyme. However, the central result that we show here is that,

hile short parasites are indeed lethal to the polymerase when

lone, termination errors generate a mixture of parasites of differ-

nt lengths, and this mixture is not always lethal. The polymerase

urvives in the presence of the mixed parasites up to a finite error

hreshold. 
p  
. Methods 

The model used is an extension of that in Kim and Higgs (2016) .

e use a square lattice in which each site can either be vacant

r occupied by a single RNA strand. A strand is either a poly-

erase (P), the complement to a polymerase (C), or a parasite

X). Lengths of strands are measured in numbers of nucleotides.

olymerases and complements have a fixed length L pol . Parasites

ay have any length up to and including L pol . We assume that the

urface environment limits diffusion, thus preventing strands from

oving between lattice sites. The model allows only polymerase-

atalysed replication and assumes that non-enzymatic template-

irected replication is negligible. For a similar model that incorpo-

ates both kinds of replication, see Wu and Higgs (2012) and Shay

t al. (2015) . Polymerases replicate neighbouring template strands

t rate k ( L ), where L is the length of the template. The simplest

ase, which was also used by Kim and Higgs (2016) , is to assume

hat k ( L ) is inversely proportional to L . It is convenient to write 

 (L ) = k pol 

L pol 

L 
, (1) 

here k pol is the replication rate constant for a strand of length

 pol . We also introduce a cutoff length, L cut , which is the minimum

ength of template that can be replicated. This is motivated by ex-

eriments with Q β replicase, where the optimum RNA strands for

eplication have a length much shorter than the full virus RNA,

ut must be long enough to have a secondary structure that is

ecognized by the Q β replicase protein ( Biebricher and Luce 1992,

993 ). For all the simulations in this paper, we have L pol = 100 and

 cut = 10. For simplicity, we assume that one strand occupies one

attice site, irrespective of its length. However, if strands shorter

han L cut are generated by termination errors, these strands are too

hort to be replicated again, and they are also assumed to be too

hort to take up a lattice site. These very short strands are simply

gnored because they play no role in the model. The form for k ( L )

n Eq. (1) is the worst-case scenario for survival of the polymerase,

ecause it gives the short parasites the maximum advantage. Later

n the paper we will consider more realistic forms for k ( L ) in which

he replication rate is less strongly length dependent. 

The model also incorporates loss of strands. Strand sites are

urned into vacancies at a rate that is assumed constant for all

engths, and is set to 1. This provides a scale for comparison of the

ther rates in the model. The loss rate represents either the escape

f a strand from the surface or the breakdown of a strand back to

ndividual monomers. 

The simulations proceed in time steps of length δt . In one time

tep, we visit every strand in a random order and give it a chance

o be a template. For each strand, we select one of the eight neigh-

ouring sites at random from the Moore neighbourhood. If this

ite is occupied by a polymerase, the template is replicated with

 probability k ( L ) δt . Only strands next to polymerases can be repli-

ated. The new strand is the complement of the template: a P cre-

tes a C, and a C creates a P. Note that C strands are non-functional,

ut they are necessary for replication of the polymerases. If a point

utation occurs, a parasite of length L pol is generated, instead of a

 or C. If a termination error occurs, a parasite of a length less

han L pol is generated (further details below). If the template is a

arasite of length L , accurate replication creates another parasite

f the same length. Since all parasites of a given length are equiv-

lent in this model we do not keep track of their plus and minus

orms. Point mutations are not relevant to parasites for the same

eason. Premature termination of replication of a parasite can gen-

rate shorter parasites. 

When a new strand is created, we select a second random

eighbour site of the template strand different from the site occu-

ied by the polymerase. If the second neighbour site is a vacancy,
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the new strand is placed on this site. If the second site is already

occupied by a strand, the new strand is eliminated and no change

occurs. After giving each strand a chance to replicate, we again go

through each strand in a random order and give it a chance to be

lost/broken down. This occurs with a probability δt , because the

loss rate is defined as 1. This completes one time step δt . 

We now discuss errors in more detail. For point mutations, we

assume an error probability m point per nucleotide. The probability

of at least one point mutation occurring during replication of a se-

quence of length L is 

M(L ) = 1 − (1 − m po int ) 
L . (2)

P and C sequences have length L pol . Hence, when a P or C is

replicated, there is a probability M ( L pol ) that the new strand is a

parasite of length L pol . 

For termination errors, we assume that there is a probability

m term 

of premature termination at each nucleotide. Let p ( l ) be the

probability of generation of a new strand of length l from a tem-

plate of length L . 

p(l) = (1 − m term 

) l m term 

( for 0 ≤ l ≤ L − 1 ) 

p(L ) = (1 − m term 

) L ( accurate replication ) (3)

This is normalized so that 
∑ L 

l=0 p(l) = 1 . There is a subtlety

here regarding the replication rate. The rate of production of the

new strand should depend on its own length, l , not on the length

of the template, L . Hence, when a template is about to be repli-

cated, we first determine the length of the product l as a random

value from the distribution p(l ). If l < L , the probability of the repli-

cation occurring is k(l) δt , rather than k ( L ) δt . In simulations that in-

clude both kinds of error, we first check for premature termination,

then if the strand is accurately replicated according to Eq. (3) , we

check for point mutations according to Eq. (2) . 

All results reported here are from simulations using a square

lattice of size 1024 × 1024 with periodic boundaries to limit edge

effects. The time step is δt = 0.001 in all cases, except for runs with

very high polymerization rates ( k pol ≥ 10 0 0), in which case it was

necessary to decrease the time step to δt = 0.0 0 01. 

3. Polymerase survival with point mutation errors 

We will first consider the simplest case with only point mu-

tations and no termination errors. Due to the clustering of poly-

merases that arises in this spatial model, it is less likely for a para-

site to be adjacent to a polymerase ribozyme than for a polymerase

to be adjacent to another polymerase or complement. This means

that parasites have a disadvantage, and they die out if there is no

continued mutation ( m point = 0). For moderate m point , there is coex-

istence of the parasites with the polymerase and complement. An

example of this situation is shown in Fig. 1 (a). For the correspond-

ing animation see Video S1. 

Fig. 2 shows the time averaged strand concentrations as a

function of m point when all other variables are fixed. The error

threshold is close to m point = 2.5 ×10 −3 for these parameters, which

means the mutation probability per strand is M = 0.22 for a strand

of length L pol = 100. If the error threshold occurs at M of order 1,

then the maximum per-base error rate is m point of order 1/ L pol . This

is a similar conclusion to the usual error threshold in the master-

sequence landscape. Eigen et al. (1988) showed that the minimum

fidelity in that case is Q = 1/ σ 0 , where σ 0 is the relative replication

rate (superiority parameter) of the master sequence to the mu-

tants. In our case, however, the polymerase survives not because of

a replication rate advantage, but due to an advantage arising from

spatial clustering. 

The example in Fig. 2 is calculated for k pol = 25. Fig. 3 shows

the way the error threshold in m point depends on k pol (with L pol 

fixed at 100). Firstly, we note that, even in absence of errors, there
s a minimum value of the replication rate necessary for the sur-

ival of the polymerase. This is close to 8.6. Below this, the rate

f loss/breakdown of strands is faster than the multiplication rate.

he error threshold in Fig. 3 is therefore zero below k pol = 8.6.

bove this, the error threshold increases as k pol increases, because

peed partially compensates for accuracy. If the replication rate

s larger, then the number of accurate copies produced from one

trand in its lifetime is larger, which helps the survival of the poly-

erase, even if mutant copies are also produced. However, Fig.

 shows that the error threshold begins to decrease again very

lowly at very high replication rates above k pol = 50. This is because

he spatial structure of the model breaks into very small clusters

f polymerase and complement that are effectively "walled-in" by

arasites. The parasites stop the polymerase clusters from growing,

ven though the parasites cannot spread. The concentration of the

olymerases actually decreases with k pol over this range, and the

rror threshold also decreases slightly in consequence. 

We do not have an exact calculation of strand concentrations or

he error thresholds for this model. An approximate solution can

e found using a pair approximation that considers correlations in

he states of pairs of neighbouring sites but ignores correlations

eyond two sites. This calculation is shown in the Appendix, and

he strand concentrations as a function of m point are shown in Fig.

1 . The result is qualitatively similar to Fig. 2 , although the value

f the error threshold found from the approximation is substan-

ially higher than that found from simulation of the lattice model. 

. The existence of lethal parasites 

As pointed out in the previous section, parasites of the same

ength as the polymerase have a disadvantage due to spatial clus-

ering of the polymerases. Therefore, these parasites die out unless

hey are continually created by mutation. However, shorter para-

ites have an advantage due to faster replication which can over-

ome the disadvantage due to clustering. We already gave exam-

les ( Kim and Higgs, 2016 ) where short independent parasites co-

xist with the polymerase, and where very short parasites destroy

he polymerase entirely. Here, we investigate how short the para-

ites need to be in order to be lethal. 

A simulation of just P and C sequences was allowed to reach

 steady state without mutations or parasites of any kind. A small

umber of parasites of a fixed length L was then added in order

o see if these parasites could invade the replicating system. The

utation rates were kept at zero, so the only parasites present are

opies of the initial few that were added. 

Three outcomes are possible, depending on L . For L > L max , the

arasites die out. For L min ≤ L ≤ L max , the parasites coexist with the

olymerase and complement. For L < L min , the parasites destroy the

olymerases and everything dies out. Fig. 4 shows the time aver-

ged concentrations of the strands as a function of L . For these pa-

ameters, where k pol = 25 and L pol = 100, we estimate L min = 14 and

 max = 76. This problem can also be studied approximately using

he pair approximation shown in the Appendix. The results shown

n Fig. A2 are qualitatively similar to those in Fig. 4 . 

In contrast to the case of point mutations ( Fig. 1 a), the spa-

ial dynamics in the case of coexisting parasites and polymerases

ithout mutations gives rise to travelling waves ( Fig 1 b and 1 c).

olymerases and complements form the leading edge of the waves

hile parasites survive on the trailing edge. Travelling waves in

imilar models to this have been observed previously ( Takeuchi

nd Hogeweg, 2012; Colizzi and Hogeweg, 2016a ,b). For the longest

arasites in the range L min ≤ L ≤ L max , the traveling waves are small

nd constantly colliding ( Fig. 1 b) whereas shorter parasites result

n larger traveling waves ( Fig 1 c). The large scale travelling waves

or the shorter parasites are only possible if the lattice size is

arge enough, i.e. short parasites are more lethal if the lattice size
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Fig. 1. Snapshots from simulations, where polymerases are shown in red, complements in orange, and parasites in black. In all cases k pol = 25 and δt = 0.001. (a) Small 

clusters are seen in the case of point mutation rate m point = 1.6 × 10 −3 and no termination errors. (b) Small chaotic waves emerge when parasites of fixed length 45 coexist 

with polymerases and complements and no replication errors are allowed. (c) Large travelling waves are seen when parasites are shortened to length 15 under the same 

constraint of no replication errors. (d) When termination errors occur with m term = 1.0 × 10 −5 , small waves emerge which constantly collide, split, and die. Parasites are 

coloured according to length, from black (short) to long (light blue). “(For interpretation of the references to colour in this figure legend, the reader is referred to the web 

version of this article.)”. 
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Fig. 2. Concentrations of polymerase, complements, and parasites are shown as a 

function of m point , with k pol = 25 and δt = 0.001. The point mutation error threshold 

occurs around 2.5 × 10 −3 where the average polymerase population goes to zero. 

All simulations were run until t = 10 0 0 and repeated 100 times for each value of 

m point shown. Each data point represents time and simulation averaged strand con- 

centration if at least 5% of the trials had a surviving polymerase population, and 0 

otherwise. 
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Fig. 3. The point mutation error threshold is shown as a function of k pol . For each 

value of k pol , simulations were run until t = 10 0 0 and repeated 100 times for in- 

creasing values of m point . Each data point represents the largest value of m point for 

which at least 5% of the trials had a surviving polymerase population. 
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Fig. 4. Equilibrium concentrations of polymerase, complements, and parasites are 

shown as a function of parasite length. Coexistence of polymerases and parasites 

is possible when parasites have lengths in the range 14–76 nucleotides. All simula- 

tions were initialized with a small population of parasites with fixed length added 

to a polymerase population, and no point mutations or termination errors were 

allowed. Each simulation was run until t = 10 0 0 and repeated 100 times for each 

length of parasite shown. Each data point represents time and simulation averaged 

strand concentration if at least 5% of the trials had a surviving polymerase popula- 

tion, and 0 otherwise. Common parameters used are k pol = 25 and δt = 0.001. 
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curs around 1.5 × 10 −5 , a factor of 100 times smaller than the point mutation er- 

ror threshold. All simulations were run until t = 10 0 0 and repeated 10 0 times for 

each value of m term shown. Each data point represents time and simulation aver- 

aged strand concentration if at least 5% of the trials had a surviving polymerase 

population, and 0 otherwise. 
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is smaller. Animations of these cases are also available. Video S2

shows the case where L < L min , where introduction of a few short

parasites is lethal. Videos S3 and S4 show travelling waves. 

The existence of short, lethal parasites is unsettling, as termi-

nation errors will inevitably generate parasites with L < L min . One

solution to this problem would be to evolve a polymerase that

does not bind to templates that are too short. As we discussed in

the introduction, this does seem to be the case for RNA replication

by the Q β replicase protein ( Biebricher and Luce 1992, 1993 ). This

feature is included in our model via the cutoff length L cut , which

is the minimum length template strand that can bind to the poly-

merase and be replicated. It is clear that if we set L cut larger than

L min , the parasites that are short enough to be lethal cannot be

replicated, which eliminates the problem of lethal parasites imme-

diately. However, the main aim of this paper is to look at the case

of termination errors, which continually generate parasites of a

mixture of lengths. We will now show that the short parasites are

not lethal when present in this mixture, and that the polymerase

can coexist with the mixture of parasites, even if L min > L cut . 

5. Polymerase survival with termination errors 

In this section, we consider simulations with termination er-

rors but no point mutations. Parasites are generated of all lengths

shorter than the template, with a probability distribution p(l ) as

described in the Methods section. When parasites of all lengths are

present, a new equilibrium emerges in which competition between

parasites of varying lengths prevents the lethality of short strands.

This stable state ( Fig 1 d) is visually distinct from the previous cases

( Figs 1 a–c), in that small traveling waves arise that are separated

by large amounts of empty space. The wave structures are rather

irregular and can split to generate new waves. Waves also collide

sometimes, which tends to lead to death of the colliding waves be-

cause they are surrounded by parasites on all sides. For animations

of polymerases surviving with termination errors see Videos S5-S7.

For the parameters in this example, L min = 14, and L cut = 10. This

means that potentially lethal parasites in the range L = 10–13 can

be replicated. Nevertheless, the system survives. Fig. 5 shows the
oncentration of polymerase and complement as well as the to-

al concentration of parasite strands of all lengths as a function

f m term 

. These simulations were done in the following way. For

ach value of m term 

, simulations were run until t = 10 0 0 and re-

eated 100 times. Each data point represents the time and simula-

ion averaged parasite concentration of all simulations which had

 surviving polymerase population. Common parameters used are

 pol = 25 and δt = 0.001. 

It can be seen in Fig. 5 that the system survives with non-

ero m term 

up to a critical error threshold, in a similar way as for

oint mutations. The reason for this seems to be the fragmentary

tructure of the travelling waves. Since medium-length parasites

oexist with polymerases in a traveling wave, the emergence of a

hort parasite is no longer lethal as it now has to compete for va-

ant sites with all non-lethal parasites present on the wave edge.

e also observed occasions where enough short parasites accumu-

ated to encapsulate and destroy a wave. However, since waves are

idely separated from each other, the death of an individual wave

oes not result in the death of the entire polymerase population.

ave death is offset by the formation of new waves, which occurs

hen a wave splits due to the emergence of an internal parasite, or

he escape of a polymerase from the trailing edge of the wave. This

s an example of multi-level evolution acting at the higher level of

he wave as well as the lower level of the single molecule (see also

akeuchi and Hogeweg, 2012; Colizzi and Hogeweg, 2016a,b ). 

The key point up to now is that the system with continued

reation of parasites of all lengths by termination errors is stable

p to a finite error threshold, even though the system with only

ery short parasites would be unstable, even with zero mutation

ate. We can therefore be satisfied that the RNA World is not in-

vitably destroyed by the existence of termination errors. Never-

heless, comparison of Figs. 2 and 5 shows an important point. The

rror threshold for termination errors is two orders of magnitude

maller than for point mutations for the parameters we investi-

ated ( m term 

= 1.5 × 10 −5 in comparison to m point = 2.5 × 10 −3 ). This

s not surprising, since termination errors result in parasites with

 larger replication rate than those resulting from point errors. It

oes raise a substantial worry as to whether such low values of

 term 

could be achieved by the earliest ribozymes. 
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Another difference between Figs. 2 and 5 is that, for the ter-

ination errors, the concentration of parasites approaches a non-

ero constant as m term 

tends to zero, whereas for point mutations,

he concentration of parasites tends to zero as m point tends to zero.

his is because medium length parasites coexist with the poly-

erase when there is no mutation, whereas parasites of length

 pol do not coexist with the polymerase in absence of continued

utation. All simulations reported here were initialized with 15%

olymerases, 15% complementary sequences, and 15% parasites of

andom lengths. The point at m term 

= 0 in Fig. 5 appears at a non-

ero parasite concentration because parasites were initially present

nd medium length parasites coexist with the polymerase indefi-

itely, even without mutation (as we showed in Fig. 4 ). Clearly, if

e began with no parasites, the parasite concentration would re-

ain zero when m term 

= 0. In contrast, in the point mutation case

n Fig. 2 , it doesn’t matter whether a few parasites are present ini-

ially or not, because parasites of length L pol would disappear any-

ay when m point = 0. 

. Polymerase survival with point and termination errors 

Now that we have shown polymerase ribozymes can survive

n the presence of each type of error separately, we will consider

he case in which both errors are possible. While it would seem

hat combining point mutations and termination errors would in-

vitability result in a new error threshold that is lower than either

ndividually, this is not the case. The presence of a certain amount

f point mutations in fact increases the termination error thresh-

ld by a factor of more than 2 in the best cases relative to the case

ith only termination errors ( Fig. 6 ). Increasing the point error rate

esults in a new source of long parasites that limit the replicative

dvantage of short parasites that are competing for vacant sites on

he trailing edge of a wave. This competition hinders short par-

sites, thereby allowing the polymerase population to survive for

igher termination error rates. 

. Distinguishing binding and nucleotide addition steps 

So far, we supposed that the replication rate was inversely pro-

ortional to the strand length. This is the worst-case scenario, be-
ause it gives maximum advantage to short parasites. Here we

onsider a slightly more realistic model of replication that distin-

uishes an initial step of binding of the polymerase to the tem-

late and a step of nucleotide addition. Let T B be the mean time

or binding. We assume that this time is the same for templates of

ll lengths of at least L cut , and that templates shorter than L cut can-

ot bind at all. Let T A be the mean time for adding one nucleotide.

he mean time for copying a polymerase sequence of length L pol 

s T pol = T B + T A L pol . The fraction of time spent in the binding step

s b = T B / T pol , while the fraction spent in the nucleotide addition

teps is (1 − b) = T A L pol / T pol . We will keep the model simple by

reating replication as a single effective step with a rate that is the

nverse of the mean time. Hence for the polymerase, the rate is k pol 

 1/ T pol , and for a strand of length L , the rate is 

 (L ) = 

1 

T B + T A L 
= k pol 

L pol 

b L pol + (1 − b) L 
. (4)

If we set b = 0, there is no time spent on binding, and we are in

he worst case (same as Eq. (1) ). If we set b = 1, the time for nu-

leotide addition is negligible compared to the binding time. In this

ase, all strands replicate at rate k pol irrespective of their length.

or an intermediate value of b, k ( L ) increases for shorter parasites,

ut less drastically than in the worst case. 

Fig. 7 shows results of simulations in which the replication rate

ollows Eq. (4) with different values of b . Termination errors occur

t rate m term 

and no point mutations are included. The termination

rror threshold is shown as a function of the binding proportion

 . When b = 0, the error threshold is equivalent to our previous

ase of termination errors ( Fig. 5 ). As the binding proportion in-

reases, the termination error threshold increases by two orders of

agnitude, i.e. when b > 0, the system is much more tolerant of

ermination errors than in the worst possible case, and short par-

sites are much less dangerous. When b = 1, all parasites have the

ame replication rate, and their length is not important. Hence ter-

ination errors are equivalent to point mutation errors, and the

rror threshold for m term 

when b = 1 in Fig. 7 is the same as the

rror threshold for m point in Fig. 2 . These results highlight the im-

ortance of the binding step, as even a 10% binding proportion is

nough to increase the termination error threshold by a factor of

0. 
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8. Discussion 

Parasites are likely to be important in the RNA world as it is

easy for a sequence to be a template and difficult for it to be a

polymerase. We have presumed that mutations that prevent the

function of the polymerase will produce sequences that are still

viable templates. Therefore, no special adaptation of the template

sequence is required for it to act as a parasite. Nevertheless, selec-

tion on parasites will tend to increase their replication rate, and

decreasing the template length is an easy way to do this with-

out requiring any special adaptation. Hence, termination errors will

provide a constant source of shorter and shorter parasites. Using

our computational model we have shown that survival of a poly-

merase ribozyme is possible in a surface model when both point

mutations and termination errors are considered. Hence, the ten-

dency for selection of shorter parasites does not inevitably kill the

polymerases. 

In both the cluster patterns that arise in the point mutation

case and the travelling wave patterns that arise in the termina-

tion error case, the polymerases are more likely to be next to other

polymerases and complements and less likely to be next to par-

asites than they would be in the well-mixed case. This gives an

advantage to the polymerases that allows them to survive up to a

finite error threshold, whereas the polymerases are destroyed by

parasites in the well mixed case for any non-zero error rate. There

are several other models that show that spatial pattern formation

can allow the survival of polymerases in the presence of para-

sites ( Takeuchi and Hogeweg, 2012; Colizzi and Hogeweg, 2016a,b ).

These models also show travelling wave patterns similar to ours.

These models allow the rate parameters of the parasites to evolve

without explicitly considering the length of the template. Including

the length as a parameter in our case makes the comparison possi-

ble between the termination errors and point mutations. We have

also investigated the factors that affect the error threshold, which

was not done previously. 

We showed in Section 3 that the error threshold in the per-

sequence error rate M that is achievable by spatial clustering can

be relatively large, but this still implies a per base error rate that

must be very small and varies inversely with the length of the

template. The value of the error threshold depends on many de-

tails, including whether the functional sequence is maintained by

replication rate advantage or by clustering (as in this paper), the

presence of neutral networks in the fitness landscape ( Reidys et al.,

20 01; Wilke 20 01; Takeuchi et al., 2005; Szilagyi et al., 2014 ) and

the possibility of recombination ( Santos et al., 2004 ). While these

factors make quantitative differences, they do not really change

the nature of the problem: replication must be accurate in order

to sustain an RNA World. Szilagyi et al. (2014) calculate the phe-

notypic error threshold, and conclude that known ribozymes of

lengths up to about 200 could be successfully replicated by cur-

rently known polymerases with per-base error rates of a few per-

cent ( Johnston et al., 2001; Wochner et al., 2011 ). However, they

assume that there is a very large replication rate advantage to the

sequences with the correct secondary structure, and that fitness

only depends on the secondary structure. Furthermore, they as-

sume that the polymerase is fixed, and is not itself subject to repli-

cation, whereas in the RNA World, the polymerase has to repli-

cate other copies of itself, so a mechanism such as spatial clus-

tering or compartmentalization is required to prevent the invasion

of parasites. Hence, the conclusions of Szilagyi et al. (2014) seem

somewhat optimistic to us. Nevertheless, we do not wish to ar-

gue against the RNA World hypothesis. In our view, there is a lot

of evidence that supports the existence of an RNA World in the

early stages of life on Earth ( Higgs and Lehman, 2015 ), and theo-

retical treatments demonstrate that small per-base error rates are

required for this to work. Therefore it becomes an experimental
roblem to demonstrate that sufficiently accurate polymerase ri-

ozymes are possible. Work on error rates in non-enzymatic repli-

ation is also relevant here ( Rajamani et al., 2010 ), which demon-

trates that stalling of replication after an error slows down the

eplication of sequences with errors, giving an advantage to cor-

ectly copied sequences and an increase in the error threshold. This

ame effect could also occur in ribozyme catalysed replication. 

We would like to summarize several important points that

merge from our studies in this paper. Short parasites are clearly

ethal in this model when they are introduced into a connected

ystem of polymerases and complements. Nevertheless, when par-

sites of all lengths are present, as is the case for termination er-

ors, the lethality of short parasites is prevented because the sys-

em is broken up into separate fragments, and the lethal parasites

annot travel through the whole system. Our model allows us to

ompare the error thresholds from point mutations and termina-

ion errors. In general termination errors are more dangerous than

oint mutations because they create faster replicating parasites.

ence The error threshold in m term 

was found to be two orders

f magnitude less than that for m point in the worst case, where

eplication rate varies inversely with template length. Competi-

ion between parasites of different lengths was further extended

o the case in which we considered both errors simultaneously

nd showed that the addition of a point mutation rate in fact in-

reased the termination error threshold above that which occurs

ith termination errors alone. This is again because the presence

f non-lethal, long parasites created by point mutations changes

he spatial pattern in which the shorter parasites evolve. An in-

eresting factor that we did not yet consider is that point muta-

ions are likely to impose a stalling effect on a polymerase similar

o the stalling effect seen in non-enzymatic replication ( Rajamani

t al., 2010 ), and this might lead to an increase in the termina-

ion likelihood. Lastly, we showed that when a binding step was

ncorporated in the replication process, termination errors become

uch less dangerous than in the worst case because the relative

dvantage of the short parasites is reduced. We found that the ter-

ination error threshold approaches the point mutation threshold

f the binding step is long compared to the polymerization step. 

This paper therefore supports the idea that a polymerase ri-

ozyme replicating on a surface may have supported the early

tages of life. However, one limitation that should be borne in

ind, is that in the present paper, there is no diffusion of strands

cross the surface. We already showed in the case with point mu-

ations only ( Kim and Higgs, 2016 ) that the incorporation of strand

iffusion benefits parasites and reduces the error threshold. An al-

ernative mechanism that prevents parasites from destroying poly-

erase systems is to place the replicators in protocells, in which

ase group selection at the cell level can overcome individual se-

ection at the strand level ( Takeuchi and Hogeweg, 2009; Higgs

nd Lehman (2015) and references therein). In an interesting re-

ent experimental realization of the protocell case ( Matsumura et

l., 2016 ), it was also found that parasites of high replication rate

o not inevitably destroy the system. Thus, both spatial surface

odels and protocell models agree that polymerase systems can

urvive, although it is still not clear which of these two factors

as more important in actual evolutionary history, and whether

here were surface-based replicating systems prior to the origin

f cells. Another important question for early life is how a system

ith a single kind of functional ribozyme could evolve additional

unctions. Kim and Higgs (2016) showed that an unlinked strand

unctioning as a nucleotide synthetase can coexist and cooperate

ith the polymerase in some cases. We suggested that building

p a metabolism controlled by many ribozymes might be easier in

 proto-cell model than a surface based model, although this has

ot yet been fully tested. It will be also interesting to consider the

elative sizes of error thresholds in proto-cell and surface based
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odels in future. Computational models provide a useful way to

est ideas about the origin of life and early evolution. Here we

ttempted to solve just one piece of the puzzle by showing that

hort parasites are not lethal to a polymerase population even if

here is a selective pressure for faster replication. 
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ppendix. Paired-site approximation 

Spatial correlations in the states of neighbouring sites are es-

ential in this model. An exact mathematical treatment of the spa-

ial model is not possible, but it is possible to qualitatively explain

ome of the results in the simulations by using a paired site ap-

roximation. Let X 1 and X 2 be the concentration of the polymerase

nd complement and X 3 be the concentration of one kind of para-

ite. The concentration of vacancies is X 0 = 1 − X 1 − X 2 − X 3 . In ab-

ence of spatial correlation, the following mean field equations ap-

ly: 

d X 1 

dt 
= k pol X 0 X 1 X 2 (1 − M pol ) − X 1 (A.1) 

d X 2 

dt 
= k pol X 0 X 

2 
1 (1 − M pol ) − X 2 (A.2) 

d X 3 

dt 
= k 3 X 0 X 1 X 3 + M pol k pol X 0 X 1 ( X 1 + X 2 ) − X 3 (A.3)

Here, k 3 is the rate of replication of the parasite. For the case

n Section 3 , the parasite is a point mutation, so k 3 = k pol , and

 pol = 1 − (1 − m po int ) 
L pol . For the case in Section 4 , the parasite

s an independent shorter parasite with k 3 = k ( L ) and there is no

utation ( M pol = 0). The mean field equations do not explain the

ehaviour seen in the lattice simulations in either case, because

he point-mutation parasite always destroys the system if M pol > 0,

nd the independent parasite can only coexist with the polymerase

f it has exactly the same replication rate ( k 3 = k pol ). 

The simplest approximation that accounts for correlations in

he states of neighbouring sites is to consider pairs of sites in the

ollowing way. Let C ij be the frequency with which the first site is

n state i and a random neighbour site is in site j . We are working

ith the Moore neighbourhood where there are 8 neighbouring

ites. In this approximation there is no distinction between a hor-

zontal/vertical neighbour and a diagonal neighbour. In the equa-

ions below, we will distinguish the order of the indices, although

t is clear by symmetry that C ij = C ji . The concentrations of the sin-

le sites can be obtained from the pair frequencies: X i = 

∑ 

j C i j ,

here the sum goes over states 0 to 3. The deterministic differ-

ntial equations for the pair frequencies are as follows. 

d C i j 

dt 
= C i 0 R i 0 .i j + C 0 j R 0 j,i j − 2 C i j ( when i � = 0and j � = 0) (A.4)

d C i 0 
dt 

= C 00 R 00 .i 0 − C i 0 
∑ 

j � =0 

R i 0 ,i j − C i 0 + 

∑ 

j � =0 

C i j ( when i � = 0) (A.5)

d C 00 

dt 
= −

∑ 

i � =0 

C 00 R 00 ,i 0 −
∑ 

j � =0 

C 00 R 00 , 0 j + 

∑ 

i � =0 

C i 0 + 

∑ 

j � =0 

C 0 j (A.6) 

R 00, i 0 is the rate at which an i is synthesized in a 00 pair, and

 0 j, ij is the rate at which an i is synthesized in a 0j pair. We will

rst consider these replication terms in absence of mutation. We

ill use a “prime”, R’ , to denote that the rate is in absence of mu-

ation. Then we will write the full rates, R , in terms of the R ’. As

h

n example, consider R ′ 
00 , 10 

. As a type 1 strand is being formed, the

emplate must be a type 2 strand. The type 2 strand must be on

ne of the 7 neighbours of the vacancy other than the second site

n the pair. The expected concentration of 2s on the neighbours us-

ng the paired-site approximation is C 02 / X 0 . From the definition of

he lattice model, each template chooses two random neighbours,

he first of which must be a polymerase, and the second of which

ust be a vacancy. There is a probability 1/8 that the second site

hosen is the vacancy in the pair under consideration. The first site,

n which the polymerase must be found, is a different neighbour

f the template. The expected frequency of polymerases (type 1)

n neighbours of type 2 sites is C 21 / X 2 . Putting these factors to-

ether, we obtain 

 

′ 
00 , 10 = 

7 k pol 

8 

C 02 

X 0 

C 21 

X 2 

. 

It follows that R ′ 
0 j, 1 j 

= R ′ 
00 , 10 

, as long as j is not a template of 1.

f j = 2 (the template of 1), then there is one neighbour where we

now there is a template, in addition to the 7 neighbours where

here might be a template. In this case 

 

′ 
02 , 12 = 

k pol 

8 

(
1 + 7 

C 02 

X 0 

)
C 21 

X 2 

. 

As another example, consider R ′ 
00 , 30 

. This case the template of

 3 must be a 3. This template must be a neighbour of the 0 site.

here must also be a polymerase (type 1) as a neighbour of the

emplate 3. Hence 

 

′ 
00 , 30 = 

7 k pol 

8 

C 03 

X 0 

C 31 

X 3 

. 

By similar logic, 

 

′ 
03 , 33 = 

k pol 

8 

(
1 + 7 

C 03 

X 0 

)
C 31 

X 3 

. 

In order to account for mutations, we note that replication rates

nvolving ribozymes and their complements are reduced by factors

 −M pol and rates involving mutant sequences are increased by the

orresponding amount. For example: 

 00 , 10 = R 

′ 
00 , 10 (1 − M pol ) 

 00 , 20 = R 

′ 
00 , 20 (1 − M pol ) 

 00 , 30 = R 

′ 
00 , 30 + M pol ( R 

′ 
00 , 10 + R 

′ 
00 , 20 ) 

All the other R functions can be obtained using the same

ethod. 

We found the stable values of C ij by numerical simulation of

he paired-site Eqs. (A .4–A .6) , and hence determined the concen-

rations X i . Fig. A1 shows the point-mutation case as a function of

he point mutation rate for the same parameters as Fig. 2 . The ap-

roximation qualitatively predicts the shape of this curve, although

he predicted error threshold is considerably larger than in the lat-

ice simulation. 

We also used the approximation to calculate the frequencies of

he three types of strand when an independent parasite is coex-

sting with the polymerase and complement in absence of muta-

ion. Fig. A2 is similar to Fig. 4 . The approximation correctly pre-

icts that there is a length L max above which the parasite dies, and

 length L min below which the parasite destroys the system. The

redicted values are not particularly close to the ones obtained in

he lattice simulation, and the approximation considerably over-

stimates the parasite concentration in the region where coexis-

ence occurs. 

Better approximations could be obtained by accounting for cor-

elations over more than two sites, but the paired site approxima-

ion already does a reasonable job at explaining the qualitative be-

aviour of the model. 

http://dx.doi.org/10.13039/501100000038
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Fig A1. Error threshold as a function of mutation according to the paired-site ap- 

proximation. Polymerase P = X 1 , Complement C = X 2 , Parasite X = X 3 . 
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Fig A2. Range of L for coexistence of an independent parasite with a polymerase. 

Polymerase P = X 1 , Complement C = X 2 , Parasite X = X 3 . 
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Supplementary materials 

Supplementary material associated with this article can be

found, in the online version, at doi:10.1016/j.jtbi.2017.05.037 . 
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