14. Computing integrals and sums [Fernandez2025, Sec. 5] TCIL.14

Quadratures for multivariate integrals (revisiting TCI.2)

Consider I = jO(A& 7[/7(') , )?’(X,, .,XN\ €D = D, x “X\DM Q)

gl ——

1D integrals can be computed using discrete grid of points %xf(%)z and quadrature weights, E'JQEQ); 12)
de
j([ Xg 'i[/xe) = %_ ‘ldl (6‘1) -F(xk(rx)) (e.g. Gauss-Kronrod or Gauss-Legendre weights) (2)
L= I
T o~ N -
TCI unfolding of | yields factorized representation: ~ { (% (5)) = F‘v" = FE =T M ; (4
=t
Integral factorizes too: N Ny £
j"‘A& fr7) = 2 (E_'UL(‘Q) f(x@) = Ir‘%=,wz(‘z) M, (5)
o = =
z
represents 7( 1d integrals, viewing M L as X x X matrix
N T o~ N -
Alternative: use 'weighted unfolding': (‘n‘ (s )){(,T(g)) =F ~F =T M? (©)
L= e v g 2=1 £
Then: X J 4
(3} - (%) ¢ 'Y
ja(f‘& frz) = > (lr 'Ut(sL)) f(x(5)) = Ir ‘?;-.ME #)
c = =t e”

Weighted unfolding may achieving higher accuracy for given 'X, since error estimation during TCI

construction includes information about weights. Weighted unfolding is typically combined with 'environment
error' unfolding scheme (see TCI.9.10) designed for computing integrals.

First example of efficiency of integration via TCI unfolding, see TCI.2.
2N

TN (=)
1+2) %

Second example: 1) :J dxy - dxp f(x), f(x) =
[Fernandez2025, Sec. 5.2] [0,1V

Integral is known exactly, e.g. I®) = [—6520510g(3) — 625010g(5) + 24010 log(7) + 146411log(11)]/24

N )
TCI computation of integral using 15 Gauss-Kronrod grid (i.e. oll =1s), i.e. # of grid points = (IS')
no env env
104 _"‘_: o error in integral =@
5 s in-sample error =)=
% 109 .
e o
12 {- AALY
o ‘- e ceppps TN
1044 e o\ (]0)
L ] g 4 -
8 ] . :
3 ] ; = \ ¥
5 ]
S 3 & 4 \ =20
5 1 1/ : | ===z 10
* ‘M 5 (e) S 5

# of half-sweeps # of half-sweeps # of half-sweeps £
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(N)) ()
I / I l () blue:  no environment mode
orange: environment mode

) 1
[cf. (TCI.9.10)]

relative 'error in integral' (circles):

relative 'in sample error' (crosses) : max ‘ L - Fz / F—-\ ()
over all sampled pivots
Error decreases rapidly with # of half-sweeps!
# function calls remains modest , < 10 , even for N=2zo,
Computation of sums: partition function of 1D Ising chain
- €z
Wz = ¢ P o, € {+), -1 (13)

Partition function: 2. = Z W s, Boltzmann weight:

G
R"2."configurations
-2
==-2 Jza 646, long-ranged coupling: T = \g-2 (14)

1D Ising model: energy of configuration & : F_
o g

TCI ~
. . - S q,
TCI-factorize Boltzmann weight: Z =2 \Uz = Z \"jg’ Z ]T M b oo -“- > M* (1s)
1§ C 3 g2=1 L= 6" £
-1 ! L\q.
. Vel — 1
Free energy: [ = (FL] fu? , specific heat: C = —5;;- (e)
L (E
Magnetization: > Wa (Z < //_)
s L=
(a) # of function calls 76 (d) [j[;’[l)‘l in[Z] ‘ 1 ‘(e) Sple(‘iﬁc I—IIeats ‘ '(f) E’é(Mz) : i
10° Rl 1 & il
10° —=—3=0.1 o o fxx
104 —= 3=06 6 7 6 oo oy
. I Qx ]
102 —=—g8=11 0.8 on % 0.8 o
o
1072 ‘% (b) Pivot Errors 5[ | qj :‘%‘ &
108] R e L=16 | g o A 06} o
: I x L£=64 . < :
107° 4 ° & bgem 3 o 3
-14 BE& -8 E 3 o o 1 0
10 : e 6% 0.4 .
3l e 1 oy g
1072 (c) (M) o ‘o
-6 f‘u i oox"x xxO
1?10 \ 2 1 Ny 227 <o ]
10 8P Epatead a8, ) : qbzb X 0
10714 [ i1 i j L
- - P T — OM
02 04 06 08 1 02 04 06 08 1 02 04 06 08 1
5 8

2 6 10 14 18
Ié]

# of sweeps
Number of function calls (a) grows exponentially with # sweeps until pivot error (b) approaches convergence
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15. Quantics representations of functions [Fernandez2025, Sec. 6] TCIL.15

Many functions have very sharp structures, or large domains of definition, or both.
Corresponding discretization grids must have high density of points, or a large domain, or both.
In short: we need grids with exponentially many grid points.

Solution:  'quantics' representation: use binary representation of each variable!

Function of 1 variable { - [o, |) —-C ) x — f(x) Q)
R
Define uniform grid: x=w/M w=0, M- with M=z ()
Bi . R R-T
inary form of grid index m = (€| ‘&), = 2 6x2 6y € i°, 13
using K bits: Y 4 P -4 ®)
eg. (o 11019), describes structures at scale 2 0 . 1
o1
Discretized variable: § = (6,-1,60) x(&) = x(wm(&) («) 72 00- 00-?:
: 0T 0T 0% 01|
Discretized function: Fz = £ix (3‘\) = — /= R indices, (5)
'quantics representation' of oL .- OR each of dimension ol =z

Function of variables £ fo,y —C ) x = (x by X ) — £(%), n=i. ©
Define uniform grid: X, = W /M, W, = 0,...,M-l) with M :zR'
Binary form of grid index R R-v
using K, bits per variable: 1, = (s b )%ng), = 2.6, 2 ) e € fo,13
£ =1 791
describes/s::ructures of %2

X atscale 2

There are different possibilities for ordering the indices:

1. 'Interleaved quantics representation': group all bits describing the scale together:

= _ (a)
5= (o, .6 %z, Sz, -, TR, .5
g ‘“-—'T"‘_"_L —
largest scale: 2 next-largest scale: Z smallest scale: 2~
relabel indices: indices are ordered by scale! “L— thisis called 'scale separation’
= (6, .6, ..,6) with L=NR  6ptar) =%,  L£=n+(=) el
l:? :F(X(G)) -7 7T (m
011 -+ ON1 012 - ON2 e OIR -+ ONR
~ v N Ny )
largest scale next-largest scale smallest scale (IL)
unfold Y, ~
- 5 T T T T T | T T | T = P T F = F?
a1 a9 s ap P o

Once F;,- has been defined, it can be unfolded. The resulting F—g is called a 'quantics tensor train' (QTT).

If variables at same scale are strongly 'entangled’, but less so for variables at different scales, Fg will have fairly low
bond dimension, i.e. X is strongly compressible. This turns out to be the case for many physical applications.
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. . e ) - . .
2. 'Fused quantics representation': ‘'fuse' all bits for scale 2. into a single variable:

Sy = (6yy- 660) = 2 G'i.éio,,,’ b, 5= (8, 5,) (12)
F-'%' =1f‘()-g(a.)\ = W = S = Fg (1)
gI g«r 3)‘2.
largest scale: 2~/ smallest scale: 2-R L = K/ J =
Again: if variables at different scales are not strongly entangled, Fa-' will be strongly compressible.
3. Group together all bits addressing a given variable X, , as done in the 'natural tensor representation.
- relabel = )
6 = (fl) .,6-’()0"’ .,6-") .. )f,’ ~'6-R) =: (‘;,..’61,,,,‘61), L R (1s)
—_— . — - —
X X X
(1)
o\ unfold A ~
F&':‘{:("(G))_H T T T % 999 90— =Fz
9 - Sg O, . Sin i - Gg
This is suitable if different variables are not strongly entangled, e.g. if function factorizes: (;;) =
Some simple analytic functions are approximated well as QTT with Kenr .
1D examples:
- Pure exponential factorizes completely, yielding F; with X =1 :
R R
Ax (3 R-T oy
fixy =e™ = uxp[AZ 02 V- eq[)ﬁ:z ] b
£ = =
- Sine and cosine yield Fg— with X=2 , since they can be expressed as sums of two exponentials:
. . iy . . .
Simn(x) = z_i(e”—e ‘ ) . tex = Z(e” be'x) ('8)
R
- Dirac delta function has X = |: Sx-x) = T So‘ . (all bits of x must equal all bits of x ") (ve)

- Heavy-side step function ©/x% has X= , . (Show it!)

By contrast, random noise is incompressible.
Generally, if function has low quantics rank, sites representing different scales are not strongly 'entangled'.
The quantics representation makes this notion precise: cut bond, compute entanglement entropy between left and

right parts of chain (as though it represented a quantum state) .

2D example: Kronecker symbol o (w W, ) = S , ™ with binary representation (8) for W, (2¢)

Its matrix representation,a 2  «x 2 R unit matrix, is incompressible by SVD (all singular values are [ ).
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R
Quantics representation: -F(M,w Y= T 36{ 6. = rank-1 MPS by fusing 64- and @ + (21
/

Multi-dimensional functions: 4 ) , ¥eR

I R AL 62
Pure exponential has X = | £z) = ¢ AX T e =T 1 e - (z2)
&

M
l

Dirac delta has X =

(x - =TT ﬂ— 8 6 (all bits of X must equal all bits of x' ) (23
re

£=\ <,

Step function with argument linear in % o(=F, x — b) has A= 2 . (2¢)

In all these examples, bond dimension is small due to 'separability of length scales'.

1 inside unit sphere
. . . . _ _ 2 = {
Example where bond dimension is not small: (:( ) = e ( [ X %) o outside unit sphere (25}
Because surface of sphere is curve, ?( s depends on resolution with which curvature is resolved, i.e. on K
il"l
Y) 1.0 : - X
10* H(b) ,' 103 Jle) L 4
10° 4 r~2/+ 2-2.3”1./:;’,‘ —_
- Z .® —— 3
0.5 = 102 - 5 102 - i’ (7.(7)
. /" ,,’ —— 10
1074 1 R | —— 12
0.0 10 _? L L L L 14
0 4 6 8 1012 14
12 R

(b) 'Xk. ~ 2 % increases exponentially, because it additional pair of bits & -, &, -
doubles # of points close to circle, which are those containing new information

(R+1)
2z /s depends on K , independent of specified tolerance, because step is abrupt.

For broadened step, me decreases significantly (not shown).

© Ko~

Integrals: are approximated as Riemann sums, then factorized over quantics bits:

/ N yera
J[o,lJNdNXf(X)N_Zf(X(U) ZEZF ZEZ:FU _EU[ZMJ} #)

-~

integration volume element, with L = NR

~L
# of discretization points ~ 7_1" => discretization error of integral ~ 2 «~~— exponential in [

cost of TCI factorization (@ ( X*dL) «— linearin L 1!

'Matrix products:  f(x,z) = [, dVyg(x,y)h(y,z) 2 DI Gg o, Ho,o. = Fg &y (28
Use quantics for each variable: X = x(07,), 0,=(01,...,02,), L=NR ] (24)
Ty o2y T1e O3
‘-¢—¢—¢—¢—¢—‘ = ‘—+—+—+—+—+-‘
Tlz O Ty Ty

Olz 02z wee OLx
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16. Numerical examples of QTCI TCI.16

1D oscillating function: £ (x) = sinc(x) + 30304 gine(x — 4) — cos(4x)% — 2sinc(x + 10)e~0-6C+9) (1)
6
sinc(x) = sinx/x + 4 cos(2x)e o4 — (|x|) arctan(x/15), x € [—10,10]
x —_—
=1 R =40 N =12, R =40

(c)

U T T T T T T T T T T T T T

0 10 %U 30 40 2 1 6 8 10 12 14 16

(e) Relative error €; = |[I/I—1| of the integral I = f—li)o dxf(x) converges rapidly with increasing X .

2D oscillating function (interleaved representation)

flx,y)=1+ e=04(x*+y*) 4 5in (xy) e 1 cos (3xy)e_3’2 +cos(x +y)

+0.05¢c05[10% - (2x —4y)]+5-10"* cos[10* - (—2x + 7y )] + 10 cos (2 10°x) ®

This function has structure (oscillations) on different scales. A QTT with R= 40 ,X =50 resolves them alll

At , the QTT becomes numerically exact (within machine precision).
x=1 X=5 x =50 4
2(d) .
3 QTCI representation

2

. 2 reaches machine precision
’ . at X e
—4 requires only /0~ numbers

50 =50 -25 00 25 50 - ~ | MB of RAM

1]
[L 10 orders difference!

naive regular grid would require
~ 10" TB of RAM

1.00 0.97 0.97+1e-6
X X

[ ]
0.55 060 0.65 0.70 0.62492 0.62495
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3D integral: I = f]R3 d3x e~V X+ 4t _ g

3
W [-40, 2]
/1 -1l
"'N accumulative mode i —— ||T1tegra|jexactfl'| fortcil |e—r— 21 = \ I I
, === pivot error for tcil (_/
1072 A . ] .
reset mode ? - ||T1tegralfexact 1! for tci2
=== pivot error for tci2
10~
R=30

1075 -
o
@

1078 4

10717

10712 4

10~ T T T T T T T 1

0 50 100 150 200 250 300 350 400

rank
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17. Quantics Fourier transform (QFT) TCI.17

Remarkable fact: when using quantics representations of functions, the Fourier transform (FT) operator, represented
as an MPO, has remarkably low rank ( K211 for machine precision in 1D). Thus, Therefore, taking FT of

functions having low-rank quantics TTs can be done exponentially faster(!) than with fast Fourier transform (FFT).

Goal: compute 1D FT: {(k ) = Jd [rxe 1 k- )

Discretize: Fw = 1([)((»«\) ¢ €™ on uniform 1D arid, ¥(w) )

Discrete FT (DFT): 2 %” T p -2k m/y

(or 'quantum FT") d =0 ™ -F‘*‘ ’ T w M (3
. , R R R-T

quantics grid: X = M/M , With M=z , ™= 2 °r 2 =0, M-I 6p¢€ 2°; |§ (¢)

[see (TCI.15.1-5)] =1 ? ’

Quantics grid has exponentially many grid points, so naive computation of DFT sum in (3) is exponentially expensive.

QTCI strategy: find QTT representing T , then compute f=71¢ by contracting TTs for T and £

quantics R R R-1 | . ,
representations: ~ m(8) = (s - %), = 2.6, 2 ) = (6, .o4) 26, (s)
=1
-'f2 [ .S _R-2-2' ]
FT operator: - = - = - = -12m 2 b
P 7/_" Tss Tk( Yyw(F) M Texp ! Zé' 9 (e)
_ ] ] ] ] 1 | | (2
= 1 ] — | 1
T || || T T T T | T T T T T T
fu‘l ,U-Q 'ug M’R—l #R 0'52 0',9271 0'92734»1“. OJZ O’i
. .= ! -
fused index: M= (/'(l, ~~;/‘R\ , /“g = (¢ , 5}.) important: bits for and w(g) )
g R-2 & ¢ are arranged in 'scale-reversed' order, (e
describes scale . L
to respect Fourier repricocity
T T, Ji b ,L e
Unfolded: - = oO—O0—O0—0—0 ,_¢ \)[)_l
TSy = L
H1 o M2 He o fIR-1 PR ‘712 1 aR I oy, o} )
N
Scale-reversed ordering (8) ensures that /—: has low rank:
7= 10"1 (a) 1~ — log(7) Chen/Lindsey (b) X =1 suffices for (lo)
machine precision!
104 1 |TM_TM|OO/|T,LL|OO <1071
. - 10 irrespective of R
T = 30
—— 100 [Shinaoka2023, Chen2023]
‘ —— 200
2 L 1 : T T 1 T I -I ] ] | | L
0 50 100 150 200 107 107 107% 107* 1072
14 T

Conclusion: for 1D function with rank X', the DFT can be obtained in (9(7(17( K ) 0(7(1 'z,(’ M) (n)
operations, exponentially faster than FFT, which needs ()(M £ M) operations.
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Intuitive reason for low rank: for scale-reversed index order,

. R-2-2R
. . QxF [’ 12mM- 2 o’z ]
phase factor in DFT has simple structure. - o

Thus, it involves only 'short-range entanglement'. 272*5'*‘3)1110(1 1 jv
30 1.0
™
+
=154 0.5
\
84
1 : 0.0
1 15 30
14

Example: Quantics FT can be used to solve partial differential equation [Fernandez2025, Sec. 6.4]

1D heat equation: dulx,t)=3%u(x,t)
Discretize position variable: Up(t) =u(x(m), t)

In momentum space, solution is known analytically:

Ul (0) = g (0),  g(t) = exp[—(2/6) sin®(mk/M)t]

QTCI ~ QTCl ~ OTCI ~
Strategy: Un(0) — U,(0),  gu(t) — G (1), Tim — Toro
~ XTU./U ~ Xaof(t) ~ XT;;J ~
Uy (0) — US(0) — UL (t) — Uy (1).
Nasty initial condition: u(x,0)= T%o [1+cos(120x)sin(180x)]+ 6 (x — %) [1 —6 (x — %)]
1.0 — t=0
t=5e-06
— t=0.0001
0.8 — t=0.01
— t=0.25
06 — t=1
5—. 1.02 Iﬁ\ﬂn p\ﬂ,ﬂ
50 1l 1
0.2 (AT
I
1.001, ‘
4.9100 5.0975
0.0 X
2 3 a 5 6 7 8
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