MPS.6 Iterative diagonalization [ 2
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H® = Z 5,4, + =
L=l L

=1

A
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{, L MPS.6

Consider spin- /;_ chain:

SU(2) spin algebra for each site {  (suppressing site indices in Egs. (2-4):

2 2 \ e PR o _awt
i]= Sk @, S5<S; S o= (S, £iS )= 31/:;5+ (24)

A
[ 5; , S Z; e
useful convention to achieve

A A A ~ A A
(gb) [S_, S+] - S%—, [S% ,Si‘.l = % S.‘!‘. covariant notation (2¢)
A A A A A A A a G~ &
5.5 =58 +5 5. +85 =55 +5.5. +5:5 6o
R 173 sumon ¢ € 14 2, -} implied!
site £ , site 0+ (z%) Y
a A A & _1— A A* A Y
write this covariant notation: = 5 Sﬁ + 5.5 s 5:3 = Sa 5“ (3)
with operator triplets: _% € { § < < z §o{" §+1' gz’r S_*z (&)
. a ¥, S?‘ ? S" 4 € 5 ¢ ’
In the basis { Iex? g i \o‘,)\ . (6‘0{} g , the Hamiltonian can be expressed as
A 6.f
-l
R T R
'no hat' means 'matrix representation' 6, 2 Sz
- x
e = Isalinear map acting on a direct product space: \/® =V, ®V,0...0 Vz
where Vl& is the 2-dimensional representation space of site {
"z
[ is a sum of single-site and two-site terms.
A L %
. ) ]
One-site terms: S al = l 0‘,;_ Y [S d ; <o’2‘ glu 6)
A
! S
. . . . 5} A k]‘r [.
Matrix representation in \/2 : (SQS 6 - 'TARR 1\62 (( 1" [ ()
+ |S
= L o | _ Ll e _ LN o ]
S = 7(2LY), s = (b)), S =& o> ®
Nearest-neighbor interactions, acting on direct product space, le‘Q)® \6;’“3 :
A 1_ 6' _} ! % T
¢ §
a | ' 1%L
50@ S = lo0le) [Slg (9T Gkl (L, §a4 w
—— —5 o
! I
. . . . 61 1-6' o ¢
Matrix representation in Wz © “’m, : 5 "6 S %t {Q“ & O

th inAav mlamammante mmabchina thaca ~f £ bancace fav iaiminfi imabiane:

WA Anfina tha 2 lam frmcare O C i
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L XL+) ~oa%y T 604, K 2%

-’..
We define the 3-leg tensors S’ S with index placements matching those of F} tensors for wavefunctions:

incoming: high; outgoing: low (fly in high, roll out low), with & (by convention) as middle index.

Diagonalize site 1

MaFrix 'l' a -(- g, (I9)
acting on V] : Hl = SM . f_l = ul D' (/{( % ‘
. R - t 7 G,
+ chain of length 1 site index: £,
D‘ = U, H, I, isdiagonal, with matrix elements ) U
o to! 6 v,
D] . = UA(& G‘XH,\ qw& « D, = M ()
ot o
N
. . . . Gl
Eigenvectors of the matrix [.[ _ aregiven by column vectors of the matrix [M,X o
A 6
Eigenstates of operator H( aregivenby: (o) = \q)lM J 'D( « U « )
6)
Add site 2
Diagonalize HL in enlarged Hilbert space, ﬁ(l] = s(,a,.,\{ [6“)‘ 6,_)75 (1)

chain of length 2 5)

e aviey,: e = Sh el LoSL h Tsesh

—
loc (oe "—'ﬁ"_)
H, H, Ihe
z

Matrix representation in \y 1 ® Y,  corresponding to 'local' basis, i l 6‘\>| 6,_>7S

[N Dl F;_ 0l GL e 61‘
H ‘r 61, = Hlb( jL i H(of_ (Ib)
Z 66, ( . 1t L 2 = Hz
e 16 ol 6 6 4\6,,'

We seek matrix representation in Y 1 © V- corresponding to enlarged, 'site-1-diagonal' basis, defined as

o iR fﬂ. ~
|ﬁ)§ \“1517 = l°(>\6'1.> = 1§ “Fz?M 4 X +—%—6—2= H%‘_)Td('?)
6, 61 (1%

2
A

Hy = IRpHTZCE Wy

~ A ~ (|
U - ~ ) t ., S0 ~
@ = <‘l H"‘K> - <°(' lé-')“> Hz’ 16.€z<"1°-z‘«>

..\.
To this end, attach U, , lA, to in/out legs of site 1, and :ﬂ_ 1 toinjout legs of site 2:

~ M( < ﬂ- ~ us « 1 ~ H. « 1
> & 4 N 4 e
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HL = ()
0’Zl
- First term is already diagonal. But other terms are not.
Note: the 'triangles' on ﬁ‘/ _A_ suffice to fully specify
all arrow direction, hence arrows can be omitted
a4 (will often be done in later lectures).
S
Now diagonalize HL in this enlarged basis: HL = l,(z_ 'D.,_ (AL (19)

+
D, = uz Hz u,_ is diagonal, with matrix elements

o U,
! { ~t < F R
o - WV W, ab oy
" a0 ﬁ‘f—f"

oL [-X 2
Eigenvectors of matrix Hz are given by column vectors of the matrix [uz g = {l,(zl z

Eigenstates of the operator [:\(.,_ :
s DU < Vo) ST, G
lf’> = &0 ;}(; = VOl )W, e = lgllg) W™, ne) g
-e—-P = uwuf)—-p = X o(u B @2
s, ¢
Add site 3

Transform each term involving new site into the 'enlarged, site-12-diagonal basis', defined as

\J:g)r_-. | ,0'3> = \(5>|6'3> {5—9—%—9—-? - x%’;@f; -\i: ? 3]
&

& % 6

‘mt
For example, spin-spin interaction, sz

. U

enlarged, 3 4
Local basis: site-12-diagonal 1 '
basis: )

xbd— < < —g!
+ B
3 u?" wy, 1
Then diagonalize in this basis: H3 = M; D, M; , etc. 25/

At each iteration, Hilbert space grows by a factor of 2. Eventually, truncations will be needed...!
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MPS.7 Spinless fermions MPS.7

_t =
Consider tight-binding chain of spinless fermions: g '& " BN -
' 2 J1 £+ 2
e £~
a t\{' A A* " ,\(— -~
= =1

Goal: find matrix representation for this Hamiltonian, acting in direct product space V:® Y- @ ... ®\2 ,

while respecting fermionic minus signs:

(6 8% -0 {8 &= ey, 61=98, o

s

First consider a single site (dropping the site index £ ):
local occupancy

Hilbert space: Spom {| °>, | \7§ , local index: n=6e¢{o (3}
Operator action: 2:* lo) = 1) 6*( 1) = o (3a)
Clo) = o , cliy = (0Y @b
Th “'\' — . ¢ d ro_ ¢ ¢
e operators c'= \¢ 7C G_(g\ an ¢ = l\g ) C c-<€l
+ loy W ‘(’ c
\
have matrix representations in V/ : C*’g = (o“ \8 [6) = <:" LT 9 ) ¢ %'o, (Im)
( o

e st = (3L) 0 eh

Shorthand: we write CA T‘—.-,.— C+ 2 = C where == means 'is represented by’
R J
lower case denotes upper case denotes
operator in Fock space matrix in 2-dim space ¥
ob\/o] o ( °op e\ _
Check: C+C fCC{- = (o)(ob) + oo)(;»‘ = (o\)' /]l_ v )

{4 1S I 149 R W R (A8 O3 I P R

/

For the number operator, ;’/\\ . A{'('_' the matrix representation in Y reads:
+ o0 ot o0 \ _ _(. - —n n
n=_C(_ = (I o”bo) = (o| = z(l Zs = "charge (7
@
N
where 2‘:: (ol 9() is representation of % = l-2n = (—(3 (8)
) AN A A Aka A ,\{’
Useful relations: 2 = = 2cC cCz2 =—-TcC (1)

/
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) ~ g A . [exercise: check this
'commuting C. or ¢ past 2 produces a sign algebraically, using

matrix representations!]
[aN
I

+ ~ n
Intuitive reason: ¢ and ¢ both change v -eigenvalue by one, hence change sign of (—- 0) .

A n % ;\\ a1t
For example: C(~\) = ¢ = -9 ¢ (toay
= o = (-~ = -
non-zero only when acting on lo) (-0 = =0 :
A A
" n A N a
Similarly: C (~1) = -c =-(9 ¢ (rod)
— o
non-zero only when actingon [ 1) (-0} = - | =0 =
Now consider a chain of spinless fermions:
¥
Complication: fermionic operators on different sites anticommute: Cz c ot T T C o' C v for /¢ £‘
Hilbert space: S"Mi l(:‘?c = \m/ o, ..o, My S f , N, efo,l ()

Define canonical ordering: fill states from right to left:

PRI, SRR 3 G 51 T OF TR -

Now consider:

Art... 4+ Ap_
Ci IV\I,.-. b 0, ey V\£> = (") . {‘C{()m CMO (a;)n£IVac> (13)
n ) a
=), ,nx,> JMe=2 My
Air...s Wy
L S R ) O 101 A TR
ne \é;\o
R R [ n;> o)

To keep track of such signs, matrix representations in Nmﬂ = VioV:0...0 \‘/(

need extra 'sign counters', tracking fermion numbers:

“t
Co

i

4 <

20 3,0 (oL, 0 -01= 2, )
A < ‘Jordan-Wigner
C'Q = & ©-.. 7:!_,® C’Z® ]L“) ®...0 10( = Z.E C’ﬁ transformation’ (5,

<
with ZL = -”_ Z“Cr 'Z-string' (23)
®e'¢L
I t
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®e'¢cr ¢

t\+ Fa) A A
Exercise: verify graphically that C!‘ Cg = =€, Ci' for A'sq .
Solution: . , ]
£ ¢ de L-y /A Lo £
b1 | R |
. UQ\ 2 - 2 C 1 (R 1 + (llf’
oA 4 - 2 z 2 cee 2 C 1 o1
u T]/ extra sign!
< t
28 28 ] e Y S od
e edecd ol o abal ol s
|
In bilinear combinations, all(!) of the 2 's cancel. Example: hopping term, EI 21'“
¢ £- lx_ '{24 ' Lir £
A
u“i z Z 2 T C 1 R @6
"c—ugi Z Z ct 1 1 IR |

1i C+% c% 1& 11 <

an) +

ince at sites £ < £ weh 2 =1 . (20)
since at sites we have 21' = ll - ( Z = (, ) 2%

non-zero only when acting on ‘ -, V\'(,_ =0 . > ,

(|
=
S

and in this subspace, ZL =

. t .
Conclusion: c;f ¢gp, = €, C,,, andsimiarly, c};‘ c’; e C;,,\Cg (24)

[using (10b)]
Hence, the hopping terms end up looking as though fermions carry no signs at all.

For spinful fermions, this will be different.
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MPS.8 Spinful fermions MPS.8

Consider chain of spinful fermions. Site index: £ = t,... & ,spinindex: s ¢ i1 1Y = i+ —i
7 ’

4

at A

{615,22'5‘§= o {CIS,CK’S'} =0 , {2;51 Eﬁ'S'gz gu'gss‘ (')

f‘-\- A+ (\+ l\1 ,\1' 41‘
Define canonical order for fully filled state: Cip €y Con Coy - C',t’rcaﬂ \\Iac> ()]

First consider a single site (dropping the index { ):

Hilbert space: = sfm{ibz N>,|1‘>,IH>§ | localindex: ¢ e To |1t} @l

constructed via:  |o Y o= [Va l l:> 61\ o), ()

n

A a A“' n+
1) scj}\tﬁ, 145 CICI\07= Glyd=-¢c 11 ¢

n

N

A
n A
To deal with minus signs, introduce  Z., := (1) S - xli- N ) o seft, il )
Tigl
s~
n + A 3 ~
We seek a matrix representation of £, . Cs ) Z ¢ in direct product space V= A ®V [ ©)

(Matrices acting in this space will carry tildes.)

2 . l(‘,\o(’,\ L__( —~
2= H01, Calelt) - («:(4«))( T) =2 ol

n

l- A
2,2 Loz, = (o' - ( '._) = 2, @
A A ‘ I .
ZTZ‘--L = 21\ ® 2& = (' _‘)®( _‘) - ( '_l ) =2 7 )
41- + o o ~1-
Cp = C1‘® { = (( o)®(( |) = (TT“‘) =t Cq
= Got o - (co)® (")) - ("“‘“‘) = Ef @)
of t oo ve ~
¢y = Zf ® va - (‘ _‘) (l o) - ("‘T,‘—i\) = Cy (12)
: a0 p
= yodl, = ((Jeles) - (*—r;h =, (1)
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ol
° = { o | eo = yd |
CL = 21.@ C{/ = ( ~\)®(0°) = ( “:;) . C\L (L)
~ A ~ ~4
The factors Zs guarantee correct signs. For example  (° 1 C I = - C ' C )
(fully analogous to MPS-11.1.17)
5 A t -
S 3 2.1\ C& CT 1Li B (\3— v (‘3)
- - Q+ = 2 a —
J (R 2% Y
Algebraic check:

e = I e P

Remark: for spinful fermions (in constrast to spinless fermions, compare MPS-I1.28), we have

~t ~1 ~ . ~
CSZ F CS and Cs #+ Cs us)

For example, consider S = { ; action in \V = \V@@VJ’ :

o2 = cirf? li=cf$zﬁ¢ (’1‘%11 = Cr “

\

Now consider a chain of spinful fermions (analogous to spinless case, with W}L instead of VZ )

[
Each 21, s or 625 must produce sign change when moved past any :‘_; , or 8:,5 / with £ > /.

So, define the following matrix representations in \'g@t - Q‘ ® Q/z ® ... @\\} £

A ~ ~ "‘+ i~ N‘i‘
C+ = ¢, 0.0 £, ® ® 1(“ ® 1 = 24( C 2]
(2 (4 (2 .
Jordan-Wigner
A ~ ” ~ _a, x transformation'
Cp 28 ©-02.,0 (0 1,,0... (= ¢5C, (2)
with 22 = -”_ gz( = -ﬂ_ ZT (O z»l,f 'Z_String' k‘q)

In bilinear combinations, most (but not all!) of the Z 's cancel.

S S

Example: hopping term €, ¢ ¢, o : (sum over s impied)

-t 2 o L= 4 Ao £

. ~ - [ . [l 1
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- LRI XA )

™

~r {-‘ :{ [n

- ¢ 3
Q a) ~ A ~
N % 4 - -i C‘S .‘- 1 o 1
Q€ A A~ P 2
+F % T Ty ot B | e
a here Z's cancel
,\4
= 1[1 ﬂI 13: g 1 11 11 29
T ch
[-( ¥4 [_( Y]
initial charge: | (4] "‘l’ A final charge: © U
= F by 4 Similarly:  Cpg Cpe = 2’{ adc ()
tTspet ¢,
S ,
final charge: g final charge: o
bond —— indicates spin sum Z o
s
How does action of operators change quantum numbers?
‘ oy 1y . } o |$) n
€ ° °
C_€:<o‘(cocl =(o|) c% C c:?‘{c"d?' =(oo)
al o 0 o ¢! ‘g A ' o
N, ¢, are, d‘l
i o
only non-zero element: C—% only non-zero element: c ﬁl .
o e

(z3)

Arrow convention for virtual bonds of creation/annihilation operators:
'charge conservation' holds for each operator, i.e. total charge in = total charge out.
Annihilation operator: outgoing -t orincoming + ¢

Creation operator: incoming —~) oroutgoing + !
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