TNB.4

4. Unitaries and isometries
(unitary = invertible distance-preserving linear map)

Unitaries
A square matri>§D U e wmat ('D,'.D,' C) is called 'unitary' if it satisfies:

>
:

ik = 1, e u=1" o uk =1, o
DdD. D PP >
D o) D D D D
D = D D -0 =D
)
o @

—

, form a basis for C

-—

Its column vectors, (A = (L, i, ... b(,b\

Its DD row vectors also form a basis for C o
positionj column ,{
&.o - D -
= | = L oeC”, jst-D> 0w

L defines an invertible map:

standard basis vector in CD

D = > [ — .

" : ¢ _’CD, é\‘H(’{eJ = @“/{. | =u.'j (ll‘[ e, D) (2h)
A T
standard basis vector in b e; = o

! | &-position 7
Its inverse is given by °
~f D D - '(- . 2 Tk R i’

U :M.’-:C — , <(. P—"M(ei)zéku ( @)

P R S B RTI
deed, th - : 7= l (= ¢
Indeed, then L MS (U é; J Cku& 63 v (s)
(@)= . consistent with (3b)
)

(isometry = distance-preserving linear map, not necessarily invertible)

Left isometry
A rectangular matrix 4 ¢ Mu‘(’(D, D(; C) with D ;D' is called a 'left isometry' if (6a) holds:

50
Note:if D>D' then n 141- # :ﬂ_D (6b

H*A j_n, (6a)
> Es Cl_};_

Uj

-t NN
D o' p' o = -
4 N . ' =
D peneee .D E = D‘ ' D ’ D /
| /4
R (6a)
[ - = - o
Its D column vectors, A= (a,, &, -oe, a‘b'\ , are orthonormal, i - = 8‘1 @
J
f _
a i‘ = @

e

cnara nf D -dimancinnal raliimn vactare

(
Thov farm a hacic far 2 T\ _Aimancianal fciithenara Af " b
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w = w

o
(
They form a basis fora D -dimensional (sub)space of € D . space of D -dimensional column vectors

@y Vy = sonld,, &, 8y} [& C°  mesibsacert D'<D 0
= C€® if D'=D

1
[The D row vectors of ¥ each are elements of €*7, not C *D]

. .
dual space of D -dimensional row vectors

p%sjtion ] column §

©
/A  defines an isometric map: o {;

1

]
standard basis vector in C D

-~

- D . ]
:(x-l&cﬁ , §EheD (?a)

Formally:
D i 7 L ,
‘4?6 —’CD , ]CJ._>,q.f T = CLAj =0~J' Je/,.../.b' (95)
short long J % ) ) D Let ... D
column column standard basis vector in 77

vectors vectors

(9b): many ( D) long columns are superposed to yield a smaller number (D') of orthonormal long columns.

These span Vq § CD , the 'image space of fq " or 'image of H ', with dimension d}u{ﬂ) = D',
(VN

because H has fewer columns than rows

Invariance of scalar product (hence the name: iso-metric = equal metric):

0‘ D - - S
If H:CA»C, xi—-’3=ﬂx , then

s I BUR - -
gl = yly < FRAY - Ty = X0, (td
1y
Left projector
. i D' D )
Pprg® - p = AAT = MM =D% @
/4
. . . z t )( +) _ va
is a projector, since P = (HH A =/ P uv)
—y
(L&) 1.
.
—D>-4—D-qG = DG
Its action leaves \/ﬁ invariant, because it leaves each of its basis vectors invariant: (13)
a. = )ﬂnfﬁf- = A/ (t Z
[ J J J

@1
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Right isometry

A rectangular matrix B¢ MM(D, D‘; tﬁ) with © < D' iscalled a 'right isometry' if (14a) holds:

bq o'

T _ . \ u
GE < lD (lye)  Note:if D<p' then | g2 & | A, (b
_,G“D- D S Pt
D‘ ) D D D‘ _ . D‘
D ; D é
L' 1 (6o .

Its D row vectors, B - B , are orthonormal, 8 5 Q’)
[row vectors (dual to column vectors) D
are labeled using upstairs index] ‘5 ' )

— Space of D -dimensional row vectors

}
They form a basis fora 1) -dimensional (sub)space of ( D”f
r - B D€ true subspace if D < D'
say Vb = 5@"Vt{ h‘: bzlm LY {g C rue subspace | "
]
= CP°* if p=p'
r Dl
]:The D column vectors of & each are elements of € ® , not T . J

position 1 .
» row ¢ - O's
B defines an isometric map: (o 10).” -bec 1=1..,D (13 a)

n

standard basis vector in CD %

U —‘i d]. . . PR .
;P): Cn*—’ CD* , F l-—?"‘ B'.t—‘ Bljg_l = 5" L e (/”.‘D 0}5\
M ]
| [ j€t-,D
S::;?,? cr)on\?v standard basis vector in <D’ !

vectors vectors

(17b) says: many (’.D') long rows are superposed to yield a smaller number (9 ) of orthonormal long rows.

* !
D+
These span v cC , the 'image space of B or 'image of 5, with dimension d’m(ﬁ) = D,
et

$‘ if [3 has fewer rows than columns

Invariance of scalar product (hence the name: iso-metric = equal metric):

o . -
¥ B: (%~ ( , Xl"’ﬁ’:?'g,then

f (18)

It
>
(V]
(V]
¢
0\
=<\
< |
I
ke’

z ~
g, = 5
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Right projector
I

DnPD f = 2 7
__.D__(]_..—_-F: BR = o ) =ﬁ% (19)
Y
kv 4
is a projector, since 'Pz = (5 5)(6 5) = EkB s P (20
(lhs o)
I
D-FDG = DG
¥
Its action leaves \/_?, invariant, since it leaves its basis vectors invariant:
N B L Gy
EP = ['zggB=T7'B= 1" (2
N —
(lt(a):ﬂ
Truncation of unitaries yield isometries
. ) 4
Consid tary, D ; -
onsider a unitary, D s ) matrix, U W = _1(_3 , (z2)
and partition its columns into two groups, containing D' and B'= D-D' columns:
= (i, Ry Ry o o) = (&, o Uy) © (R, 7)) =0 AGA @)
D D' D'
D 2 ®p (z4)
A [
Unitarity of l/( implies:
.‘. - -
(15 >=1D= o - (ﬂ*>(é' A) = (AJ’H n*n\\ es)
_ﬂ.;n ] ﬂ-‘-ﬁ 2\" a
» 3
N[ e ] =
- - -1 . (2b)
B - 5
Hence, A and Z)_ are both isometries:
D Y D_@_.S'
' ' 25) <! 7' % - s)
?_GB_D_E = AJ'A (= . D g0p D -7 (2= 1 (z1)
\
‘ D o . D N
S]] - °N, S 111 5
N =N 1 ..
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o-
v
)
o
e
(9]
o

D . =D @s)

Moreover, A are [7) orthogonal to each other, since they are built from orthogonal column vectors:
+

) _ 2 " opD' _
5—€E‘D—E = A A @, D“G‘b‘ = HLQ @ o (2%)

'ﬁl

D D'
D D S === = §[o ] b9
. D

o1
1l
1
[=]

Complementary projectors

‘ - -t 1,7
The projectors, P =4 q+ = D_DE.((.P p P = A4 —%——@—2 (31)
D ‘ D D
=5 D J = D D
are both D+ D matrices, D
and satisfy orthonormality relations: G2)
@ _ = @ — — (29) - (29)

PP =F PP =P P-P =0 PP =0 B3
Eg: PP = AAABA = DBG = o (54
(29) = c R

They split ([:D into two orthogonal and hence complementary subspaces:
P ce® — Vﬁ = seaufl-:l‘l T ] =1 Spom t&, L &‘.b'-?’ & c® 69
P:¢cd — \Ig = Spom i&ol“,..., f('1>1=: Sfa-—vf?i,,,..las.} ECD Be)
N .
with X4y =0 ¥ X e \/,q , ?]' = \/;4' (39)

In this sense, isometries (more precisely, their projectors) map large vector spaces into smaller ones.

Conversely: any left (or right) isometry can be extended — ®@¥9)
to a unitary by adding orthonormal columns (or rows)
orthogonal to those already present.

- t3))

A discussion similar to the above holds for splitting a unitary

matrix into two sets of rows, yielding two right isometries.
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5. Singular value decomposition (SVD) [Schollwoeck2011, Sec. 4] [TnNBs

ttps://en.wikipedia.org/wiki/Singular_value_decomposition

Considera DxD matrix, M & wat (D, D'; C) andlet D = wim (D,J)') ()
Theorem: Any such M hasa singular value decomposition (SVD) of the form

M= U-S -y = Do
ThE MNE o I]]:[INE

where M+ U

’mxl)' DxD DeD

~ (3
U e mu’%(DID;J)) satisfies l,{fl/( = _1]_5 __G_-D—- a —
#
v V'V ()
ere wof (D,‘D; () satisfies \]+\/ = A5 _(H)-— = —
(5)

~e

S € wed (D 5 R) is diagonal, with real, non-negative diagonal elements,
r’ t

T~7 1
= called 'singular values

Remarks:

T ¥
(i) SVD ingredients  can be found by diagonalization of the hermitian matrices MM and M M .

. By
oo MMT E (usv_)r(ys’u)@us‘u«f B o i us w

1
, 2) “Tv. ©) ¥ |~
oot M T (sulusy®) oustet B od uivy - vst w

So, eigenvectors of MMT'yield columns of [{ , eigenvectors of M+M yield columns of \/ .

They have the same set of eigenvalues, yielding the squares of the singular values.

(ii) Properties of S

a~

¢ diagonal matrix, of dimension D ¢ .‘5 , with D = wlu(D ) DI) 5 ®)
« diagonal elements can be chosen non-negative, are called 'singular values' S § = ‘S:!u: 2
e 'Schmidt rank' T : number of non-zero singular values
e arrange in descending order: Si25:2 .2 Sr>0 ")
= S = o!c'aj(sl, Sz, ..., S-I"(O_/—_;;—IB‘.) (10)
F-r zeros
+ ~ _
(iii) Properties of W and V : D = win(D,D")

e dm(R) = Dxp , U\+V\ = 1. , columns of [/ are orthonormal. (V)
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, columns of M are orthonormal. (“)

dim(W) = DxD W= 1.
>

e If D= ﬁ , then U is unitary. ¥ > 5 , then U is aleft isometry. ()
. o~
. O‘M\(\I*) = DxD , \]+\/ 2 15, , FOWS \/fof are orthonormal. ((3)
~ ) ‘,’ ~ / T
e IfD =D ,then V is unitary. IfD <D | then l/ is a right isometry. (1¢)

(iv) Visualization

D=0z,
' A
D D ~ /
> D 4
i- »EBE - o] SN ES - usy' o
D D D
. . “' ~ ~
(A is unitary: wu = o D .= D = .ﬂ.5 (1o
product is arranged such that the outer indices have the smallest dimension, 5
f ¢ 8 :
\[' is right isometry: V'V = D 5 = DN = ][S’ ()
[ A
If D2D =90 : o 5 Ng ~D/ .
M = D% - ol > -® = WSV e)
} > ° 5
(A is left isometry: wu =9 -b|:|:|ﬂ Dle = 15 (1)
product is arranged such that the outer indices have the smallest dimension, 5
. ;'/ D 3 D
~ T ’r
is unitary: = -D = - N (2w
V ry "V =1 [“ﬂ D 15
(vi) Truncation via SVD
T
Def: Frobenius norm: I[M“ - Z_ (M“(J Z Nf " - ZF'M;" " =T M')’M @)

— . L aLN - Yt L’\ — .2
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[ T

S TR B SRR i S

evaluated via SVD: = T,-(Vsuf(,{g\/*’) = Te (V+V5L) = T 8" (22)
v:i trace is cyclic :i singular values

determine norm

Truncation

SVD can be used to approximate a rank T matrix M by a rank 7' (<« -‘-) matrix Ml :

+
Suppose M= UsSV [23) g
with S = o(iaj(S«, Sl Se o,...,o) 0 100
A2 1072 1 o kesp
l ' 1_ D ~-1 zeros 104 | e
Truncate: M = ASYV (x5)
10-° (vo(l‘xo.rd

)

. {
Wlth s = A;aj(sl' Slf"'l Sf' ol-- o "'Jo) (ZG, 10_8 B
lL——v—’—J

~ T T
D -1' zeros
Retain only 1! largest singular values! Visualization, with 7 = D
D D D D’
0= D<UD Dl M = D (2
Y ! r! D' vy D’
| M’ = plllo 0 - = p m N — (281
w g Vr w s ot
D D D D
24)
D>D=z8 D|M = D (
T r! e D o o D
B = (Zb)
D |M" = D||[o|] LY LO D m
+
v 1
s “ s v

SVD truncation yields 'optimal' approximation of a rank T matrix M by a rank T (4-1-) matrix M "

|
in the sense that it can be shown to minimize the Frobenius norm of the difference, M-M

HM—wﬁ s Te(M-nY (nop) = Te(wtu e wtulowh uho) g

similar steps as for (8) PR / [
- Tr(/g_5/+ S g -éﬁ_% > (32)
I 5 G

g 0 £ 'discarded weight'
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0 0 0 'discarded weight'

2 T N < 2
s W (s-¢*)= ¥ s - % T =T s.| 63

=] w=| x=1'y
Note:

wdM ot = wid s VT e o st 2
B [z [ = M= . | } = |[|-N] ===

I m = m [I=8

No m

(vi) Polar decomposition of square matrix

(\_, no negative eigenvalues
Any square matrix can be factored into a Hermitian, positive matrix and a unitary matrix:

} ( T
" ((A_S 7 >V‘ Vv > = PW 'left polar decomposition’ (34
= USV -l- + v )
((AV )(\/ SV ) = w P 'right polar decomposition'
This generalizes the polar decomposition for complex humbers, t = \3|e ‘¢
QR-decomposition o D D
If singular values are not needed, bsD: b - P 4
aDy¢D' matrix M M = Q R
D D D'
has the 'full QR decomposition'
Dz D D = D 0
= QR 35
M Q (35)
: . . t 4
with (& a Dx D unitary matrix, Q8 = aea=1 (36)
and R a DxD' upper triangular matrix, Ka's =0 if &> P 34
If D = D', then M has the 'thin QR decomposition’ ‘ ‘ ‘ | ‘ | féw ‘ ‘ ‘ Ml{
Q1| Q2 = Gl
o B 1 1
0

(
withdim@Q1) = Dy D', dmR1)= DD , &f Qc= 1 but & &tr # 1 (39

and R1 upper triangular.

QR-decomposition is numerically cheaper than SVD, but has less information (not 'rank-revealing').
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6. Schmidt decomposition [most efficient way of representing entanglement] TNB.6

[most efficient way of representing entanglement]

Consider a quantum system composed of two subsystems, /4 and g ,

A 3
with orthonormal bases { loczg and { IP% S '

¥
Pure state on AU@ \'lj’> = \“74 \ﬂ?a 1{/“? am(i (1)
Reduced density matrices of subsystem ;4— : T,,3 ({g)<‘g'[ = 3}?‘
Py = Tttt = Teg ¥ P, & P T I
= \da (f)‘\x o' }50(") with fﬁ ! "('L{’lf io& (3)

Singular value decomposition

. SVD +
Use SVD to find bases for/& and & L" = L S \/

which diagonalize density matrices:

Y v U g \l+
With indices: 'qup S Vo ‘ SO TS U S

(6

ﬂ&%{é,/ Sz, - s
! 2 4
Hence \'L}z} = (')‘2‘ IIX S) ZD\> D\> S A a2 1 (¥
" f ¢
where \’}\2{ - ‘K?‘(/( A W ; \3\)3 = \F)V A ' 'g—d'ljs (3)
are orthonormal sets of states for 74' and & , and can be extended to yield orthonormal
basesfor A  and & if needed.
Orthonormality is guaranteed by l/(/- U = jﬂ_ and \/ 'I-[/ = 1 ! (3)
U ) / 4
‘ _ fa A -
#<’HA}4~ “Ej': utut, - A7, Ex (%
u’r A
3 V' t ¥
, _ _ oA - i
(N1Ay - ;315 RSSO
Restrict Z;\ to the 1" non-zero singular values:
F
l¢> = 2 ‘;\24_ |A?£ Sy 'schmidt decomposition ()

3=
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If 7= (), classical' state: ]1{') = [173 ()7 If 4 = | :'entangled state'

In this representation, reduced density matrices are diagonal:

0 —_— ~ L .
o< Ty el = 268 -
(M,gw) it oo M

I

% I’))é (50) 3(1' (t4)

1)

Y = (- 4

Al 2 (2
Entanglement entropy: ,S; /8 = — Z (5 ,\‘) /C«ZLS }) ('g)
A=t

Note: for given T, entanglement is maximal if all singular values are equal, SA = ¥ “h

Then, /S;/’@’ = fur (this proves (TNB1.13) (16)

How can one approximate |’1{/> = zp (a_?‘ lF?& Y,“P by cheaper l‘i}) ?

1l = Kyl - Zpllk‘?\x - Uyl (7
X
Define truncated state using ! (4 + ) singular values:
7!
[1}7) = %Jﬁ% mz 5} (1)

Truncation error:

l14) —l«mt = L4l + <~m - 2 Ry 4&F 1YY

"

Z(S,\ (SA)" 2 2(5;\) g (S})l
A=t ).:4"1-] ('q\

= sum of squares of discarded singular values

Useful to obtain 'cheap' representation of | ’l¥> if singular values decay rapidly.

o v T -t
If |'l-{' > should be normalized, rescale, i.e. replace S;\ by S;\ [; (5 A’)J (29)
=1

The truncation strategy (18) minimizes the truncation error.
It is used over and over again in tensor network numerics.
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