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Problem 1 Energy vs. Entropy – (solution: Central Exercise)

Consider a classical particle on a Bethe lattice with coordination number z, i.e. each node has z
nearest neighbors. Assume further that the energy of the particle vanishes on the central site and
increases linearly with the depth ℓ into the graph, Eℓ = σ ℓ, with σ > 0.

z = 3ℓ = 0

ℓ = 1
ℓ = 2

z = 3
z = 3

(1.a) (3 Points) Define the micro canonical ensemble of states with a fixed energy E = Eℓ, and
derive its entropy S(E).

(1.b) (3 Points) From the entropy S(E), calculate the temperature T of the ensemble, 1/T =
dS/dE. Distinguish the cases z = 2 and z > 2.

(1.c) (4 Points) Define the canonical ensemble at a given temperature T and calculate its free
energy F = E − TS. For arbitrary T , minimize the free energy by optimizing the depth ℓ in
the Bethe lattice. Which regimes do you find for z = 2 and z > 2 respectively?

Problem 2 Ideal classical gas – (solution: Tutorials)

Consider an ideal classical gas in d = 3 dimensions, described by the classical Hamiltonian

Ĥ(N) =
N∑

n=1

p2
n

2m
(1)

where N denotes the number of particles of mass m.

(2.a) (3 Points) Calculate the partition function ZC(N) = tr e−βĤ(N)
in the canonical ensemble.

(2.b) (3 Points) Calculate the partition function ZGC(z) = tr e−β(
∑

N Ĥ(N)−µN̂) in the grand
canonical ensemble, where z = eβµ denotes the fugacity.
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(2.c) (4 Points) Show for the grand canonical ensemble that the probability for finding a system
with N particles is given by a Poisson distribution,

p(N) = e−N 1

N !
N

N
, (2)

with average particle number N . Hint: Start from the definition of the grand canonical
partition function and use it as a generating functional to derive an expression for p(N).

(2.d) (2 Point) Discuss how strongly the total particle number fluctuates in the the thermodynamic
limit, V → ∞ where V = L3 is the system’s volume.

Problem 3 Curie’s law – (solution: Central Exercise)

Consider a system of N quantized spins in a magnetic field B = Bez at temperature T . The spins
can be described by the Hamiltonian

Ĥ = −µB

N∑
i=1

mi, (3)

where µ is the magnetic moment, and mi = −s,−s+ 1, ..., s− 1, s the quantized magnetization
of the spins of length s.

The Gibbs free energy of this system is defined by

G(T,B,N) = −kBT logZ. (4)

(3.a) (3 Points) Calculate the canonical partition function Z using a geometric series.

(3.b) (2 Points) Calculate the Gibb’s free energy G(T, 0, N) at B = 0.

(3.c) (3 Points) By Taylor expanding G(T,B,N), one can show that

G(T,B,N) = G(T, 0, N)− Ns(s+ 1)µ2B2

6kBT
+O(B4). (5)

Use this result to calculate the magnetization M = ⟨µ
∑N

i=1mi⟩ and the magnetic suscepti-
bility χ(T ) = dM

dB
|B=0. Show that χ ∝ 1/T as expected from Curie’s law.
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