Tensor network basics III TNB-III.1

1. Reshaping generic tensor into MPS form

A generic tensor of arbitrary rank can be expressed as an MPS through repeated matrix factorizations,

. . TNB-IIIL.2 TNB- III 2 +
using QR decomposition, M= &R , or singular value decomposition (SVD): M=

reshape QR Q d reshape Q, d R,
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In formulas (‘reshape' means regroup indices): bond dimensions grow as dz
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If a maximal bond dimension of D,‘ <« D s desired, this can be achieved using SVD instead of QR
decompositions, and truncating by retaining only largest D singular values at each step:

SVD +
= u S l/ ( U and V' are isometries, /S' is diagonal, with non-negative elements)

truncate +
X Wwsvu where S  contains only largest D singular values of ,57
Ez u }
T 3 S U,
C as above Q' c}\ &z 0( trﬁ\égate @' ;A &z dt D SD ’ )
= = = —~—— *
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truncated representatlon
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TNB-IIL.2

2. Unitaries and isometries (reminder)

Unitaries
A square matrix:D U & wmat ('D,D,' () is called 'unitary' if it satisfies:
S
t b +
Wik = 1, we W= & UU 15 (1)

D D D
D = D DD =d
- D
Its column vectors, (A = (i, U 7 f basis for € = @
, = (uw, u,, ..., ub\ , form a basis for
Its D row vectors also form a basis for C o
positionj column S.
WL defines an invertible map: [‘} = \ = U-:l eC , ;=t-,D (W
]
~ D
standard basis vector in €
- t Py - R Y
U: ¢=c® g — e = 2;M3=u- (1 e D) ()
' J J J i '
A -
standard basis vectorin € > - e; = o
! |&-position 7
Its inverse is given by °
. > D N AN ST SR
u :M.,-.'C —C , <(. M(ei)=6ku { ((;)

1.

L, B ¢+ [ : .
Indeed, then L [AS = o é’k“.,.ki(xi = Ci P (s)

M ¢, U J =
consistent with (3b)

(isometry = distance-preserving map)

Left isometry
A rectangular matrix 4 ¢ MM(D, 0'; C) with D ;D' is called a 'left isometry' if (6a) holds:

5 v 2
(—}19 - ln’ (éa) Note: if D >D' then [4) I4+ # jLD (&b
o} Eb'g__Z_D_

o oY = 2
D o' b’ ) D D
3 ! U
D ' =of o|[l|[ o %/
. Y
I - - - —ﬁ+ - (bﬂ)
Its D column vectors, A= (&, &, ..., &) , are orthonormal, i'aj - 8;1 ®
i _
7 ir = a;

e

enare nf D -dimencinnal raliimn vertare

f
Thov farm a hacic far 2 T _dimancianal feiith\enara ~Af ﬁ b
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“u - wy

e~
(
They form a basis fora D -dimensional (sub)space of @ D , space of D -dimensional column vectors
Y s eli B B G €7 ey e b
= €% if D'=D
]
[The D row vectors of ‘4 each are elements of €*Y ,not C *D]
dual space of b'-dimensional row vectors
p%s'itiong' cqumnS
. . . . 7 — D .
/|  defines an isometric map: o . !l = | = 0-] e C g '.---,D' (@a)
tandard b/f' ctor in C >
Formally: standard basis vector in
D| D T T - ;' > . ]
‘43(: - C lcjl—-’/‘/"[j-: C;,AJ'=0~J‘ J& -, D (‘IL)
h I s e ...
short ond standard basis vector in CD seny D

column column
vectors vectors
. (
(9b): many ( D) long columns are superposed to yield a smaller number ( D) of orthonormal long columns.

!
These span Vn g CD , the 'image space of H ' or 'image of H ', with dimension Riw (ﬂ\) =D .
A because H has fewer columns than rows

Invariance of scalar product (hence the name: iso-metric = equal metric):

] D . R
If HZCD—-”C/ 71—"3:9)( , then

- r .\+ - IR I P N A
hgl, = ¥4 = FpAx = 2% = 15 (co
1,
Left projector
D o i D' D )
PDEGR = P = ARt < My =D% @
is a projector, since P-L = (HH+ )(ﬂ'4+) = ﬁ'ﬂf= P )
(La)
—
DD = DG
Its action leaves \Vﬁ invariant, because it leaves each its basis vectors invariant: (13)
(16)

-
.

(n, 9% -~
Pz =)n€i/;7f <A/ =3
01 :

—
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Right isometry

A rectangular matrix Be MM(D, D‘; C) with © £ .D‘ is called a 'right isometry' if (14a) holds:

‘DQD'

88" < 4 () noeiben ten 88 4 A, (b
> ¥D2 = D 2o d
o > D D) D' >
D 2Zo-Ein -t ' : =0 [E . - - D f//
| D é
L( e _.T. ((’a) . .
Its D row vectors, B - | sare orthonormal, L‘ Bl § . (%)
[row vectors (dual to column vectors) "'1)
are labeled using upstairs index] \5

!
o SPace of D -dimensional row vectors

1
They form a basis fora 0 -dimensional (sub)space of D"f
1 ]
L -1 7 T < CD ©  true subspaceif D ¢ D
say V5 = 5'av‘_{k,b’...)k } {-f- | (o)
= C D% if ,D = DI
i .D'
[The D column vectors of & each are elements of € ® ,hot C, ]

position 1 .
' row ¢ ) D'y
B defines an isometric map: (0 1.0).” - bec 1z .., D (1% a)

i

standard basis vector in CD #

| N2
% CD¥—> CD* , ]cll-—?“ll\g-.f- -Bl\lé‘j = bl Ce Y., D (13b)

. 1
short long Jeb-D

' . €0/
row row standard basis vector in € D
vectors vectors

(17b) says: many ('.D') long rows are superposed to yield a smaller number (9 ) of orthonormal long rows.

¥ !
D#¥
These span V cC , the 'image space of B or 'image of %', with dimension d’M(B) =D,
3=

$ if [3 has fewer rows than columns

Invariance of scalar product (hence the name: iso-metric = equal metric):

D¢ - - A
If :B:CD*—*C p XP"3=XB,then

- - S -‘f - > +“f -'_.f az g
il " { = xi{s/x = XX = RN, (%)
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- - aQ QT = - +—'1‘ "'."T - T
"lj” oS 3 = XBRY = X = “x“o (18)
1y

Right projector )

PnPD f D D 2

20202 - P = B8 = Mo =ﬁ% (19

F oy F r
is a projector, since Pz = (5 5)(6 5) =6 BEE:-P (20
——
(t4oy 1
.
DD = DG
€
Its action leaves VB invariant, since it leaves its basis vectors invariant:
a- 1, 126) o n —~; (s =
BP = ['BBB=f'BE= L (20
.~
(tea)= 1

Truncation of unitaries yield isometries
Consider a unitary, D x D matrix, M“-M. = 1 (22)

3 ’

and partition its columns into two groups, containing D' and B'= D-D' columns:

W= G, @y By Rty o W) = (G, Uug) © (g, @) = AGA )

5(

D D'
D - 3|m ®p (24)
A A
Unitarity of M implies:
(19' >=1D= wtu = (n’;)(a, ) = (nm n"ﬁ\ es)
15 ate A @
» D

EILI ) D|. = | "
5

Hence, A and F_) are both isometries:
D Dg’ D __@_.'15'

' t ) -1 _
Ve - qtn g, S -7




D\

lv]

|D‘ '
=D|§|) D

D : = D @)

P
J=——1¢

Moreover, A are A orthogonal to each other, since they are built from orthogonal column vectors:

! — 2 " op D' —
e o gta Y o > S B <P T

b D

D
> S == = s[o] 09
. D

~

Complementary projectors

The projectors, P = 414

\

v/
%
To
-v
"
Y
D

{

&
)
0 N

lo

are both D ¥ D matrices, N
and satisfy orthonormality relations: 32)
@ _ = (@ — — [29) - (z4)
PP =F PP =T P-P =0 PP=o (3
5 - aada - o>——P-4— -
E.g.: : = } = = 0 (34)
(1) =¢ "“"‘o
They split CD into two orthogonal and hence complementary subspaces:
b hr - -
P — VA = Seaufull o Wgy ; =: srau. ?a. e &l,g C—Z— Cﬁ (35)
D .0 _ = 7 = 1. = z c D
P:C” — \lg = Sfam fxuo(ﬂ L ubl—. Sfmia“",,as,} < C Be)
N .
with Xy =0 ¢ XeVa, § = Va (39)

In this sense, isometries (more precisely, their projectors) map large vector spaces into smaller ones.

Conversely: any left (or right) isometry can be extended — ®¢)
to a unitary by adding orthonormal columns (or rows)
orthogonal to those already present.

— tL))

A discussion similar to the above holds for splitting a unitary

matrix into two sets of rows, yielding two right isometries.
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3. Singular value decomposition (SVD) [Schollwoeck2011, Sec. 4] TNB-IIL3

ttps://en.wikipedia.org/wiki/Singular_value_decomposition

Considera DxD matrix, M & wat (D, D',- C) and let '.T) = im (D,D') ()
Theorem: Any such M has a singular value decomposition (SVD) of the form
t A L @
M - u . S B v —0— = _D"O—G_—
DID' DxD DrD BrD' ENE or I]]]]NE
where 3 - M+ U .
U e mh’%(DID;(C) satisfies |U' A = _ﬂ_s -—G——D—‘ = —
‘.
v AR ()
V’—E wef (D, D . () satisfies \]+ Vv = 1z __.Q_-D-— = —
- (5)
S € wod (5 D. 4:) is diagonal, with purely non-negative diagonal elements,
= o called 'singular values'
Remarks:
¥ ¥
(i) SVD ingredients  can be found by diagonalization of the hermitian matrices MM and 1M M .
(v t T (w  f 3 2
o MMM E (Usylsw) 2usw S os muu- us’ w
1
o (v v, H oo |~
oo MM = (\/SM*YMS\I ) = Vs U2 MMy = vst o

So, eigenvectors of Mf’]fyield columns of [{ , eigenvectors of M+M yield columns of \/ .

They have the same set of eigenvalues, yielding the squares of the singular values.

(ii) Properties of S

~

« diagonal matrix, of dimension D « 5 , With 13 = wiu(D ) D') 5 ®)
« diagonal elements can be chosen non-negative, are called 'singular values' 5 o -.=S;(u= 2
« 'Schmidt rank' 1" : number of non-zero singular values
* arrange in descending order: Si25%.2 .2 Syr>0 )
= S = o({aj(Sll Sz, ... , S-r,?_i‘__;._ﬁga) (10)
-+ Zeros
+ ~ .
(iii) Properties of W and V D = wmin(D, D)

e dw(®) = DxD ) U\+V\= .'_“_2, , columns of [ are orthonormal. (1)
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dim(W) = DxD , U\+V\ 3 :ﬂ_; , columns of [/ are orthonormal.

If D=0 ,then W isunitary. fD >0 ,then U is a left isometry.

. O‘iw\(\ﬁ) = Dxp' , V+\/ 2 _'_“_5, , FOWs \/f of are orthonormal.

~ ] ‘l' Pad ! ‘f'
If D =D ,then Vs unitary. If D £ ,then U isa right isometry.

(iv) Visualization

¥ D=0,

o
©v?
v

,’.

U-g-v

]
o
ot
o
n

(A is unitary: wu = D D .= 3 = 115

(u)

()

(3)

(')

(15

)

(16

~

product is arranged such that the outer indices have the smallest dimension, D

r ~ ~
D

D)

)
\{Jf is right isometry: \FU = ]3 . = SN = 15’

-

f D2D =17 : (

D Y 3 o] ;
M = D% - EINER = U-gv
'l' ~ - ;‘!_):__ ~ g
(A is left isometry: wu =7 . = ])N 5

t\ D

(1)

(1e

)

(14)

product is arranged such that the outer indices have the smallest dimension, 5

f/ D'

* + s

\(" s unitary: V' = 3 -D'I:Iﬂ] =9 = _1[5

(vi) Truncation via SVD

Def: Frobenius norm: || M \\1 Z M. \* = U =T. ¥
(«(J ZN{5 " ZFM"“ g =T MM

— - kN — rl,‘t._tlx - .2
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S SR S P s S

evaluated via SVD: = Tr(VSM+MS\/+> = Te (\]+V5L) = T«SI (22)

- trace is cyclic =1

“1

singular values
determine norm

Truncation

SVD can be used to approximate a rank T matrix M by a rank 7! (4‘1‘) matrix MI :

+
Suppose M= WSV (23)
Sa-
with S =dieg (5,5 .. 5eo..b) W
3 o (1) 3
. 10
, ’ 1_ D -1 zeros 104
Truncate: M := ASV (z5)
10-8
. 1
Wlth S - A"aj (S" S.L'".l Sf'lol STt ol "'lo) (ZQl 10_8 L=
Ar
D -1' zeros
Retain only 1 largest singular values! Visualization, with 7 = D
D' D D D'
0= p<p: D| M = D (@
D 7! ! D’ ! D'
/ = = N
w ¢ VF w s ot
D D D D
- k1)
D>D'=D D|\M = D
D r! r! D Y o D
= (30
D |M" = m||lo 0f L O Dm
+
o5 w s ot

SVD truncation yields 'optimal' approximation of a rank T matrix M by a rank 7! (<'1-) matrix M ',

|
in the sense that it can be shown to minimize the Frobenius norm of the difference, M-M

T (M- M')J'(n-m‘) S T M'+MI-M'M~M1M’) (31)

n

IM-n®
E

similar steps as for (8) ; ) / [
:Tf(,g—,sws-sf—g_-vg-s;g) (o)
/_/1 :S',Sl :S'./g"

0 0 0

'discarded weight'
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A i f 'discarded weight'
2 £ T ¥ 2
s w(s-g2)= 5 s -3 s <5 s.| 6w
a=) a= K=1'y
Note:
wdMu ot = wd U S VT vl - ust' - M
E . = . . N ] = .
N P

(vi) Polar decomposition of square matrix

no negative eigenvalues
Any square matrix can be factored into a Hermitian, positive matrix and a unitary matrix:

AV
" sy (b{_S " >(M Vv ) = P W 'left polar decomposition' (39
= S = N A
(U\ V+)(\/ S Vf) = w? 'right polar decomposition’

This generalizes the polar decomposition for complex numbers, t = \3|e i
QR-decomposition 1o D D
If singular values are not needed, D= b D o 0
aDyD' matrix M M - Q R
jod D i d
has the 'full QR decomposition’
D> D" D = D 0
= QR 35)
M = 8 (
. . . t 4
with (2 a Dx D unitary matrix, Qe = e =1 (36)
and R a DxD' upper triangular matrix, R“F‘ =0 if o> P 34
If D = D', then M has the 'thin QR decomposition' ‘ ‘ ‘ | ‘ | Rm ‘ ‘ ‘ Mq
Q1| Q2 == B
M:(&l,az)‘(ﬂt) = &R (38 IIRE ]
0

{ {
with dim(Q1) = D« ’D' , dimR1)=D«D , Q=1 but & &T 41 (32)
and R1 upper triangular.

QR-decomposition is numerically cheaper than SVD, but has less information (not 'rank-revealing').

Page 10



Page 11



4. Schmidt decomposition [most efficient way of representing entanglement] MPS-II1.4

Consider a quantum system composed of two subsystems, /4 and g , A 3
with orthonormal bases { |0L?43 and { |P% g

¥
Pure state on AU@ \H’) = \“7;4 \[35& W“P a"__'—_:ﬂ (')
Reduced density matrices of subsystems ?4' and £ :
By = T = 1) o) Lol (Pa) ey { )
fo T = g (et (e “r%)ff f 0
g

Singular value decomposition

Use SVD to find bases for 4 and B L‘, SY~.D K3y t (®

which diagonalize density matrices: 4
Wt e Fp—»—r«—a]“ 54
With indices: "-f’uP ;\ S " e = ", a A A (s,

Qd«zﬁ@,,sz,...»

]
Hence \’t[/) = ('k?d |')\ S’A) ZD\> |3\> S/\ »)‘ 1 )
.].
U u
where \’,\2‘ = |x?‘(A 5 W ; \)>8 = \[$>V*7,‘s ' -;_G—J\P (#)

are orthonormal sets of states for 74' and & , and can be extended to yield orthonormal

bases for A  and & if needed.

Orthonormality is guaranteed by b(/~ U = 1 and \/f\/ =17 ! (®
A N : 4
t _ o A _
,f’}‘(’DA‘ “E_:, = Ut U, = Ly {:x (9
ul' A
< V' t y oo
<’A(l;\> = *?(; - V (s\/a = 1 = (10
Restrict 2. 1 to the 1 non-zero singular values:
¢ > = Z ‘;\ZL IA?& 5; 'Schmidt decomposition’ ()

2=
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If 7=, classical' state: I'l}') = [l); l)') If 4 = | :'entangled state'

In this representation, reduced density matrices are diagonal:

y = (4 = 31 0)
Py = Trg [45¢%) % I)}_(j} Aﬂl | (
(?4’.{) , \SP{.‘(') witl "-(*M = $ jl_” (13)

s ¥ (i
% l))@(;\)g(l}\l (14

!

1)

I

ST %
Pe = ' [4><%)

T 2 2
Entanglement entropy: ,S’ - -2 (5,\‘) A 2(5 ?~> ()
A£G 4=
Note: for given T , entanglement is maximal if all singular values are equal, SA = ¥ ~h (ré)

How can one approximate \’l{/) x Zﬁ (oc?‘ IP?& ‘1/# by cheaper |V ) ?

il = Ketgd(™ - :zpmr - Wyt [
Define truncated state using ! { <., ) singular values:
3 14y 11
L) = / 5 9
Y e A f 1 A 18

v —t
If |1F> should be normalized, rescale, i.e. replace S) by 3,1 { Z (S}\')L J (19)
A=

Truncation error:
T 8
l19) -l = <atey <“(?p> -2 R dF ) et

10=% h‘("{
Z(SA z (5,1)- 2 Z(s;\) = z (s;) 10_4_/

A=Ay 1675 disccated
= sum of squares of discarded singular values 10-8 - M

ad r

n

Useful to obtain 'cheap' representation of | 'U(> if singular values decay rapidly.

The truncation strategy (18) minimizes the truncation error.
It is used over and over again in tensor network numerics.
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