TNB-III.1

Tensor Network Basics III

1. Unitaries and isometries (reminder)

Unitaries
A square matrix U e wmat ('D,D,' C) is called 'unitary' if it satisfies:
DxD
Wi < 1, @ e U’ = 1 (b
= > = D
D o D D D D
D -D = D D -0 =d
-— —-— — . D
Its column vectors, (A = (£, u, ... Uy ) , form a basis for € @
Its D row vectors also form a basis for (€ o
position _| column S.
& .o - .D N
L defines an invertible map: ' = \ = U-j e C | B -, D (3
[
~ D
standard basis vector in €
- - L, - LI
u: 60—’£D 'e':,y-—q(,{e~;= ei‘/{,szu- ([jel’ D> (;L)
’ d J 7 3 ' !
= °
standard basis vector in ("D t ey = (:)

! | &-position 7

Its inverse is given by o
~! - S 1' . ]

U :MT:C‘D—>CD, < — M+(€£)=Cku.kt ()
L VL U BT A R

= u el u J = Qk u l M ! - Cl v (9)

Indeed, then (A [1’3

(m) = %b_ . consistent with (3b)
J
Left isometry (isometry = distance-preserving map)
A rectangular matrix 4 ¢ Mw(’( D, 17'; C) with D >D' s called a 'left isometry' if it satisfies:
) Dy
1 b
noA - 1 (60 Then A H ¢ A1 (6
D_‘__ D —li = _2'_. 2 D&_C' t"g
D o' p' D D D
« 1 - '
D I = Q‘D ' +D =9 Y
D[} D é
-t (a)
' - - - -
Its D column vectors, A= (q,, &y, .-, ab.\ , are orthonormal, i aj = 511 C®
o
n. = a- v

Thov farm a hacic far 2 T\ _dimancianal cithenara ~f ﬁ b
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v ' ' j ""‘

. S D t\_+ =T
They form a basis fora 1) -dimensional subspace of € , Qa i = o,
say VF\ = 530“{ a‘ ’ EZ,-" ) &.b' 3 § CD space of D -dimensional colunmn vectors (?)
subpace

1
[The D row vectors of A each are elements of €*Y ,not C* D]

r . .
dual space of D -dimensional row vectors

p%s,ition _| column j

©
/A defines an isometric map: o . '5]

]
standard basis vector in b

-~

’

= aj e C° j: b, D (2a)

Formally:
DI - - N L - . ,
H:C —>CD , ]cj'_’ﬂ'[j" clﬂj=aj Jet--,® (46)
short long 2 ] ] D Les ,--- D
column  column standard basis vector in !

vectors vectors

(9b): many ( D) long columns are superposed to yield a smaller number (D') of orthonormal long columns.

These span \vn g CD , the 'image space of Iq " or 'image of ', with dimension R (A\) = D',

because H has fewer columns than rows

Invariance of scalar product (hence the name: iso-metric = equal metric):

[} D . R
If HZCO—%C/ ?Hj"ﬂx , then

(A 4 - . R R .1
" Tj."‘D = |j+. 3 = Xl’:@fﬁ X = S(’f.. X = Ix “3' (ID‘
1,
Left projector
D o i D' D )
PDEQR = P = ARl < My =Df%/ @
/4
. . . 2 t ) (gAt) = a
is a projector, sihce P = (H A AA =Ap =P )
s
(La) 1.
PR
DD = D4
Its action leaves \Vﬁ invariant, because it leaves each its basis vectors invariant: (13)
ned)y =+ = = (1h) .
Pﬁ =)nﬂ/‘77r :ﬂ/ = Q-
[ J J [

-1
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Right isometry

A rectangular matrix B ¢ Ma‘(’(D' D‘; C) with D < .D‘ is called a 'right isometry' if it satisfies:

‘b(] o'

BBT = 1_0 (tva) Then @*5 # ﬂ-ni (4b)
» ¥D2 - D piat
o D D D o Y
PE= gl o SIS
L . ﬂi(i’” ;
Its D row vectors, B - | orare orthonormal, 1;( . 8‘3. (15)

[row vectors (dual to column vectors) ’(;D

are labeled using upstairs index] space of D'-dimensional row vectors

?\/
}
They form a basis fora 0 -dimensional subspace of q * 1?
*_ =1 P2 Ty *D
say V!) = Ssavdk,b,...,\, 3 g C (1)
subpace

' > .D' }
The D column vectors of % each are elements of € ® , not T

position 1 .
« P row -
B defines an isometric map: (0. 1..0).” =

"

§
"
i
e
o
3
2

)
standard basis vector in C ¥D

' -"/ I L [\
B 0 D , Ftk_ﬂl-‘!s-.:: _Bljgj = §! (:e 1,...,1)' (13h)
Jebl-D

short lon
row rovgv standard basis vector in C*D

vectors vectors

(17b) says: many ( D) long rows are superposed to yield a smaller number (ﬁ)‘) of orthonormal long rows.

¥
D 1
These span VB §. Cy, the 'image space of & oor 'image of %', with dimension d’m(g) =D,

because [3 has fewer rows than columns

Invariance of scalar product (hence the name: iso-metric = equal metric):

! <D
If :BZC*D—"C 7""3=?B,then

r
- t - aQ QT - ','1' "'."f - t
Il«jllm = gy s XxBBY = XX = MR, (ig)
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Right projector

DndY f D L Z
P22 = P = B8 = |0 =D'% (1)
Y
oyt
is a projector, since 'P—L = (5 5)(6 5) = Sf-E s P (20
(o
1
P
D-F—DG = DG
€
Its action leaves \V.B invariant, since it leaves its basis vectors invariant:
ae (l', f?b) o + - (ffbs -
EP = ['pBB=TF'B= L v (20
.~
(tea)= 1
Truncation of unitaries yield isometries
. . 4
Consid tary, D ; -
onsider a unitary ¥ D matrix, UK = _’(_h ) (z2)
and partition its columns into two groups, containing D' and B'= D-D' columns:
e (@i, Ry Ry o) = (&, .., Uy) © (T, 7)) =0 AGA @)
D D' D'
D 2 ® g (2t)
Unitarity of M implies:
+ - -
(10. >=1D= Wwu = (ﬂ*‘)(A,H) - (.q".q .q*n\ s
15| A a"ﬂ Z\" a
» B
N[ e ] =
_ = : (2°)
B ~ 5
Hence, A4 and Z) are both isometries:
D El .D__@_B'
. D' } (2s) <! 7 - @s)
E_G_D_D__-‘ = ﬁ A = JID‘ , ;‘D_W = n A = Is| (Z'{')
\
\ o > 1 D Bl D'
s =] - s\, 5



. D b l])‘ 5( .
s - oW

D . =D (1()

Moreover, A are A orthogonal to each other, since they are built from orthogonal column vectors:

5 4 (2s) 3 0pDd L (@)
—€3D3 - B A' SR Y = A°A - o (29)
D — .
D D D
D D o » /— - = [ o | 0B
. D

Complementary projectors

U _ _ ‘.l. -
The projectors, P = ,q|q+ = Rp2gP , 5 - AAd - _D_%R@_Q (31)
D ‘ 3 D'
K== .
are both D+ D matrices, 3
and satisfy orthonormality relations: 62)
@ _ = (2% — _ 4 _ (
pe=F, P e ) P 7 20 , P T o b
~ _ 4
S A
-
(29) = ¢ .
They split (ED

into two orthogonal and hence complementary subspaces:

—

P !C_b — VA = Sfa“fu'/--- ’:‘('D';

= Sfu... ?Z{q L 5192 < Cﬁ (3s)
o . D _ - - . = = D
P:C’ — Vﬁ = 5‘)0!4 i‘“o‘ui“" uDZ—. s‘aania“___,o.s,} & C Be)
R )
with X4y = o ¢ xeVa 3 = Vi (39

In this sense, isometries (more precisely, their projectors) map large vector spaces into smaller ones

Conversely: any left (or right) isometry can be extended
to a unitary by adding orthonormal columns (or rows)
orthogonal to those already present.

— 1))

(39
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2. Singular value decomposition (SVD) [Schollwoeck2011, Sec. 4] TNB-IIL.2

ttps://en.wikipedia.org/wiki/Singular_value_decomposition

Considera DxD matrix, M & wat (D, D',- € ) andlet D = wim (D D) Q)
Theorem: Any such M has a singular value decomposition (SVD) of the form
(without proof) ¥ “ u 5 vt

h DD
where +
U e Mh’%(D,D;(f) satisfies (U’ U = -ﬂ-j‘)’ __Q___D—— = —
‘.
~ PR (4)
V{—E wet (D, ‘D|; () satisfies \]+ Vv = 13 —( H )— = —
- (%)
S é wed ('fj M. 6) is diagonal, with purely non-negative diagonal elements.
=
Remarks:

¥
(i) SVD ingredients  can be found by diagonalization of the hermitian matrices M Mfand MM.

2) { 1,
seor MMT € syl su) D ugd B o vty - us g
1
, Ty (3) o
veot mm E usdlsy) € syt & o wuy = vt

So, columns of (i are eigenvectors of M f'\f , and columns of \/ are eigenvectors of M'M.

(ii) Properties of S

+ diagonal matrix, of dimension 5 4 5 , with 13 = wiu\.(D ) p') 5 ®)
« diagonal elements can be chosen non-negative, are called 'singular values' S o -.=S:(“= ?
« 'Schmidt rank' 1" : number of non-zero singular values
* arrange in descending order: Si25:2 .2 Sr>o0 )
=  S-= ot:aj(S«, 52, ..., $1,0,..0) )
"[5 -T zeros
+ ~ )
(iii) Properties of W and YV : D = win(D,D")

e dwm(®) = DxD , l)\+V\ = 1:, , columns of [{ are orthonormal. (1)
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, columns of H are orthonormal. (“)

dm(0) = Dxp uwhin= 4.
>

« If D= ﬁ ,then W s unitary. ifd > 0 , then U is a left isometry. ()
. o~
. d-m(V+) = DxD |, V+\/ 2 15, , FOWS \/+ of are orthonormal. (c3)
~ 1 ‘l' ~ / ‘f'
e IfD =D ,then V is unitary. If D <0 ,then l/ is a right isometry. (1¢)

(iv) Visualization

¥ D=0,

o2

MSU+ (1)

]
o
ot
(A
o
n

(A is unitary: wu = D D -=5 = 11'5 (ro)

~

product is arranged such that the outer indices have the smallest dimension, D

D' b 'Y
. t ~ - % -
\[" is right isometry: V' = D o~ = DN = ][3' (1)
f D2D'=7 : o 5 5 ~D’
M= b% = D DN'D - MS\)+ (18)
b . N S . ”
; ; . = R = = - 14
(A is left isometry: wu D DN 3

t\ D

product is arranged such that the outer indices have the smallest dimension, 5

f/ D' 5 D
\{Jf is unitary: \F\/ = 3 .D'I:Iﬂ] =5 - 15 (2
Truncation via SVD
Def: Frobenius norm: || ¢ “ ‘= Z (M“P\ z Nuf d(, Z M+ F =T M+M (2)

——————



Def: Frobenius norm: || M || =

«FV ZﬁN]‘ r’ ZFM;“ 8 =M™ @

Tr(VSu usvt) = Tr(vvs]) | T ST (w)

A trace is cyclic - 1

“1

1

evaluated via SVD:

singular values
determine norm

Truncation

SVD can be used to approximate a rank T matrix M by a rank 7! (4'1‘) matrix M'

.‘.
Suppose M= (| SV (23)
g
with 5 = 0(;&3 (Slt 51’ e ees e Sr o,.., D) (z,‘) Sl
— 10~
l - D ~1 zeros 10-4
Truncate: M := ASV (%) :
10~
. {
with S = o‘:aj (5': $2,..., $5¢1,0,..., ol...,o) (26} 10— o
D -1 zeros
Retain only 1 largest singular values! Visualization, with 7 = D
D D D D'
p<p: Dl M = 3 ()
D ! p! S oyt D
w ¢ vV w s ot
D D D it
D>D=D5 DM = D et
D! 'I" 'T" D.F ,?,,." ?’" D."
. N = (30)
l/+
5 w s ol

u

SVD truncation yields 'optimal' approximation of a rank T matrix M by a rank T (<-f) matrix M"

in the sense that it can be shown to minimize the Frobenius norm of the difference, M-M

-1 = T (m- Y lnen) = Te(utm s wbulowin_pha) Gl

similar steps as for (8)

=Tf(,g,s+s’-g'~g_§ S’S> (32
/_,/v 5'5' -5’5’
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0 0 0
! v
z 2 il 2 T 2 2
= T¢(5’~S” ) = ¥ s, - s, =| = s, (33)
oz ® = | xX={'4
'discarded weight'
QR-decomposition D D D'
If singular values are not needed, D<D D = D 0
aDyD' matrix M M - Q R
has the 'full QR decomposition' D D D'
M = QR w ~ Pzpi D = D 0
. . . + 4 )
with (2 a Dx D unitary matrix, Q8 = acaea=1 (¢4
and R a DxD' upper triangular matrix, K“F’ =0 f o> P (3»
If D = D', then M has the 'thin QR decomposition' ‘ | | | | | R-w | ‘ ‘ }1{%
Q1| Q2 = |-G
- 0
= a0 (6] -aet o i
0
- ' . ro { u
with dm(Q1) = DxD , dimR1)= D«D , B Q=1 bu & & + 1 (3»

and R1 upper triangular.

QR-decomposition is numerically cheaper than SVD, but has less information (not 'rank-revealing').
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3. Schmidt decomposition [most efficient way of representing entanglement] MPS-IIL.3

Consider a quantum system composed of two subsystems, /4 and g , A 3

with orthonormal bases i |oc?4 g and { | P% g .

Pure state on AU@ 1Y) = (g9 1o '-[’dp : I
oy R7g 1o, AT A )

Reduced density matrices of subsystems ?4' and 5 :

{

. [ o
L S I P (T AT S

]

Py * Tra('q—><"('\

A - - F | _ 'I' ‘
fuTr el = s Rl GO f 3T
Singular value decomposition
Use SVD to find bases for & and B L‘a Tz US Y ! (®

which diagonalize density matrices: 3
U v
m v, P
With indices: ,qup = [/{N;\ Su V yF DJ f‘l - ,EL A M 1(5 (s)

T
A" (‘§:,5z,---5
o @

Hence \1‘;} = ('}:>§|'X7A 5))‘ = Zﬁ,\’k%lﬁ\zsA I)‘ 4 (6
o( U \
|X?‘(A )

oo W VIRRTOIANE o e

are orthonormal sets of states for }4 and & , and can be extended to yield orthonormal

bases for A4  and & if needed.

where |4 ))4 -

Orthonormality is guaranteed by l/(f U = 4 and V f-\/ =71 ! (®
® oo A : 4
‘ _ f A _
,f’}‘(’DA - “E_:, = Ut U, = 17, Em‘ (9
ui' A
2 —q V' t * oo
< /A( l ;\ > = 4_3\ f; = V (5 \/ A = i = (10)
Restrict 2 1 to the 1 non-zero singular values:
'S
(¢> = 2. 1A >§ | :\Z( 5;\ 'Schmidt decomposition' ()

3=
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If 7= 1(, classical' state: l'l{f) = [l)g ()'7 If 4 = 1 :'entangled state'

In this representation, reduced density matrices are diagonal:

n —_ ~ [ n)
Py = Trg [45¢H] ;mi(/sp;m | (
(?Lﬁ) ,gf‘(f) witG ’L(«xh = gA fﬂ_’)‘;\ (13)

5 3
% l’))é(;.?g(ll (18}

!

1)

]

5 P <

Entanglement entropy:

”2/8 T %:‘(5,01 /&u@ﬂl (9

Note: for given T, entanglement is maximal if all singular values are equal, SA = ~h (r6)

How can one approximate {1} ) = Zp lf>§ |¢>" ?*P by cheaper [ ) ?

+ > 2

el = Ketadl - “ZPWH - Uy, ()
Define truncated state using 5 ! (4 + )  singular values:

7!
L) = %M?@» [32 Sy (19
v it/
If |1‘f'> should be normalized, rescale, i.e. replace S) by 5;‘ E Z (5;\.) J (19)

Truncation error:

“l"{? -hF)ll: = L4l¥d + <ah7> -2 R Fl) et

Z(S;\ (S;l)" 2 Zb;\) % (SA)I

Nediy

= sum of squares of discarded singular values

Useful to obtain 'cheap' representation of | 'U(> if singular values decay rapidly.

The truncation strategy (18) minimizes the truncation error.
It is used over and over again in tensor network numerics.
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4. Reshaping generic tensor into MPS form

TNB-III.4

A generic tensor of arbitrary rank can be expressed as an MPS by repeatedly performing SVDs.

C reshape N reshape Q ’K"'
0
TyTer i «( % * %‘ F EEY
Y 61 6' 6’ 61 G'L
8 8 4
QR Ql 7' Rz reshape @' =
= >— = >— 2)
[« M— ¢ v e (
] 5, 6 6 ] o, °: &
3
O s
8, Q2 3 ' 5
etc. Q‘ d z A o! J d
= -— S>— - > (£))
U7 3 r
% o2 o3 % 65 , %

- bond dimensions grow as
In formulas (‘reshape' means regroup indices): g d

reshape QR c reshape
6.4 ~6 & 6 %)02...6 €1 S 062,65...

S A S S S T R Sl b T

QR £ o6 ﬁ 5 reshape \ o6 " [56‘ 6 etc.
2
= &' [~ &2 PRZ) 3£ = &‘ x &ZZP RZ 2% £ = ... (5)
L a6, 6 #6

= &‘ «Q &Z F &Z }? g“( X (6)

If @ maximal bond dimension of .'D,x 2 D s desired, this can be achieved using SVD instead of QR
decompositions, and truncating by retaining only largest 1 singular values at each step:

SVD + truncate
= L(S'l/ & WS °'+ where S  contains only largest D singular values of ,57
{
2 u
SVD 3 Sy U
C as above Q B truncate Q Be (
= = = ——— ¥
F¥ARK F e = e U<t MD 5 qul
' 6 52 % 6, ;& % % %, 3 6,6
4L

. S
" oD ) T ,erD*DTD

% 6, 3

truncated representatlon

Page 13



