
TO PLANETS
LECTURE 3: DUST TO PLANETESIMALS

FROM UNIVERSE
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Inherited (ISM) 
Condensation

Collisional growth 
and fragmentation

Planetesmial/core 
formation and  

runaway growth



INITIAL DUST DISTRIBUTION
‣ ISM has a dust-to-gas ratio of ~0.01 with sizes 

ranging from nm– m 

‣ Early growth may occur, but collapse of GMCs can 
be messy and not all grains survive 

‣ Only presolar grains are known for sure to survive: 

‣ Small refractory grains like nano-diamonds, 
graphite particles, or silicon carbide (SiC) 
grains. 

‣ Meanwhile, new dust grains condense out in the disc 

‣ Refractory elements in the inner disc 

‣ Volatile elements beyond snow lines

μ

SiC

graphite



2000 au

Gas Cloud

INHERITED FROM ISM

EARLY GROWTH
Caveat: the first hydrostatic core lasts until 

, when H2 dissociates. However, 
dust already sublimates at 
T ∼ 2000 K

T ≳ 1500 K

credit: Bate (2022)



TO PLANETS
LECTURE 3.1: CONDENSATION

FROM UNIVERSE



CONDENSATION

Planetary Atmospheres



CONDENSATION

Stellar Winds and Supernovae



CONDENSATION

Protoplanetary disc



CONDENSATION 
‣ Snowflakes form high in Earth's atmosphere, where the 

temperature and air pressure is low 

‣ Water molecules in gas clouds bypass the liquid water 
stage and condense directly into ice crystals





CONDENSATION 
‣ A similar process occurs for refractory 

elements in protoplanetary discs as 
gas cools at very low pressures  

‣ First elements condense directly 
into mineral crystals at ~1,500 ºC

‣ Oxide minerals rich in calcium, aluminium and 
titanium  Calcium-Aluminium Inclusions (CAIs) 

‣ At lower temperatures (  Myr after CAIs), crystals of 
minerals containing magnesium, silicon and iron began 
to condense  chondrules

→

≲ 1

→



CONDENSATION 



CONDENSATION

1. Nucleation

2. Condensation

3. Agglomeration

Marrocchi et al. (2019)



Credit: Ben Gilliland, STFC Borrow the Moon



Credit: Ben Gilliland, STFC Borrow the Moon



CHONDRITES 
‣ Carbonaceous chondrites show 

little chemical differentiation and 
fractionation  

‣ Primitive: provide clues to the 
initial chemical composition of 
the solar nebula

Carbonaceous Chondrite

‣ Contain volatile organic chemicals and water  no 
significant heating (>200 °C)

→



CHONDRITES 
‣ CI-chondrites (the I is for Ivuna): 

most primitive sub-class 

‣ Contain H2O (17–22%; bound in 
silicates), Fe (25%; in form of iron 
oxides), C (3–5%), amino acids, 
and PAHs

CI-Chondrite

‣ Have not been heated above 50 °C (formed and 
remained beyond ~ 4 au) 

‣ Relative elemental abundances are similar to the Sun’s 
photosphere (notable exceptions are Li, used in 
nucleosynthesis, and volatile elements like H and O)



CONDENSATION Near one-to-one correlation 
between elemental abundances 
found in Sun and CI chondrites



CONDENSATION
‣ In a thermodynamical system, processes will continue 

spontaneously until the relevant thermodynamical potential 
is minimised. In equilibrium, e.g.: 

‣ Helmoltz free energy is minimised for isothermal-
isochoric systems:    

‣ Gibbs free energy (also called free enthalpy) is 
minimised for isothermal-isobaric systems:   

 
(as opposed to enthalpy  ) 

‣ Chemical reactions typically occur in  
isothermal-isobaric conditions at  
thermodynamical equilibrium.

F = U − TS

G = F + PV = (U − TS) + PV = H − TS
H = U + PV



CONDENSATION
‣ Using the first law of thermodynamics ( ): 

 

‣ For reversible processes (where entropy is ): 
 

‣ In equilibrium, we can assume  and the potential is 
defined to within a constant. 

‣ Useful to define standard conditions to be used as a 
reference point, usually:

dU = δQ − PdV

dS = δQrev/T

dG = 0

G = H − TS ⟶ dG = dH − TdS − SdT
H = U + PV ⟶ dH = dU + PdV + VdP = δQ + VdP

dG = δQ + VdP − T ( δQ
T ) − SdT = VdP − SdT

P0 = 1 atmT0 = 298 K



partial pressure 
assuming a 

simple H, He, 
and Fe mixture

vapour pressure

CONDENSATION: IRON EXAMPLE



CONDENSATION: FULL SEQUENCE
‣ In more detailed models, the 

partial pressure is not a 
horizontal line (relative 
abundances depend on  
and ). 

‣ Normally, spinel would 
condense at , but 
corundum condenses first 
and removes Al and O, 
causing the slope of the 
partial pressure to change. 

‣ Condensation for spinel now 
happens at .

T
P

T = 1685 K

T = 1500 K



CONDENSATION: FULL SEQUENCE



TO PLANETS
LECTURE 3.2: GROWTH/FRAGMENTATION

FROM UNIVERSE



Warm dust in inner regions is missing

EVIDENCE OF GRAIN GROWTH



EVIDENCE OF GRAIN GROWTH



‣ Vertical settling timescale is much faster than the radial 
drift timescale. Simple model: the dust sweeps 
up grains as it settles at terminal velocity. 
 
 
 

‣ Solving this numerically: 

‣ Differences in the  
condensation sequence 
can fractionate the disc.

COAGULATION

dm = πa2 |vz |dt

volume

× ρgε⏟
dust density

da
dt

=
εΩ2

K

4vth
za vz

d = − zΩKSt(a, z)



‣ Vertical settling timescale is much faster than the radial 
drift timescale. Simple model: the dust sweeps 
up grains as it settles at terminal velocity. 
 
 
 

‣ Solving this numerically: 

‣ Differences in the  
condensation sequence 
can fractionate the disc.

COAGULATION
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COAGULATION
cross section

number density

} volume 
 that can be 
 swept up 
 by particle 1

σ = π(a1 + a2)2

Δvdt

n2

a1

a2

a
1 +

a
2

‣ For one particle of :     

‣ But we have  of them:    

‣ The fraction  that lead to sticking:   

m1
# collisions

time
= σΔvn2

n1
dn3

dt
= σΔvn1n2

S dn3

dt
= SσΔv

⏟
n1n2

K = coagulation kernel

Describes the rate at 
which particles of size 

1 coagulate with 
particles of size 2.



COAGULATION + FRAGMENTATION



COAGULATION + FRAGMENTATION



COAGULATION + FRAGMENTATION



COAGULATION + FRAGMENTATION

‣ Small particles are sticky, velocities given by Brownian motion. 
‣ Turbulence and differential motion dominates for larger particles. 

‣ Impact velocities increase with particle size  problem!→
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Brownian Motion Growth

Turbulent Motion  
& 

Differential Motion

Birnstiel et al. 2010, 2012

GROWTH BARRIERS



Growth is fastest in inner regions

Growth time scale 
typically ~ Ω−1

K

Birnstiel et al. 2010, 2012

Only grain growth

GROWTH BARRIERS



Birnstiel et al. 2010, 2012

Only grain growth

GROWTH BARRIERS



Birnstiel et al. 2010, 2012

Grain growth and drift

GROWTH BARRIERS



Birnstiel et al. 2010, 2012

Grain growth, drift, and fragmentation

GROWTH BARRIERS



OVERCOMING GROWTH BARRIERS
‣ Dust traps: usually associated with pressure 

maxima (zero gradient)  no radial or 
azimuthal drift. 

‣ Snow lines, turbulence, vortices, planet 
gaps, gravity, self-induced pile-ups. 

‣ Trap larger grains, small grains follow gas 
(accretion and viscous spreading). Relative 
velocities only due to turbulence. Thus for 
small , growth can continue. 

‣ A few “lucky” particles in the tails of the 
velocity distribution may be able to grow to 
reach planetesimal sizes.

→

α



DUST TRAPS: PRESSURE BUMPS



‣ Goldreich-Ward instability: settling of small grains 
increases the dust-to-gas ratio at the disc mid-plane, until 
the dust layer becomes gravitationally unstable and 
fragments.  

‣ Toomre criterion: the disc is  
unstable for , where 

‣ If   
and the dust-to-gas ratio is 0.01, 
then  requires a disc 
temperature less than 1 K!

Q ≲ 1

Σgas ∼ 100−1000 g cm−2

Q < 1

Q ≡
csΩK

πGΣ

GRAVITATIONAL INSTABILITY (GI)



‣ Goldreich-Ward instability: settling of small grains 
increases the dust-to-gas ratio at the disc mid-plane, until 
the dust layer becomes gravitationally unstable and 
fragments.  

‣ Toomre criterion: the disc is  
unstable for , where 

‣ If   
and the dust-to-gas ratio is 0.01, 
then  requires a disc 
temperature less than 1 K!

Q ≲ 1

Σgas ∼ 100−1000 g cm−2

Q < 1

Q ≡
csΩK

πGΣ

GRAVITATIONAL INSTABILITY (GI)

‣ For instability, gravity must 
dominant over rotational 
and thermal energies: 
 
 

‣ Plugging in expressions for 
the energies:

Egrav ≈
G(πR2Σ)

R
= GπΣR

Erot ≈
1
2

(ΩKR)2

Etherm ≈
3
2

T ≈ c2
s

Etherm

Egrav

Erot

Egrav
< 1

c2
s

GπΣR

1
2 Ω2

KR2

GπΣR
=

1
2 ( csΩK

πGΣ )
2

⟶ Q ≡
csΩK

πGΣ
≲ 1



STREAMING INSTABILITY (SI)
‣ Dust experiences a headwind in discs, but if the dust layer 

of large grains (pebbles) is sufficiently compact and dense 
( thinner and  denser than the gas!) then 
the dust accelerates the gas and reduces the headwind it 
feels. This has two consequences: 

‣ Radial drift is halted and dust drifting in from outside 
piles up. 

‣ The accelerated gas causes a pressure bump (dust 
trap). 

‣ The process rapidly runs away until the clump becomes 
self-gravitating and collapses to form planetesimals.

∼ 104 × ∼ 100 ×



STREAMING INSTABILITY (SI)
‣ While the compact dust layer is dynamically dominated by 

the dust, the layers above are still dominated by the gas  
large vertical shear. 

‣ Kelvin-Helmholtz Instability develop which increases the 
velocity dispersion of the dust layer.

→



STREAMING INSTABILITY (SI)



PLANETESIMAL FORMATION 354P/LINEAR



PLANETESIMAL FORMATION
‣ First collision of main astroid belt object detected on 6 

January 2010. 

‣ Its orbit in the main astroid belt, the never-before-seen X 
pattern (which remained intact), and the nucleus outside 
the main halo rule out the possibility of a comet. 

‣ Probably created by the impact of a small m-size object 
on the larger asteroid (~150 m) in February/March 2009. 

‣ Particle sizes in the tail are probably between 1 mm and 
2.5 cm in diameter. The tail contains enough dust to make 
a sphere of diameter 20 m.



TO PLANETS
LECTURE 3.3: PLANETESIMALS

FROM UNIVERSE
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σ/2

σ/2

impact parameter bm

m

GRAVITATIONAL FOCUSING



GRAVITATIONAL FOCUSING

σ/2

σ/2

impact parameter bm

m

min. distance Rc
max. velocity vmax



‣ Angular momentum 
conservations gives: 
 

‣ Conservation of energy gives (upon inserting ): 
 

‣ Collisions only occur if , where  is the sum of the 
sizes. Using the escape velocity ( ):

vmax

Rc < Rs Rs
v2

esc = 4Gm/Rs

σ/2

σ/2

impact parameter bm

m

min. distance Rc
max. velocity vmax

GRAVITATIONAL FOCUSING

J = 2 ⋅ m
σ
2

⋅
b
2

= 2 ⋅ mvmax
Rc

2
⟶ vmax =

1
2

σb
Rc

E = 2 ⋅
1
2

m ( σ
2 )

2

= 2 ⋅
1
2

mv2
max −

Gm2

Rc
⟶ b2 = R2

c +
4GmRc

σ2

b2 = R2
s (1 +

v2
esc

σ2 ) Γ = πR2
s⏟

Γgeo

(1 +
v2

esc

σ2 )
maximum 
distance 

leading to 
a collision

collision 
cross-section 
(also valid for 
different )m



‣ Specific energy of the impact: 

‣ The gravitational binding energy for a sphere of uniform 
density: 
 

‣ Energy goes into heating 
phase changes, ejecta…

GRAVITATIONAL BINDING ENERGY

Egrav =
3
5

GM2

R

Q ≡
mv2

2M
=

impactor energy
target mass
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‣ Assuming    and  , we can simplify:M* ≫ MP Δ = |r − rP |

··x − 2ΩK
·y = (3Ω2

K −
GMp

Δ3 )
= 0

x ··y + 2ΩK
·x = −

GMp

Δ3
y

Horseshoe orbit

Shear limit

No collision

y = ϕ

x = r

HILL RADIUS

Δ = 3
GMp

3Ω2
K

≡ rH

look for where the radial force vanishes (at )y = 0
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PLANETESIMAL GROWTH
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REVIEW
‣ Width scales with hill radius:

‣ Mass in the feeding zone grows with planet mass:

in the terrestrial region

in the giant planet region

REVIEW

Miso ≈ 0.07 M⊕

rH = ap
3

Mp

3M*

Miso =
8

3
π3/2C3/2M−1/2

* Σ3/2a3
p

Δamax ≈ CrH

Mfz ≈ 2πap ⋅ 2Δamax ⋅ Σp ∝ M1/3

Miso ≈ 9 M⊕

‣ Isolation mass (maximum mass a body can 
achieve through planetesimal accretion) grows 
with cylindrical radius:

PLANETESIMAL GROWTH



SNOW LINES
‣ ALMA image of CO 

snow around the star 
TW Hydrae. 

‣ The blue circle is about 
the size of Neptune’s 
orbit in our Solar 
System. 

‣ The transition to CO ice 
could mark the inner 
boundary of the region 
where smaller icy bodies 
like comets and dwarf 
planets would form (e.g. 
Pluto and Eris).



SNOW LINES
‣ For water ice: , corresponding to 

. The snow line for the Solar System was probably 
at  (since the outer asteroids are icy and the inner 
asteroids are largely devoid of water). 

‣ At the snow line, the density of solid 
particles increases suddenly. This  
increase in solid-particle surface  
density affects the time-scales and  
mass-scales of planets that form  
beyond the snow line.  

‣ Gas giants form more easily beyond the snow line, since cores 
that form beyond the snow line are more massive and have a 
longer time to accrete gas from the disk before it dissipates.

Tsnow ∼ 150−170 K
R ∼ 1−3 au

R = 2.7 au



ISOLATION MASS
‣ The timescale for planet formation is roughly  so 

planetary cores which form beyond the snow-line are much 
larger than those that form within it. 

‣ Isolation mass: maximum mass a body can achieve through 
planetesimal accretion ( ). 

‣ Amplification of the solid surface density by a factor of ~3-4 
at the snow line leads to an amplified isolation mass by a 
factor of ~5-8. 

‣ The snow-line facilitates gas giant formation by helping 
cores to reach runaway gas accretion sooner. Timing is 
crucial because they must accrete the gas before the disc is 
dispersed.

τ ∝ 1/Σ

Miso ∝ Σ3/2a3
P



TO PLANETS
LECTURE 3.4: PROTOPLANETS

FROM UNIVERSE



‣ Large number of planetesimals: statistical treatment 

‣ Similar to gas molecules and kinetic gas theory 

‣ “Hot” (many collisions, high velocity) vs. “cold” 
distributions 

‣ “Heating”: mutual gravitational scattering 

‣ “Cooling”: collisions, gas drag, ejection 

‣ Treat eccentricity , inclination , and mass  using a 
distribution 

e i m
f(m, e, i)

→

RANDOM VELOCITIES



‣ The random velocities set the growth regime: orderly, 
runaway, or oligarchic. The key ingredients are: 

‣ Viscous stirring (increase of random velocities) 
through collisions or gravitational scattering 
between planetesimals and protoplanets. 

‣ Dynamical friction: energy transfer from large to 
small bodies 

‣ Establishes energy equipartition between 
bodies of different sizes.  

‣ Damping due to dissipation in inelastic collisions and 
through gas drag.

RANDOM VELOCITIES



‣ Distant fly-bys produce small angle deflections. 

‣ Transforms some of the forward velocity (kinetic energy) 
to a random perpendicular velocity/energy. 

‣ Integration over all encounters gives the increase of the 
random kinetic energy.

m

b

σ

θ

VISCOUS STIRRING



‣ Distant fly-bys produce small angle deflections. 

‣ Transforms some of the forward velocity (kinetic energy) 
to a random perpendicular velocity/energy. 

‣ Integration over all encounters gives the increase of the 
random kinetic energy.

δE =
2G2m3

b2σ2
coulomb logarithm: factor by which small-angle 
collisions are more effective than large-angle collisions

swarm number density:

dE
dt

=
4πG2m3nsw

σ
ln Λ

nsw ≈
ΣswΩK

2mσgravitational force

m

b

σ

θ

VISCOUS STIRRING



DYNAMICAL FRICTION
‣ Same principle as before, but now with different masses.

dynamically “cold“ disc
scattering

dynamically “hot“ disc

high σ

⟶
hp ≈

σ
ΩK

low σ



DYNAMICAL FRICTION
‣ Same principle as before, but now with different masses. 

‣ Massive body heats up its environment 
 
 
 
 
 
 
 
Massive body is scattered less, smaller masses are 
scattered more. Many encounters lead to energy 
equipartition:

dynamically “cold“ disc
scattering

dynamically “hot“ disc

low σ
high σ

⟶
hp ≈

σ
ΩK

1
2

mσ2
m =

1
2

Mσ2
m



Kokubo & Ida (2012)

DYNAMICAL FRICTION



FEpstein = −
4π
3

ρgasa2vthv

GAS DAMPING
‣ Gas drag is similar to that of smaller particles, but sizes 

are large enough to put them in the hydrodynamic 
(Stokes) regime.



FEpstein = −
4π
3

ρgasa2vthv
FStokes = −

CD

2
πa2ρgasvv

GAS DAMPING
‣ Gas drag is similar to that of smaller particles, but sizes 

are large enough to put them in the hydrodynamic 
(Stokes) regime.



FStokes = −
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2
πa2ρgasvv

GAS DAMPING
‣ Gas drag is similar to that of smaller particles, but sizes 

are large enough to put them in the hydrodynamic 
(Stokes) regime.



‣ Gas drag is similar to that of smaller particles, but sizes 
are large enough to put them in the hydrodynamic 
(Stokes) regime.

FStokes = −
CD

2
πa2ρgasvv

τdamp,gas ≈
mv

Fdrag
=

2m
CDπa2ρgasevK

∝ a

GAS DAMPING
‣  

 

‣ Damping acts against viscous stirring, thereby facilitating 
growth. For strong damping, the system evolves into a shear 
dominated regime (thin planetesimal disc). The 2D dynamics 
lead to high collisional probabilities and large focussing 
factors  large growth rates. 

‣ Assuming the random velocity is , the  
damping timescales is approximately: 
 
 

⟶

v ∼ evK



‣ Recall our mass accretion rate 
including the focusing factor: 

‣ Depending on the velocity dispersion, we get two different growth 
regimes: 
 
 
 

‣ Viscous stirring increases , leading to orderly growth, with a power-
law size distribution having most of the mass in the largest bodies 

‣ Addition of Dynamical friction and gas drag tends to equalise 
kinetic energies and damp  of the more massive bodies, leading to 
runaway growth of a small number of embryos

σ

σ

dMp

dt
=

3
2

ΣpΩK

Γ=focusing factor

πR2
s (1 +

v2
esc

σ2 )

1
Mp

dMp

dt
∝ {

M−1/3
p , σ ≫ vesc (orderly)

M1/3
p , σ ≪ vesc (runaway)

ORDERLY AND RUNAWAY GROWTH



‣ Recall our mass accretion rate 
including the focusing factor: 

‣ Depending on the velocity dispersion, we get two different growth 
regimes: 
 
 
 

‣ Viscous stirring increases , leading to orderly growth, with a power-
law size distribution having most of the mass in the largest bodies 

‣ Addition of Dynamical friction and gas drag tends to equalise 
kinetic energies and damp  of the more massive bodies, leading to 
runaway growth of a small number of embryos

σ

σ

dMp
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=

3
2
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esc
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1
Mp
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M1/3
p , σ ≪ vesc (runaway)

ORDERLY AND RUNAWAY GROWTH



‣ Runaway growth continues until the feedback from the big 
bodies stirs up the neighbouring planetesimals again 

‣ Growth rates slows (similar to orderly growth), but are still 
faster than planetesimals in their surroundings (similar to 
runaway growth) 

‣ Transition from  
runaway to  
oligarchic growth 
occurs between  
10−3−10−2 M⊕

runaway growth

orderly growth

oligarchic growth

runaway gas
accretion

OLIGARCHIC GROWTH



Raymond et al. 2006

OLIGARCHIC GROWTH



GAS ACCRETION

7. Kelvin-Helmholtz contraction

6. Gas dispersal

1. Core formation

2. Atmosphere formation

3. Hydrostatic growth

4. Exceed critical core mass

5. Runaway accretion

‣ Gas accretion begins very slowly because it is pressure 
supported. Prevents new gas from being accreted. 

‣ Once a critical core mass is achieved, runaway gas 
accretion becomes very rapid.



GAS ACCRETION: RUNAWAY GROWTH
‣ Accounting for boundary conditions (attached vs 

detached) leads to a step-like growth behaviour:



attra
ct atm

osphere 

run-away accretion

gas giants

terrestrial planets
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Disk Instability

Dust Planetesimal

dust over-densities 
collapse

collisional growth

planetesimals → oligarchs 
gravity dominates

direct gravitational 
collapse of gas

strip away the gas?

ice giants

GAS ACCRETION: RUNAWAY GROWTH



SUMMARY 1/3
‣ Disc temperature is important for determining the condensation 

sequence, which affects the chemistry of solids in the disc. 

‣ CI-chondrites show the least processing and closely match 
the abundances in the Sun. Give a good window on the 
chemical composition of the solar nebula. 

‣ Growth of small grains initially occurs through collisions, but the 
growth efficiency drops near cm sizes due to bouncing, 
fragmentation, and radial drift. 

‣ Dust traps are essential to prevent the solid material from 
draining onto the star. 

‣ Likely need another mechanism to make the jump to 
planetesimal sizes.



SUMMARY 2/3
‣ Planetesimals again grow through collisions, but are now 

large enough for self-gravity to play an important role. 

‣ Gravitational focusing and internal structure. 

‣ Once planets get too large, they reach an isolation mass, 
where the growth due to planetesimal accretion slows 
down dramatically. 

‣ Snow lines play an important role in accelerating 
core formation and allowing cores to reach the 
runaway gas accretion phase before the gas in the 
disc is dispersed.



SUMMARY 3/3
‣ Velocity dispersion and growth rates are co-dependent: 

 
 
 
 
 
 

‣ Runaway gas accretion 

‣ Core mass is large enough ( ) 

‣ Gas is still present and is able to cool efficiently

≳ 10 M⊕

‣ Velocity dispersion: 

‣ Viscous stirring 

‣ Dynamical friction 

‣ Gas damping

‣ Different growth rates: 

‣ Orderly growth 

‣ Runaway solid accretion 

‣ Oligarchic growth




