MATLAB 101

Author: Seung-Sup Lee

We explain the basics of MATLAB. The strengths of the MATLAB are

* Intuitive and efficient linear algebra operations.

» Supports tons of mathematical functions.

 Platform independent.

» Many toolboxes (e.g., parallel computing, signal processing, big data, ...)

» Graphic user interface.

» Powerful editor, debugger, and profiler.

e Supports compiler.

 Last but not least: the QSpace tensor network library, which will be used later in this course when
discussing symmetries, runs on MATLAB.

Try the following commands, by (i) clicking Live Editor, then Run Section (keyboard shortcut: Ctrl+Enter) (ii)
typing into the command window or by (iii) writing your own MATLAB script (.m file) and running the script.
(Note that the script should be under Work directory)

For this tutorial, there is no exercise problem. Experienced users of MATLAB may skip this tutorial, and
move on to the next tutorials.

Initialization

First, clear memory to avoid any possible collision.

o)

clear % clear memory

Basic algebra

Algebra for numbers. MATLAB basically uses double type variables. In practice, this policy helps us to avoid
data conversion mistakes (which frequently happen in, e.g., C programming).

A =1; % assign A =1
B = 2; % assign B = 2

A*B
ans = 2

A/B


https://www.theorie.physik.uni-muenchen.de/lsvondelft/members/sci_mem/seung_sup-lee/index.html

ans = 0.5000

Also there are some predefined constants.

[o)

i % imaginary number \sqgrt{-1}

ans =
0.0000 + 1.00001

1i % the same

ans =
0.0000 + 1.00001

ans = 3.1416

e is not a predefined constant.

)

e % doesn't work

When a live in a section contains an error, as here, subsequent lives are not executed. Therefore, fix the error
(here: comment it out) to be able to proceed.

[o)

exp(l) $ Euler constant

ans = 2.7183

For unusual calculations, MATLAB also supports Inf (infinity) and NaN (not-a-number).

1/0 % + infinity
ans = Inf

-1/0 % - infinity
ans = -Inf

0/0 % not-a-number

ans = NaN

To suppress displaying result, put ; at the end of command.

= 2;
C = A+tB % substitute to C

C = A+B; % suppress displaying result by putting ';' to the end



Vectors and matrices

We can create vectors and matrices.

A= [1 2 3] % row vector
A:

1 2 3
A = [1,2,3] % row vector (space and , work in the same way)
A:

1 2 3
A = [1;2;3] % column vector
A:

1

2

3
A= [1 2; 3 4] % matrix
A:

1 2

3 4

The vector whose elements constitute the arithmetic series can be generated easily.

A = (1:3) $ row vector, arithmetic series
A =
1 2 3
A = (1:3:10) % step size = 3, for entry <= 10
A =
1 4 7 10
A = (10:12:100) % starting term can be different
A =

10 22 34 46 58 70 82 94

A = (1:3:2) & 1
A=1

A = (1:3:0) % empty
A =

1x0 empty double row vector

A = (1:-3:-10) % also negative step size possible



Functions are available for generating commom types of vectors, matices, and multi-dimensional arrays with
specified sizes.

A = rand(3,2) % 3*2 matrix with random elements in interval (0,1)

A =
0.1781 0.5219
0.3596 0.3358
0.0567 0.1757

A = ones(3,2) % 3*2 matrix with all ones

A =
1 1
1 1
1 1

o

A = zeros(3,2) % 3*2 matrix with all zeros

A =
0 0
0 0
0 0

A = rand(3) % 3*3 matrix with random elements

A =
0.2089 0.4685 0.7455
0.9052 0.9121 0.7363
0.6754 0.1040 0.5619

)

A = ones(3) % 3*3 matrix with all ones

A =
1 1 1
1 1 1
1 1 1

A = zeros(3) % 3*3 matrix with all zeros

A =
0 0 0
0 0 0
0 0 0

A = rand(3,2,3) % multi-dimensional array

A =

(:y:,1) =
0.1842 0.1341
0.5972 0.2126
0.2999 0.8949

(:,:,2) =
0.0715 0.4417
0.2425 0.0133
0.0538 0.8972



0.1967 0.4561
0.0934 0.1017
0.3074 0.9954

A = eye(3) % 3*3 identity matrix

A =
1 0 0
0 1 0
0 0 1

A = eye(3,4) % 3*4 matrix whose diagonal elements are 1 and others are 0

A =
1 0 0 0
0 1 0 0
0 0 1 0

A = eye(4,2) $ 4*2 matrix whose diagonal elements are 1 and others are 0

O O O
o o O

A = eye(3,3,3) % doesn't work

Matrix operations, element-wise operations
In MATLAB, matrix operations are intuitive (and efficient).

A = rand(3,2)

A =
0.3321 0.2982
0.2973 0.0464
0.0620 0.5054

B = rand(2,4)

0.7614 0.0899 0.7772 0.5338
0.6311 0.0809 0.9051 0.1092

A*B % matrix multiplication

ans =
0.4411 0.0540 0.5281 0.2098
0.2557 0.0305 0.2731 0.1638
0.3662 0.0464 0.5057 0.0883

doesn't work
doesn't work
doesn't work
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The reason why the last three commands fail is that A and B have different sizes. But they do work if B and A
have the same dimensions.

B = rand(3,2)

B =
0.8258 0.7463
0.3381 0.0103
0.2940 0.0484
A+B
ans =
1.1579 1.0446
0.6354 0.0567
0.3560 0.5539
A-B
ans =
-0.4937 -0.4481
-0.0408 0.0360
-0.2319 0.4570

A*B % doesn't work
A.*B % element-wise multiplication

ans =
0.2742 0.2226
0.1005 0.0005
0.0182 0.0245

A./B % element-wise division

ans =
0.4021 0.3996
0.8795 4.4842
0.2111 10.4325
A/B % equivalent to mrdivide function, giving a solution C such that C*A = B
ans =
0.3995 0.0064 0
0.0517 0.7533 0
0.6983 -1.5221 0
C = A/B;

C*B-A % output will be O

ans =
1.0e-16 *
0 -0.5551
0 0.6245
0.6245 0

Size commands



The size of vectors, matrices, and multi-dimensional arrays can be retrieved by the following functions.

A = rand(3,2)

A =
0.6679 0.7297
0.6035 0.7073
0.5261 0.7814

o)

size(A) % dimensions of A

ans =

o)

size(A,l) % 1lst dimension of A
ans = 3
size(A,2) % 2nd dimension of A
ans = 2
numel (A) % total number of elements
ans = 6
A = rand(3,1) % vector
A =
0.2880

0.6925
0.5567

size (A)

ans =

A = rand (3,2, 3)

A =
(:,:,1) =
0.3965 0.3376
0.0616 0.6079
0.7802 0.7413
(:,:,2) =
0.1048 0.4852
0.1279 0.8905
0.5495 0.7990
(:,:,3) =
0.7343 0.0885
0.0513 0.7984
0.0729 0.9430



size (A)

ans =

3 2 3
numel (A)
ans = 18

Transpose and Hermitian conjugation
A = rand(3,2)+li*rand(3,2)
A =
0.6837 + 0.3288i 0.1104 + 0.58321

0.1321 + 0.65381 0.1175 + 0.74001
0.7227 + 0.74911 0.6407 + 0.23481

A' % Hermitian conjugate

ans =
0.6837 - 0.32881 0.1321 - 0.65381 0.7227 - 0.74911
0.1104 - 0.58321 0.1175 - 0.74001 0.6407 - 0.23481
A.' $ transpose
ans =
0.6837 + 0.3288i 0.1321 + 0.65381 0.7227 + 0.74911i
0.1104 + 0.5832i 0.1175 + 0.74001 0.6407 + 0.2348i

(Li) ' % complex conjugate for a number

ans =
0.0000 - 1.00001

Element-wise operations: bsxfun

With bsx fun, various binary operations between the elements of two arrays can be done efficiently. (See the
documentation of bsxfun for the supported operations.) Basically, bsxfun is (almost) the same as the element-
wise operations.

A = rand(3,4)

A =
0.7350 0.0862 0.6850 0.3677
0.9706 0.3664 0.5979 0.2060
0.8669 0.3692 0.7894 0.0867

B = rand(3,4)

B =
0.7719 0.5518 0.4845 0.1006
0.2057 0.2290 0.1518 0.2941
0.3883 0.6419 0.7819 0.2374

C = A.*B

Cc =



0.5673 0.0476 0.3319 0.0370
0.1996 0.0839 0.0908 0.0606
0.3366 0.2370 0.6172 0.0206

D = bsxfun(@Rtimes, A, B)

D =
0.5673 0.0476 0.3319 0.0370
0.1996 0.0839 0.0908 0.0606
0.3366 0.2370 0.6172 0.0206
C-D
ans =
0 0 0 0
0 0 0 0
0 0 0 0

The results are the same! Then why "almost"? For the MATLAB versions earlier than R2016b, the element-wise
operations (e.g., . * and . /) behaved differently from bsxfun, when the inputs are of different sizes. For the
later versions of MATLAB (> R2016), the element-wise operations inherit the behavior of bsxfun.

A= (1:3)."
A =
1
2
3
B = (1:4)
B =
1 2 3 4

A.*B % For < R2016b, it cannot be done; for >= R2016a, it works

1 2 3 4
2 4 6 8
3 6 9 12

bsxfun (@times, A, B) % bsxfun expands the array szie

1 2 3 4
2 4 6 8
3 6 9 12

Note that bsxfun expands the array size as needed. It is useful to replicate the arrays by adding a vector of
zeros

bsxfun (@plus, A, zeros(1l,3))

1 1 1
2 2 2
3 3 3

A = rand(3,4)



0.5309 0.1048 0.2916 0.4325
0.0915 0.1123 0.6035 0.6948
0.4053 0.7844 0.9644 0.7581

o)

bsxfun (@plus, A, zeros(l,1,2)) % works also for high-dimensional arrays

~

ans =

(:,:,1) =
0.5309 0.1048 0.2916 0.4325
0.0915 0.1123 0.6035 0.6948
0.4053 0.7844 0.9644 0.7581

(:,:,2) =
0.5309 0.1048 0.2916 0.4325
0.0915 0.1123 0.6035 0.6948
0.4053 0.7844 0.9644 0.7581

Accessing the elements and submatrices of matrices

We can access the elements and submatrices as follows. Note that the indexing in MATLAB starts from 1, not
0.

A = rand(5,5)

A:
0.4326 0.2662 0.2729 0.6099 0.1253
0.6555 0.7978 0.0372 0.0594 0.1302
0.1098 0.4876 0.6733 0.3158 0.0924
0.9338 0.7690 0.4296 0.7727 0.0078
0.1875 0.3960 0.4517 0.6964 0.4231
A(l1l,3) % Element at row 1, column 3
ans = 0.2729
A(l,:) % Row vector at row 1 (':' means all possible indices)
ans =
0.4326 0.2662 0.2729 0.6099 0.1253
A(:,3)
ans =
0.2729
0.0372
0.6733
0.4296
0.4517
A, )
ans =
0.4326 0.2662 0.2729 0.6099 0.1253
0.6555 0.7978 0.0372 0.0594 0.1302
0.1098 0.4876 0.6733 0.3158 0.0924
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0.9338 0.7690 0.4296 0.7727 0.0078
0.1875 0.3960 0.4517 0.6964 0.4231

A(:) % column vector with all the elements of A

ans
.4326
.6555
.1098
.9338
.1875
.2662
L7978
.4876
.7690
.3960

O O OO oo oo ool
.

A(0,1) % doesn't work (indexing starts from 1 in MATLAB)
A(2:3,3:5) % submatrix at the intersection of row 2-3 and column 3-5

ans =
0.0372 0.0594 0.1302
0.6733 0.3158 0.0924

A(2:3,3:end) % 'end' means the last index

ans =
0.0372 0.0594 0.1302
0.6733 0.3158 0.0924

A(l:2:5,2:4) % intersections of rows 1, 3, 5 with columns 2 to 4

0.2662 0.2729 0.6099
0.4876 0.6733 0.3158
0.3960 0.4517 0.6964

A(l:2:end,2:end) % intersections of rows 1,3,5 with columns 2 to 5

0.2662 0.2729 0.6099 0.1253
0.4876 0.6733 0.3158 0.0924
0.3960 0.4517 0.6964 0.4231

A(10,7) % doesn't work since the index is out of range
In the same way, we can substitute the values.

A = rand(5,5)

A =
0.6556 0.1265 0.1962 0.8929 0.0773
0.7229 0.1343 0.3175 0.7032 0.9138
0.5312 0.0986 0.3164 0.5557 0.7067
0.1088 0.1420 0.2176 0.1844 0.5578
0.6318 0.1683 0.2510 0.2120 0.3134

A(2,3) = 100 % substitute to a single element

11



0.6556 0.1265 0.1962 0.8929 0.0773
0.7229 0.1343 100.0000 0.7032 0.9138
0.5312 0.0986 0.3164 0.5557 0.7067
0.1088 0.1420 0.2176 0.1844 0.5578
0.6318 0.1683 0.2510 0.2120 0.3134
A(3:4,:) = 200 % substitute to two columns by the uniform value 200
A =
0.6556 0.1265 0.1962 0.8929 0.0773
0.7229 0.1343 100.0000 0.7032 0.9138
200.0000 200.0000 200.0000 200.0000 200.0000
200.0000 200.0000 200.0000 200.0000 200.0000
0.6318 0.1683 0.2510 0.2120 0.3134
A(2:4,4:end) = 2 % substitute to a submatrix by the uniform value 2
A =
0.6556 0.1265 0.1962 0.8929 0.0773
0.7229 0.1343 100.0000 2.0000 2.0000
200.0000 200.0000 200.0000 2.0000 2.0000
200.0000 200.0000 200.0000 2.0000 2.0000
0.6318 0.1683 0.2510 0.2120 0.3134

A(:) = 0 % substitute all the elements by 0

O O O O o
O O O O o
O O O O o
O O O O o
O O O O o

In addition to indexing as (row index, column index), linear indexing is also available. The linear index is 1 for
the upper left corner elements. Then the index increases from top to bottom, then from left to right.

A = rand (3, 3)

A:
0.1662 0.1704 0.0740
0.6225 0.2578 0.6841
0.9879 0.3968 0.4024
A(l)y % = A(1,1)

ans = 0.1662

h=
w
o°

= A(3,1)

ans = 0.9879

B =2A(:) % column vector with all the elements of A
B:

0.1662

0.6225

12



.9879
.1704
.2578
.3968
.0740
. 6841
.4024

O O O O o oo

ans = 0.1662

ans = 0.9879
B(4)
ans = 0.1704

The case of multi-dimensional array is consistent.

A = rand(3,2,3)

A =
(:,:,1) =
0.9828 0.1544
0.4022 0.3813
0.6207 0.1611
(:,:,2) =
0.7581 0.6855
0.8711 0.2941
0.3508 0.5306
(:,:,3) =
0.8324 0.2992
0.5975 0.4526
0.3353 0.4226
A(l)

ans = 0.9828

A(10)

o}
o]
[}
Il
o
o
©
a1
a1

0.9828 0.1544



0.7581 0.6855

Reshape and permute matrices
We can reshape matrices, which keeps the total number of elements while changing size (2).

A = (1:9) % row vector

1 2 3 4 5 6 7 8 9

B = reshape (A, [3 31])

B:

1 4 7

2 5 8

3 6 9
B(:) % same as A, except that B is column vector
ans =

1

2

3

4

5

6

7

8

9
C = permute (B, [2 1]) % permute dimensions
C =

1 2 3

4 5 6

7 8 9
B.' % for matrices, the permutation is the same as transpose
ans =

1 2 3

4 5 6

7 8 9

Sum and product
The sum and the product of vectors, matrices, and multi-dimensional array can be obtained by the following.

sum(1l:9) % sum the integers from 1 to 9
ans = 45
A = reshape((1:9),[3 3])

A =

14



2 5 8
3 6 9

sum (A) % row vector whose elements are the sum of individual columns

ans =

6 15 24
sum(A,2) % sum over the 2nd dimension (along rows) -> result: column vector
ans =

12

15

18

sum(A,1l) % the same as sum(A) for matrix A

ans =
6 15 24

sum(sum(A)) % the sum of all the elements

ans = 45
sum(A(:)) % the same
ans = 45

prod(A) % row vector whose elements are the product of individual column

ans =
6 120 504

prod (A, 2)

ans =
28
80
162

prod (A, 1)

ans =
6 120 504

prod(A(:))

ans = 362880

Eigenvalue and eigenvectors

One of the most important functions for physics is the eigendecomposition (sometimes it is called spectral
decomposition also).

A = rand(3,3);
A = (A+A') % symmetrize
A:
0.7192 0.9827 0.7670
0.9827 0.8587 0.4151

15



0.7670 0.4151 0.6350

D = eig(A) % the vector of eigenvalues

-0.3195
0.3171
2.2153

[U,D] = eig(A) % spectral decomposition A = U*D*U'

U =
-0.7682 0.0079 0.6401
0.4999 -0.6173 0.6075
0.4000 0.7867 0.4703

D =
-0.3195 0 0
0 0.3171 0
0 0 2.2153

U is the unitary matrix whose columns are eigenvectors, and D is the diagonal matrix whose diagonal elements
are eigenvalues. Check the accuracy of the eigendecomposition.

U*D*U' - A % should be zero up to numerical double precision ~ le-16
ans =
1.0e-15 *
0.2220 -0.2220 0
-0.3331 -0.4441 -0.2220
0 -0.2220 -0.1110

U'*U % left-unitarity

ans =
1.0000 0.0000 -0.0000
0.0000 1.0000 -0.0000
-0.0000 -0.0000 1.0000
U*U' & right-unitarity
ans =
1.0000 0.0000 0.0000
0.0000 1.0000 -0.0000
0.0000 -0.0000 1.0000

Often, the zeros above and below the diagonal of D can be redundant. Then one may use:

[U,D] = eig (A, 'vector')

U =
-0.7682 0.0079 0.6401
0.4999 -0.6173 0.6075
0.4000 0.7867 0.4703
D =
-0.3195
0.3171
2.2153

Singular value decomposition (SVD)

16



SVD is a key concept in the MPS methods. If the SVD is applied to the matrix whose elements are coefficient of

bipartite quantum state, it provides the Schmidt decomposition.

A = rand(3, 3)

A =
0.6537 0.4579 0.7593
0.9569 0.2405 0.7406
0.9357 0.7639 0.7437
S = svd(A) % the vector of singular values in decreasing order
S =
2.1449
0.3465
0.1652
[U,S,V] = svd(A) % Singular value decomposition A = U*S*V'
U =
-0.5091 -0.0957 0.8554
-0.5605 0.7910 -0.2452
-0.6532 -0.6042 -0.4564
S =
2.1449 0 0
0 0.3465 0
0 0 0.1652
VvV =
-0.6902 0.3724 -0.6205
-0.4042 -0.9096 -0.0963
-0.6003 0.1843 0.7783

U is the unitary matrix whose columns are left-singular vectors, S is the diagonal matrix whose diagonal
elements are singular values, and V is the unitary matrix whose columns are right-singular vectors.

U*S*V' - A % should be zero up to numerical double precision ~ le-16
ans =

1.0e-15 *

-0.3331 -0.0555 0.2220

-0.5551 0.0278 -0.1110

-0.4441  -0.2220 -0.1110

ans =
0.0286 -0.8083
-0.2136 -0.9449
0.1610 -1.1090

U*U' $ identity;

\

1.0000 0.0000
0.0000 1.0000
0.0000 0.0000

\

U'*U % identity;

U

0.0314
-0.0526
0.0871

is unitary

-0.0000
0.0000
1.0000

is unitary

17



1.0000 0.0000 -0.0000
0.0000 1.0000 0.0000
-0.0000 0.0000 1.0000
V*V' % identity; V is unitary
ans =
1.0000 -0.0000 -0.0000
-0.0000 1.0000 0.0000
-0.0000 0.0000 1.0000
V'*V % identity; V is unitary
ans =
1.0000 0.0000 0.0000
0.0000 1.0000 -0.0000
0.0000 -0.0000 1.0000

Note that, simiarly to eig function without 'vector' option, the shape of s differs depending on how we
request the output of svd. Contrary to the eigendecomposition, SVD is applicable to non-symmetric or non-
Hermitian matrix, even to non-square matrix.

A = rand(4,3)

A =
0.1059 0.0985 0.6660
0.6816 0.8236 0.8944
0.4633 0.1750 0.5166
0.2122 0.1636 0.7027
S = svd(A) % three singular values
S =
1.7923
0.4750
0.2166
[U,S,V] = svd(A)
U =
-0.3382 -0.6451 0.2579 -0.6348
-0.7621 0.5680 0.3073 -0.0463
-0.3836 -0.0316 -0.9131 -0.1345
-0.3971 -0.5101 0.0726 0.7595
S =
1.7923 0 0
0 0.4750 0
0 0 0.2166
0 0 0
VvV =
-0.4559 0.4125 -0.7886
-0.4425 0.6638 0.6030
-0.7722 -0.6239 0.1201

Note that the sizes of U, s, and Vv are different.
U*S*V' - A

ans =
1.0e-14 *
-0.0139

0.0416 0.0777

18



0.0333 0.0333 0.1110
0.0111 0.0194 0.0333
0.0083 0.0167 0.0555

\

U*U' & identity; U is unitary

ans =
1.0000 0.0000 0.0000 0.0000
0.0000 1.0000 0.0000 0.0000
0.0000 0.0000 1.0000 0.0000
0.0000 0.0000 0.0000 1.0000

U'*U & identity; U is unitary

ans =
1.0000 0.0000 0.0000 0.0000
0.0000 1.0000 -0.0000 0.0000
0.0000 -0.0000 1.0000 -0.0000
0.0000 0.0000 -0.0000 1.0000

V*V' % identity; V is unitary

ans =
1.0000 0.0000 -0.0000
0.0000 1.0000 0.0000
-0.0000 0.0000 1.0000

V'*V % identity; V is unitary

ans =
1.0000 -0.0000 -0.0000
-0.0000 1.0000 -0.0000
-0.0000 -0.0000 1.0000

But we see that the last column of U is redundant, since it is associated with zero singular value. The 'econ'
option of svd function makes the result compact, by removing redundant singluar vectors.

[U,S,V] = svd(A, 'econ'")

U =

-0.3382 -0.6451 0.2579

-0.7621 0.5680 0.3073

-0.3836 -0.0316 -0.9131

-0.3971 -0.5101 0.0726

S =
1.7923 0 0
0 0.4750 0
0 0 0.2166

VvV =

-0.4559 0.4125 -0.7886

-0.4425 0.6638 0.6030

-0.7722 -0.6239 0.1201

U*S*V' - A % should be zero up to numerical double precision ~ le-16
ans =

1.0e-14 *

-0.0139 0.0416 0.0777
0.0333 0.0333 0.1110
0.0111 0.0194 0.0333
0.0083 0.0167 0.0555
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U*U' $ not identity; U is left-unitary

ans =
0.5970 -0.0294 -0.0854 0.4821
-0.0294 0.9979 -0.0062 0.0352
-0.0854 -0.0062 0.9819 0.1022
0.4821 0.0352 0.1022 0.4232

U'*U $ identity; U is left-unitary

ans =
1.0000 0.0000 0.0000
0.0000 1.0000 -0.0000
0.0000 -0.0000 1.0000

V*V' % identity; V 1is unitary

ans =
1.0000 0.0000 -0.0000
0.0000 1.0000 0.0000
-0.0000 0.0000 1.0000

V'*V % identity; V is unitary

ans =
1.0000 -0.0000 -0.0000
-0.0000 1.0000 -0.0000
-0.0000 -0.0000 1.0000

Consider another matrix which has different size from the above case.

A = rand(3,4);
[U,S,V] = svd(A, '"econ'")

U =
-0.5613 0.5196 -0.6442
-0.4754 -0.8396 -0.2629
-0.6775 0.1587 0.7182
S =
1.7088 0 0
0 0.8919 0
0 0 0.2064
VvV =
-0.5302 -0.7118 0.1882
-0.5543 0.5055 0.6477
-0.4875 0.4164 -0.6628
-0.4172 -0.2536 -0.3252
U*S*V' - A $ should be zero up to numerical double precision ~ le-16
ans =
1.0e-15 *
0 0.1110 0 0
-0.1110 -0.3608 0.1527 0.1110
0 0.3331 0 0.0555

U*U' & identity; U is unitary

ans =
1.0000 -0.0000 0.0000
-0.0000 1.0000 0.0000
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0.0000 0.0000 1.0000
U'*U & identity; U is unitary
.0000 -0.0000 0.0000

1
-0.0000 1.0000 0.0000
0.0000 0.0000 1.0000

V*V' % not identity; V is right-unitary

ans =
0.8232 0.0559 -0.1627 0.3405
0.0559 0.9823 0.0514 -0.1076
-0.1627 0.0514 0.8503 0.3133
0.3405 -0.1076 0.3133 0.3441

V'*V % identity; V is right-unitary

1.0000 -0.0000 -0.0000
-0.0000 1.0000 0.0000
0.0000 0.0000 1.0000

QR decomposition
QR decomposition is used in transforming tensors into canonical forms.

A = rand (4, 3)

A =
0.4151 0.9237 0.9211
0.1807 0.6537 0.7947
0.2554 0.9326 0.5774
0.0205 0.1635 0.4400

[Q,R] = gr(A) % QR decomposition A = Q*R

Q =
-0.7979 0.5851 0.0961 0.1083
-0.3474 -0.4260 0.4797 -0.6839
-0.4909 -0.6262 -0.5501 0.2537
-0.0395 -0.2900 0.6768 0.6755

R =

-0.5202 -1.4285 -1.3119
0 -0.3694 -0.2888
0 0 0.4499
0 0 0

Q is 4-by-4 unitary matrix and R is 4-by-3 upper triangular matrix.

Q*R - A % should be zero up to numerical double precision ~ le-16
ans =
1.0e-15 *
0 0.1110 0.2220
0 0 0
-0.0555 0 0
-0.0035 0 0
Q*Q'
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1.0000 0.0000 0 0.0000

0.0000 1.0000 0.0000 -0.0000

0 0.0000 1.0000 0.0000

0.0000 -0.0000 0.0000 1.0000
Q'*Q

1.0000 -0.0000 -
-0.0000 1.0000
-0.0000 0.0000
-0.0000 0

.0000 -0.0000
.0000 0
.0000 0.0000
.0000 1.0000

O R O O

Also there is a similar option as 'econ' in svd.

[Q,R] = gr(A,0)

Q =
-0.7979 0.5851 0.0961
-0.3474 -0.4260 0.4797
-0.4909 -0.6262 -0.5501
-0.0395 -0.2900 0.6768
R =
-0.5202 -1.4285 -1.3119
0 -0.3694 -0.2888
0 0 0.4499
Q*R - A
ans =
1.0e-15 *
0 0.1110 0.1110
0 0 0
-0.0555 0 0.1110
-0.0035 0 0
0*Q"
ans =
0.9883 0.0740 -0.0275 -0.0731
0.0740 0.5323 0.1735 0.4619
-0.0275 0.1735 0.9356 -0.1714
-0.0731 0.4619 -0.1714 0.5437
CRle
ans =
1.0000 -0.0000 -0.0000
-0.0000 1.0000 0.0000
-0.0000 0.0000 1.0000
Cell array

Cell is a data type which can contain other general data types.

A = cell(4,1) % [] means empty
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A{l} = rand(3,2) % substitute matrix to a cell array element

A =

[3x2 double]

[]

[]

[]
A{2} = rand(4,1) % cell array elements can have different size
A =

[3x2 double]

[4x1 double]

[]

[]
A{4} = '"Hello' % even different data type
A =

[3x2 double]

[4x1 double]

[]

"Hello'

Accessing the elements or subarrays of cell array:

celldisp(A) $ shows the content of cell array.

A{l} =
0.2576 0.0642

0.7519 0.7673
0.2287 0.6712

A{2} =
0.7152
0.6421

0.4190
0.3908

A{l} % curly bracket: read or access the "content" of cell

ans =
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0.2576 0.0642
0.7519 0.7673
0.2287 0.6712

A(l) % round bracket: 1*1 sub-array of cell array

[3x2 double]

A(l) = rand(3,2) % doesn't work

A{1:3}
ans =
0.2576 0.0642
0.7519 0.7673
0.2287 0.6712
ans =
0.7152
0.6421
0.4190
0.3908
ans =
[]
A(1:3)
ans =
[3x2 double]
[4x1 double]
[

A{l:3} = 1 % doesn't work
Multiple cells can be replaced with a 1*1 cell.

A(1:3) = {rand(2,2)}

A =
[2x2 double]
[2x2 double]
[2x2 double]
'Hello'

celldisp (A)

A{l} =
0.8161 0.8145
0.3174 0.7891
A{2} =
0.8161 0.8145
0.3174 0.7891
A{3} =
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0.8161 0.8145
0.3174 0.7891

A{4} =

Hello

Cell array can be constructed by using the following syntax.

A = {rand(3,2),[1 2 3];'Hi'",[]}
A =

[3x2 double] [1x3 double]

"Hi' []

celldisp (A)

A{l,1} =
0.8523 0.9509
0.5056 0.4440
0.6357 0.0600
A{2,1} =
Hi
A{l,2} =
1 2 3
A{2,2} =
[]
A{2} = {rand(3,2),rand(2,1)}; % cell can contain another cell array

Reshaping and permuting work the same as numerical array.

B = reshape (A, [2 2])

B =
[3x2 double] [1x3 double]
{1x2 cell } []
B = B!
B =
[3x2 double] {1x2 cell}
[1x3 double] []
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[3x2 double] [1x3 double]
{1x2 cell } []

B = permute (B, [1 2])

[3x2 double] [1x3 double]
{1x2 cell } []

Time counters
To measure computational cost, we need to check the elapsed time.

% real time counter

tic
rand(10,10) *rand (10, 10) ;
toc

Elapsed time is 0.004850 seconds.

)

% CPU time counter

o

cput = cputime % elapsed CPU time after the current MATLAB session started
cput = 133.1400

rand (10,10) *rand (10,10) ;

o)

cputime - cput % difference in time (in seconds)
ans = 0

We see that usually the elapsed CPU time is larger than the elapsed real time, since MATLAB automatically
parallelizes operations! For this course, we will use the customized time counters, tic2 and toc2, written by
Seung-Sup Lee. For example:

tobj = tic2;
rand(10,10) *rand (10,10) ;
toc2 (tobj, '-v');

Elapsed time: 0.00915s, CPU time: 0.0ls, Avg # of cores: 1.093

Logical variables and operations

In addition to double type and character type (shortly mentioned in the cell array section), there is also logical
data type.

o)

true % logical variable

ans =

false

ans =
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double (true) % 1
ans = 1
double (false) % 0
ans = 0

A = true(3,2) $ logical array is possbile

A =
1 1
1 1
1 1

AY

ans =
1 1 1
1 1 1

ans =
1
2 == 2 % true (== : the same)
ans =
1
2 ~= 2 % false (~= : not the same)
ans =
0
2 > 1 % true (>= : left is larger than or the same as right)
ans =
1
2 <=1 % false (<= : left is smaller than or the same as right)
ans =
0

~(2 > 1) % logical NOT operation

(2 > 1) && (3 > 1) % logical AND operation

ans =
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(2 > 1) && (0 > 1)

ans =

(2 > 1) || (3 >1) % logical OR operation

ans =

(2 >1) Il (0>1)

ans =
1

Logical variables also can consitute an array.

true (3, 3)
ans =
1 1 1
1 1 1
1 1 1

The array of logical variables is useful in various operations. For example, we can extract the subvector or
submatrix whose elements satisfy certain condition, e.g., being larger than 0.5.

A = rand (1, 6)

A =
0.9462 0.9064 0.3927 0.0249 0.6714 0.8372

B= (A>0.5) % logical vector

0.9462 0.9064 0.6714 0.8372
C = find(B) % indices of B which is true
C:

1 2 5 6

A(C) % the same as A(B), but A(B) is faster

0.9462 0.9064 0.6714 0.8372

A = rand (4, 3)

A =
0.9715 0.6866 0.3738
0.0569 0.7194 0.5816
0.4503 0.6500 0.1161
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0.5825 0.7269 0.0577

B = (A>0.5) % logical 4*3 matrix

- o o
e e e
o o+ o

B
o

% the vector of the elements of A larger than 0.5

.9715
.5825
.6866
L7194
.6500
L7269
.5816

leNeoNeoNoNeNoNaN

)

C = find(B) % indices of B which is true (linear indexing)

A(C) % the same as A(B), but A(B) is faster

.9715
.5825
.6866
L7194
.6500
L7269
.5816

leNeoNeoNoNeNoNaN

Conditional operations: if and switch

if statement checks whether the following expression is true or false, and execute the following commands
until else or end appear.

A=1;
if A >0

A = A+1l; % will happen
end

elseif is also available.
A= 1;
if A < 2

A = A+1; % will happen
else
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not happen

end
A = 3;
if A > 5

A = A+1l; % not happen
elseif A > 2

A = 2*A; $ will happen
else

A = A-1; % not happen
end

Note that for the above if-elseif-else, only one of commands will be executed. switch checks the value of a
variable (e.g., A here) and execute the commands for matching case (only one case at most).

A = 3;
switch A
case 1
B =1; % will happen
case 2

B = 0; % not happen
otherwise % if A does not match with anyone above with 'case'
B = 100; % not happen
end

For-loops
Below we substitute to the elements to A with the value as the triple of index.

A = zeros(3,1);

for it = (1:3)
A(it) = 1t*3;

end

A

A =

For-loops can be nested.

A = zeros(3,2);

for itl = (l:size(A,1))
for it2 = (l:size(A,2))
A(itl,it2) = itl*24+it2;
end
end
A
A =
3 4
5 6
7 8
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Try to avoid for-loops as possible, and use linear algebra operations instead! MATLAB consists of
multiple parts: it uses LAPACK or its relatives for low-level operations (e.g., linear algebra operations), and uses
Java for high-level operations (e.g., for-loops, drawing figures). Of course, the former is much faster, since it has
less computational overhead and can be better parallelized.

A = rand (10, 8);
B rand(8,10);

tobj = tic2;
C = A*B % matrix multiplication (MATLAB built-in)

Cc =
1.7597 1.9596 2.1432 2.4057 2.3326 2.4738 2.7148 3.0952 =+
2.0984 2.0200 1.9520 2.5995 2.3387 2.1973 2.8478 3.2856
1.4514 1.8086 1.6312 2.2225 1.9974 2.1605 2.2445 2.3587
1.5119 1.0145 1.5143 2.0740 1.6276 2.2650 1.6729 2.3354
1.6831 1.3274 1.4765 1.9202 1.6295 2.1092 1.5330 1.9510
1.7213 2.04061 1.8258 2.3540 1.9943 1.9533 2.1789 2.8650
2.6987 1.9365 2.3686 2.7626 2.6811 2.8285 3.0705 3.5735
2.0577 2.3534 2.1168 3.0009 2.0440 2.6342 2.5307 3.4926
2.0761 1.3928 1.3762 2.9632 2.0501 2.5720 2.0930 2.8529
1.6230 1.6385 1.0333 2.2626 1.2652 1.8985 1.9568 1.8901

toc2 (tobj, '-v');

Elapsed time: 0.008142s, CPU time: 0.0ls, Avg # of cores: 1.228

tobj = tic2;
% 'manual' implementation of matrix multiplication using for-loops
D = zeros(size(A,1l),size(B,2));
for itl = (l:size(A,1))
for it2 = (1l:size(B,2))
for it3 = (l:size(A,2))
D(itl,it2) = D(itl,it2) + A(itl,it3)*B(1it3,1t2);
end
end
end
toc2 (tobj,'-v') % much longer time!

Elapsed time: 0.1228s, CPU time: 0.22s, Avg # of cores: 1.791
ans = 0.1228

D - A*B $ results are the same

ans =

1.0e-15 *
0 -0.4441 -0.4441 0 0 0.4441 0 0.4441

0.4441 0 0 0 0.4441 0 0 -0.4441
0 0 -0.2220 0.4441 0 0 0 0
0 0 0 0 0 0 0 -0.4441

-0.2220 0 0 0 0 0 0 0
0 0 0.2220 0 0 -0.2220 -0.4441 -0.4441
0 -0.2220 0 0 0 0 0 0.4441

0.4441 0.4441 0 0.4441 -0.4441 0.4441 0 0

-0.8882 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
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Save and load

One can save the variables into .mat file, which is the MATLAB format of saving numerical data, with save
function.

)

clear % clear variables
A = rand(3,4);
save('test.mat', 'A') % creates test.mat in the current working directory

Beware of wrapping the names of file and variables with ' ', to treat them as char array. When variable names
are not specified, save function saves all the variables in the workspace. Also, you can specify the absolute
path of the .mat file.

whos ('-file', 'test.mat') % data in 'test.mat'
Name Size Bytes Class Attributes
A 3x4 96 double

To add variables, set ' —append' option.

B = rand(1,2);
save ('test.mat', 'B', '-append')

whos ('-file', 'test.mat')
Name Size Bytes Class Attributes
A 3x4 96 double
B 1x2 16 double

If variables of size larger than 2GB need to be saved, then use '-v7.3"' option.
save('test.mat','-v7.3")

On the other hand, one can load the variables from .mat files.

clear

load('test.mat') % load all variable

whos
Name Size Bytes Class Attributes
A 3x4 96 double
B 1x2 16 double

clear

load('test.mat','A'") % load A only

whos
Name Size Bytes Class Attributes
A 3x4 96 double

Other functionalities
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MATLAB provides much more functionalities beyond what we have explained above. To explore them, use
the MATLAB documentation. You can see the documentation page of e.g., eig, by (i) typing in the command
window:

help svd
svd Singular value decomposition.
[U,S,V] = svd(X) produces a diagonal matrix S, of the same

dimension as X and with nonnegative diagonal elements in
decreasing order, and unitary matrices U and V so that

X = U*S*V'.
S = svd(X) returns a vector containing the singular values.
[U,S,V] = svd(X,0) produces the "economy size"

decomposition. If X is m-by-n with m > n, then only the
first n columns of U are computed and S is n-by-n.
For m <= n, svd(X,0) is equivalent to svd(X).

[U,S,V] = svd(X, 'econ') also produces the "economy size"
decomposition. If X is m-by-n with m >= n, then it is
equivalent to svd(X,0). For m < n, only the first m columns

of V are computed and S is m-by-m.
See also svds, gsvd.

Reference page for svd
Other functions named svd

or by (ii) select a text eig in the command window or the editor window and press F1. Of course, as MATLAB
is very popular tool, there are many useful websites, blogs, books, forums, etc. If you have any question, simply
search it from internet!
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