Symmetries II: Non-Abelian Sym-II.1

1. Motivation, review of SU(2) basics
Consider Heisenberg spin chain: [/ = § lZ Sde ’ 3.24-« has SU(2) symmetry. ()
.:.\ - ) n A
Define Sh i = % Sl ,  then Sio{: / S }vl, Sfof are SU(2) generators, @)
n [ N {\.
and [N: Skf \ .‘:‘o, [H, SI:;] = - (3)

Symmetry eigenstates can be labeled I,S , L s> )

LY
Teni 1 1 { f\’ / «’\
,.Spm Ifti)elllczr symmetrySI;:Ibe or 'spin projection label' or 'internal label' (lower case s),
Irrep label (upper case distinguishes states within multiplet

'multiplet label' distinguishes multiplets having same spin S

with r Y .
D lsll)\5> = 5%1512)57 (5)
S% 1S, 1.5y = Sls)ls. i s ©
ot 19,15 SS)le, 1 ; 89
f e 4 N . ISJ s! “l,' (})
(S,5sTHIS,i.6) = .85 (H[Sﬂ ;
y L reduced matrix elements
Foreach § , we just have to find the reduced Hamiltonian H[S]li and diagonalize it.
Goal: find systematic way of dealing with multiplet structure in a consistent manner.
Reminder: SU(2) basics
N a ” a
SU(2) generators: [S“I ch ] —jg0be S¢ ) st = §" 4 ig“" (&)
2abe & ix'u’zj ae
¢ A& ~ A >
[S%,S_I = £5° , Isfs] = 295, &)
2, 'R n [3 0 T ) 2 z
Casimir operator: ST = 7Y ~ (I (S ) (10)
. . 2 2
Commuting operators: {g 2, ] = 6 o)
A
Irreducible multiplet: §z|S O = S(S+ l>| Ss)y , S =o't .. ()
~
Sz lS,s) = S [;S,S) S = ‘—'S'_'SH/"';S (13)
Dimension of multiplet: d,S = 723+1 ()
I\+ ~= ﬁs+
Highest weight state: SIS 5) = O ) ,‘;\ e
’ 4 ® @6 ¢ @ 2 o

Lowest weight state: S~ \S - )= o (o s =35
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2. Tensor product decomposition (needed when adding new site to chain) Sym-II.2

Irreducible representation (irrep) of symmetry group forms a vector space:

VS = el 1S,s) 1 5= -8, 5] )
Decomposition of tensor product of two irreps into direct sum of irreps: S S
5*5’ y . ” {
' s’ S8 118 :l:S
Vie V° = 2, VS o= 20 N

05"= 15-5 @S" (2)

-

.
'Outer multiplicity’ I\] S€ P is an integer specifiying how often the irrep S " occurs in the

]
decomposition of the direct product \/’gg \/'s

For SU(2), we have MSS' {‘ for [S ",S'\ 4’5\1/< S&S: &
N

0  otherwise

\For other groups, e.g. Sl,( s) the outer multiplicity can be > | .

"1. A P n N
Action of generators: (5 "‘® _TL + ]Z‘ ®,5:) C = Z S : 4
@S(l
dimensions: dS* 0(5 0{5: ”.(5' 0(,5”5 oga
C transforms generators into block-diagonal form: 4 ( :\ () c
For S —’-'/z/ ,S‘ = '/z_ f ‘(’) '(:-') (S)

A
The basis transformation C is encoded in Clebsch-Gordan coefficients (CGCs):

completeness |n direct product space

15" s, 8,80 = ZlS s)@\S s>r<55 |®<35“ 15" s S, S'? ©

S,s'
CGC = <S S - .S SI»S“ "> (C'S 'S,gn)ss'su
%l [Sl,$'>®[:3,5'7 (C’S"SS«/)SS’Su &

.2 "
States in new basis, [S" ¢" ,S/ ,S')/ are eigenstates of (3‘ ¢S.)  with eigenvalue S (S % «) (a)
A
T
(( S‘ {r 'S (SLB
~

“ S 2 o I\S l (30
" 5.} + SE u s (80()
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3. Tensor operators Sym-II.3

Consider an SU(2) rotation, Se SU(Q
A spin multiplet forms an 'irreducible representation' (irrep), i.e. it transforms under this rotation as:

ﬂ (@ \S, sy = \ /S, SI) ,0(3)5' sr\' representation matrix for spin-S irrep

} 4 (o)
AslUlg = D(9)" o< 8,5 (0)
An 'irreducible tensor operator' A " (S.s). 1 (,g s")
transforms analogously (to bra): a(ﬂ\ T )U (3) = "o (3) S'T ()
Example 1: Heisenberg Hamiltonian is SU(2) invariant, A s _} A
Uy Hu'g = H 2
hence transforms in ,S = © representation of SU(2): %

(scalar)

t\* ~_ n 2
Example 2: SU(2) generators, 5 ) 6 , S ) transformin S = | (vector) representation of SU(2):
) _ oA ~ a 1
S(ng~‘is) = ('f-,_ S“,S%/-j-is > (3)

Wigner-Eckardt theorem

Every matrix element of a tensor operator factorizes as 'reduced matrix elements' times 'CGC";

! 51) " ! )
G TN < () GasdlS s

I
CGCs encode sum rules: o N'S's w § 5“

In particular, for Hamiltonian, which is a scalar operator: (,S =0, s=D )

<S’LIS\ l’,"l \SM) i“} g = (”5,0 .,\’- . <S,Sl 0 OI,S .S" )

(H[S]) SS'S" SSS" (S/)

Hamiltonian matrix for block S — Z. sum rullé7

We will see: a factorization similar to (4) also holds for 4 -tensors of an MPS!

Q(,S,i;s), (,st')(S: o (Z]S,SZS“\ v .y (CS ,S"S")S,s«s" ’

)

. It
. s 0t M .
S,t,S) \:S,z/.'g" - S,i S
S \ g
h
,S", ’ T
'L/'S S;il

Page 3



4. A-matrix factorizes Sym-I1.4

Why does A-matrix factorize? Consider generic step during iterative diagonalization:
Suppose Hamiltonian for sites | to € has been diagonalized:
S Es S.1is
* /} ' (-)- - ;l =1
- Bl S
He_ = HC - f,S] AS 4 (ﬂ
LLLej', s l—e— St

Add new site, with Hamiltonian for sites | to ( + 1 expressed in direct product basis of

previous eigenbasis and physical basis of new site:

o
FA L fsis AT .
HHI y = IS,'{’? IS;,-;) EHQJ (,S?,-s\(rs i;s') <,5t Sl<5,1 S'l

VAL A4S ”

Transform to symmetry eigenbasis, i.e. make unitary tranformation into direct sum basis, using CGCs:
sums over all repeated indices implied:

&~ e i Lo _(7 5
composite index: 7¢ = (T E/l) ( composite index: 3¢ = ( L1 ')

53 2\(5.30%

ur % o
|43 ><% M, (53,4852 M )8 ¥
(XA PRI s, f . (S (125’1 T

Ss
~tt combine muItlpIet indices
. & “u 1 from S, 5 to composite
By Wigner-Eckardt theorem: = §' s K \ ] (10) "
diagonal in all symmetry labels! % S H[S'] : mUItlp|Et index for &
" 1 block labeled by S -,
H couples multiplets T, 1" from same sym ector, with elements labeled by U : W

states within each multlplet are left unchanged/not scrambled

Diagrammatic depiction is more transparent / less cluttered:

ST C1 SO

s

Hes s = ) >[HIS.:~A ,,<,S I "\ (n)
Jr / ); ’}_g'ﬁl
37

»
Y
(8>
~t
e
=2
3

S

Now diagonalize and make unitary transformation into energy eigenbasis:
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(4 > :;4‘ ,8
bh g fsr oo
= _ "i
HC'“ B HQ.“ \ - E[sl s (’2)
J *\ A %g'i"g' l‘*‘,ﬁ, ”5“
‘ ~<z 4/‘-} " "—o e _py ‘
(L0 g f 870

Combined transformation from old energy eigenbasis to new energy eigenbasis:
& " _n _ “ i
, ")‘n> S'if SEs A g'vre S (15 U,S S (1)

b A 4 S 4_1}:75_,, 755’

H (RY] II
gl A - t ! l“ / [3 l,
' s’ (5,‘;5)(9 ) = [~85 1% . Upeml <o (s
J % i L \ ’:. T A (5.. ?;s"\ [C ,5'1] s"['l ,s‘/l [ [s ]‘
AR ]
s,‘,’s g‘f Slzl's ‘\-SS' ‘i-, /SS/ SS
= [F] /S"] [C ] o
A-matrix factorizes, into product of reduced A-matrix and CGC !! A = A: C (ls)
,-L—; S o ‘,S' il;' 5" N 'S‘ .l:‘

4

S —

4,

:,'
S S
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5. Example: direct product of two spin 1/2's Sym-II.5

[} (‘L

\/‘IZ ® \}M?_ _ \’0 ® Vl 0 —> + > + >O®|
2 Y
Local state space for spin 7 : i) = "/7., V) (D = \/"z.,'é) . ()
Singlet: [S,sY) = Je,0) = 5‘1( Ty - l.LT)) @)

= j’i( \yL/ '/L,-'/Z ”‘/zﬁ - |'/zl-'l,_; '11’7253 @)

Triplet: ) = KED o
15y = <oy = &ty « L) ]
L -0 = Wl 0]

Transformation matrix for decomposing the direct product representation into direct sum:

o 1LY e 1-n

l/ '(7— SJ‘
(C [z;-s ,S”) sno= <‘/z S'l/z ¢! \,S'(sb . M <72,‘/z;g'l'hir o ( 0 o
Lsite 2 e T dniwe-wl Yo © e o (3)
LT ] of L S
b ¢ T2,-Y: %-% L o o (o} t
Check
Let us transform some operators from direct product basis into direct sum basis:
+ o\ -
S=1Y repr.of SUQ2) generators: S, = (o o\, S, < (<o , S;E = (Y" ..f(,_) (#)
In direct product basis, the generators have the form
ol o | &
. C o H) (Men© k&S
S = Sel,t1ps, = flo 1) o 6 6| (8
' o O b 0 o ©06
K 0 o) 0009
- - - = o o ©
S = 981,F16S, = " 0o I o 0 o ()
. (") o o 6 © 1 [ o

AN
1

L@ SIKIOR Lirm o)l__ l l
) SI®1L+I'®SI o o 1" 'z o I(- el —t-¢ _ .



Transformed into new basis, all operators are block-diagonal:

® r‘l bi ° © | (o [} | ° 0
§{' _ C,+ 84- C. = [ o o o O o o | Ya © W o
WSO8 e gepe[lo v oo (| (e hoof T &
9 p b | e = &> 2 o o 1
o . ° I v’: e[ © 0 o 0 o | o o 0lo o o
S :C’SC(1.3= [ o o o y © oo Yo © o ol o o
§2) o fe-lpe I » o0 fn o -In o = lelJt o o Q)
o o d(|-2 1 2]Jle o o el o 2 )
- b s 4 ’4'1 zl o () 0 o © o l 0 0 0_0 0 o
S = CSC.= |leee]l2 oecl|la® B o o[t o o
f2) (2} ° fg-ipe °© » oo fn o -In = dole o o (l.l)
2 o b (J e ° 0« o o o 1 elo o -\J
These 4x4 matrices indeed satisfy [s‘, st =+8% [S55S V=238 ()
So, they form a representation of the SU(2) operator algebra on the reducible space V°® V|
Futhermore, we identify:  on V°: st = 57 = 52. = D @s)

on {': st - ﬁ‘(%%z) , 5-:ﬁ(‘ooz.%), 5%: (‘Q") (g

Now consider the coupling between sites 1 and 2, S, S, . How does it look in the new basis?

Sé Sz l(" N t 2 3 A
= - = _ _ o |
] @ z 4 -t ‘) SI ®SL - Cn] (Sl @ S;)Cm . i_- © © f‘ : ('?’
e 0 o |\
N + - © o0 © v /‘(.'\_/ + -1 o toe
_ 1 o - \ £ -
ZSI ®5: =% (: EE;) = ZI'S, ® S, = [z]-i (Sl ® S")C(zl }: f' : : : (18)
o 0 o 0
L - 4 0 0 ©° N l_ (=1 0 -1 0
- 4Ld]lo e = - + L(c- r
i3(0 Se = z(: ,°j > +85,®95: = C[,]z(5.®3,)cm t‘: T
o 0 b o

These matrices are not block-diagonal, since the operators represented by them break SU(2) symmetry.

~ -
But their sum, yielding S, - S, , is block-diagonal:

szl(ia) g‘)cﬁl i Citl({'(? S +1(S®% + S® S:])C{z] =

The diagonal entries are consistent with the identity

( !

_ Ll s o tot ~ foy m¥)= ~% for S'so

Si-Se =l7.[(3|f'gz) i Ul ")l - i .3 t ) ! “ .
2(]'1 - [ /7_-71_-7’/1)‘: % for S=
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In section Sym-II.5 we will need ﬂ_ . Sz . S$ . In preparation for that, we here compute

X ' it 1 X
1- ®S. = 3 ( B i j = jL. ®S. = C(ﬂ(ﬂﬁ ® S")C{z]
-
0| oo -~ {
1,06 5, - %(‘: z;?) = 10 5% =Cm(1,® S:)Cm
_~ 00 © o —~— { .
1‘® Se = (i : :‘;) = 1‘® Se = C,(z](l‘@ S')Cf'l]
© o (o
‘ 44 . .
Another example: V oV (not relevant for spin-1/2 chain)
z 1 ey o e fre a T
5,85, = 1( ° :-—l(‘?..)>=t’ C(S,®S,)C=S,®S,

1S,@% = 4 (

-
-

£5®S.

(V]
L R2eYo
o

o lZ(23) o

© 0 [(7)
o 0 o)
© o

(o}

[7(%%) ©

|

The sum of these three terms yields:

l

The diagonal entries are consistent with the identity

—

S

- — ot
S =i{(s.f—sz)

-

- S
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L(EE-

(&)
~

1

~i—

n

"

-
o oo

© 0 o ©

(22)

(23)

Ge

(@s)

(24

$( - e%): -

Y2 )= Yy

for S“= 14

for S 3

h

%)

(¥

(29)

(29

}



6. Example: direct product of three spin-1/2 sites Sym-I1.6

YZ
. W g% o> T T ?
(Vo@U()® \I/Z = Vle\/lQ\,y . + . }\ 0@[ ,l 72@&@3/2_
43 b A 0]
|S"=%, i=1. s E::z '?) IR SROA N @)
z 20 = Lley® L -y
" -
‘ts —’-7&, t=2 , 5") : 13 ) = r“ No | 2, - 125 Tz,“°)®”2 ()] )
% -4 . lh D® -1 -F 0011, 1
15" % o sy s B3 = ludelnn) «
e, %) = ALL® V) [ (e i, 1y
VY1) = F’ Yo L -rnSe SO, Ry
% -3%) = \ || Qe[ f,-12)

Clebsch-Gordan coefficients:

g5t () (-1 | 1%,%)  1m-9) Wy H%) (Y H) Wz'—%)\
(C (2} ,S”) s" <00; 1z, fel booo°e
] (0 0; % -1 o I
1 o) - ¢
< <S,S 8,8 \5, T <, ‘ ;7 = K P ) -
<15 Yol xA ° R ° °
<405 Y, T2l —}5; e .f?? e
<66; Yo, -l ° /B > o @
’ 3
<4-6 Yz, 7 A A I S B
LERIE Y | © e ° e i o/
)
Letusfind [, ¢ Hee = S-S, A, o+ 1 §; Ss in this basis. (©)
Combining (Sym-IL.5, (17-19)® 1 with (Sym-IL.5, (22-24)) Ss , we readily obtain
3
('51'184' 1"SZ'SS (s} S|'S1.'1L; t 1; gz'sg C‘[S] (‘°’
S=V/a S =3/,
(- % o o _z-j-i - ",; © ° 1 '1 [ - % ° f% 2|6 o o ow
o -Y%,0 o o V¢ ime | o -% o) J% o 0 o o
. ) [s) o "
—: o 2 © e “ % o -fa o|lo o0 o o©
S
C(— th o o 0 2 o o C o 'B/q o -lk|lo o o o )
(K3} ~% o o 2 {-f © o o B = .
L [ N . ° o °|k o &
o Z © ° 6 & wh o “: o ° & ° o L o o
6 -7 ° © © zj‘-,_ > o Al o o o o T o
L 6 o 6 06 6 6 0 I L2 o R ‘(Lj
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L ° o 8 © & P) o Y’Z ] L o o 6 o '(L.x
f (- 3/1, r’/y) ® 1[
= \ ﬁ/‘F Y ¥l @)
{

Beautifully blocked, and in agreement with L *y J
Wigner-Eckardt theorem, cf. Sym-I1.3 (5'):

. " oy . t S S
<S)'L}S \ H \‘S)l }s> = (H[S]) .ill’ % :S“ S S" (13)

(1)

N-

Y

with reduced matrix elements H['/Zl = '/:Y(f , l—l A =
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7. Bookkeeping for unit matrices Sym-I1.7

General notation: IQ,ﬁ = ‘S' s) for virtual bonds, ‘R, ) =15 s  forphysical legs.

B, 1 lor, 1,,., im &g

'-l— &4.‘K2 1"'1- .
< t""l-lﬂ’bl ] Kl”—tlafﬂ 1/3> ﬂ ( &A ; 4
ZQ,T‘

CGC encodes sum rules, see Sym-I1.3 (4)

-

To avoid proliferation of factors of 1/2, Weichselbaum uses the following notation:

Q = 2spin) = o, L2, ... q = 2(spin projection) = = @ , --- & )

L We will stick with standard notation, though.

Sites 0 and 1 &,=o ﬂ-f'l Q =%
. . h/NL '
dimensions 8 [7’1_] |&“1‘> Ri= % 6)
\1, %0 (%-%)
a@o &k I o v
1itl (2] (0,k) | <0,%, ', 1| \ °
P Co,0, tz - %l o !
&oﬂ’ Oo,eo °
) [Ce .
_record bond 0 site 1 bond1 dimensions data CGC
i[(]‘ . index vy A R, ®, do x dx, %, @
I 0 77_ "'L lx‘z, 2 ( 'o?
Since Heisenberg Hamiltonian contains Q, H[@'] CGC  CGC-dim )
only two-site terms, Hamiltonian for a single 72 > 1 )
site is trivially = 0: =
Sites 1 and 2 &, <t Lem R,= 0®1
. . Sym-I1.4.7
dimensions -//\;: {2 Y?] (see Sym ) [Q,_li,)
L\ (0!,1{; U be t { < &l’ T,I;Rz,f-., |ol°> {KY “,07 “,-l)
o0 0
Loy = e G5 0 [gfo]lg] =~ Cfpoml [0l © ©
¢ Ly -y || Vall © o
900 s ()
{2 =2- Y0 T2f -Vh o +h o
& h &Ra fite . ¢ '
% cle™ ey,

%(xi?@ﬂD) Cto-l ot f|o o o

for both first matrix and second block matrix, rows are labeled by ~ ( &, R;), columns by (& 3.).

Page 11



J].{;]"

DA N B R I |

for both first matrix and second block matrix, rows are labeled by [ & R;), columns by (82 3,)-

dimensions -, f2] 2] [y]

ll & h 1
6. Ry ¢ T !

(see Sym-IL.5.5)

S ED Y ED Y
| \ bR 2
<Q7.,¢1.;R/5,fgl i T

record bond1  sjte 2 bond 2 dimensions data CGC
index » 0:, Rz_ &z del X dﬂl,daz
o I ) 1
. '3 2yx2, |
L = ! fe o : ‘ |:| &)
2 Yo Yo ! 2%z, 3 : I:I
I . f stori 8.k
Hamiltonian for sites 1 to 2 [see Sym-I1.5(20)]: sparse way of storing  { 5,
~ BAdle o o 9 Mg, cec  cocdm
S*S, =) 9 74 o |~ A4, \ ®
0 g R
: . .
Sites 2 and 3

&, = 0o ﬂ.tzl Q, = k@ ®%
()
K3= ‘/z

second$ =,
multiple

first 5=,
multiplet

[22) [23)
{ \

! 1

13863

0 o

Wl

21 0.y 1 | [T
<0,0; Yz, {2l
A op; - 12|
[3%2) ¢t 8 g el - <uy el
e {415 Yz -]
<‘l°; ‘fz,?l‘
) e, ‘(l.,-‘lz[
i Q5 Y", { o2 \1% <46 Yy, 1l

S’l asl s (1C 7" o) 43 s

Laqls 2, - 1

|
1

0 o
® {
° © ] ) [
fz/; o ok ° °
"Xfi o 0 I;; ) °
o K > o [ o
£
[ _[Z‘ 6 0 ;ﬁ °
o o [ (=4 [~} {

for both first matrix and second block matrix, rows are labeled by ( €2,Ry) , columns by l&s ,'t,g\ .

!'ecord bond 2 site 3 bond 4 dimensions data CGC
index » Ks ©s  dg, x dey, do
| (o] Y2 ‘2 vz, = { O
1 = 2 ( 12 h 32, 2 l :| (l'l
3 | 13 My Wz, ¢ (
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. . —~—T s,
Hamiltonian for sites 1 to 3 [see Sym-II.5(12)]: sparse way of storing 1 v

5,
— —_—— ”_ S/(l rs/lf\ @ ﬂ, W
é:'gz'i& + 1,'§3-§S = \f}/tf ~yll} - Ul)
@ 1, |
This information can be & 3 (H{a;ﬂ"};.s CGC CGC-dim
stored in the format P ! 3
po || e B 1, 2 ()
1 3 -7
%o | 43 1. “
eigenenergies do not depend on
degenerate multiplets!
Diagonalize H: H[Qﬂ ‘Q;f T;; 137 = Eggﬂ F2 \&3, Ts; i;) (4)
“QSIZz; 1;) N ‘ 9%1 23 i_:,) uiag}u 5 ()
—_—
~ — ~ —_
oo ( C = | O o
(ol(\@ |:| x(?j \ = Kﬂcl\\@) |:| (e
:t\ l
for both first rix (‘ t—\("

for third matrix,

and second block matrix for both matrices,

rows are labeled by ((9-3, i) s

rows are labeled by (Ql‘ Ry + rows are labeled by (&z,K;) ,

columns b T2) - <
columns by (@, is). y (6?;' T3 ) columns by (82,7s).
sum on i; is implied, yielding matrix multiplication: CGC factor is

merely a spectator
{ 0 o 3o Loy 0\
o 1 ()l !

1 'ez&,\"’gs {Ucs ;3\i’;3 . [ﬂa’x’&ﬂu-

23

This illustrates the general statement: in the presence of symmetries, A-tensors factorize:

n(@,ii?,),(K,J;f> (50) _ <F]O~KS Y:&k (C@'KS )frs )

&fi;£

L Q. R . 505 )

Q4 ﬁ—’j—>—5,s

-
4

n
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