MPS II: Diagonalization, fermionic signs

MPS-II.1

1. Basis change

It is useful to have a graphical depiction for basis changes.

Consider a unitary transformation defined on chain of length 2 , spanned by basis { \ o ')i
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{..

-

)7t o

=

- < ¥
! 0 oS R &! N A F
Tl = IGYU L 5 Gl = 2g5a% @l-1 % Ju=g1
o< -3_; = w
2 o
1%, * 6
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2. Iterative diagonalization MPS-11.2

2 L N
A ” N :‘ - N a ~
Consider spin- '/2_ chain: l_[ = % 5g - K’L % 5 L-( )
=1 =2

For later convenience, we write the spin-spin interaction in covariant (up/down index) notation:

" ~n

Sg' ‘Sg,, = ;S t 52 41 4 SI 5,(,, covariant index combination,
sumon & € i+, -, ¢ { implied!
3 s -3, psp s, = St (
g tha t Op Ppa 2L 2 Tfta
where we defined A A4 " A‘i'a 1,
+ KA
the operator triplets Sa € {51- .S , S;_.i , % §'F &S 2 (2)
) a A A ” _ L ~ a 1 ‘)‘_
with components Sy= Sh = S*) 51_- = ri(Sx t 155) =:§* (%)

In the basis i l?)mg = i L6y ... (65165 g the Hamiltonian can be expressed as
I's s

.****f". .
I

T X HT's ¢3!
A

'no hat' means 'matrix representation’ 6,

¢ {

=

H ¢ = Isalinear map acting on a direct product space: \/®” = \/\ ® \/,_ ®..® \/M

where Vk is the 2-dimensional representation space of site {

H N is @ sum of single-site and two-site terms.

_ ’ %
On-site terms: Sat = log ( “) : (5 ‘ $€&‘ (6)
u 4
5' A (5“‘ U (5a\ ]
Matrix representation in V, : ( S 3 . ¢ = £ J' | S \6 7 = ( (3
L'7e
2 a 4 L [/} (Sq\‘% (qub&
L lo1 A L
ﬁ(oo) , S__’ f;(?:) , Szzz(loil (8)
Nearest-neighbor interactions, acting on direct product space, lo’Q)(p \6;”(5 :
g %l T
o ) ' - o\°e
5 R®Sal-l = lJl)‘Q’l> (Sﬁ\ .. (S ) s <6,_-‘\<62\ S 5+ ()
. . . . P 611,‘ | 1‘6"0. [
Matrix representation in \/ﬂ.-n@ \IZ : 5 X ‘e . S 2 6 -, o‘e'

t
We define the 3-leg tensors S, S with index placements matching those of ﬂ tensors for wavefunctions:

incoming upstairs, outgoing downstairs (fly in, roll out), with 4 (by convention) as middle index.
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Diagonalize site 1

MaFrix 'l‘ a 4- . (19)
acting on V| : Hl = SM . ﬁ( = ul Dl [/{( t ‘
() 1 T Gl
chain of length 1 site inde; eu
1 L . .
D‘ = A, H‘ l,{‘ is diagonal, with matrix elements » \ ", N
' t..! A 6
X x I 0, _ '
(D') & = (M.() o;'(H( 3 G'(Ml\ « D( =l o (@)
]
0(' X 0‘(
u
Eigenvectors of the matrix I.[ ! are given by column vectors of the matrix (M.) 6-'“
A 6
Eigenstates of operator H( aregivenby: (%) = (&) (l/h) 'b( « u‘: « 3
5
Add site 2
Diagonalize [.[L in enlarged Hilbert space, ﬂfl] = s(,a,.,\ { [6‘,_)‘ 6‘.> % (/4)

chain of length 2 ) . L
I<':1/|catitll:1ig)j( on V|®V7_ : Hl = Sl '{‘l ® ﬂ'z_ + ﬂ_l(D {Sz' Kz + 7 SQ‘QS-I;_& (t5)

loc loc
H H o
{ 2 le

Matrix representation in \I. © \)7_ corresponding to 'local' basis, i ‘ b‘,)l 6(773

6( G
[N v, 173 v, b ¢
H ‘{ 6‘[ = l4 l“( jL + l H(O" _ (’6)
L 6,6, ( 1 ( 2 = Hz
0"( 6“' o.: 6‘2,’ 6-, ¢ J‘G“

We seek matrix representation in V(®Vz corresponding to enlarged, 'site-1-diagonal' basis, defined as

6 :ﬂ— ('{. A :ﬂ.
|&:>E ‘“675 l6‘1>\x>=|€ﬂﬁ>ux X £ = 1%
z 1 —>—'};:— m »
Hz = |§’> Hf:‘;‘<:’< ‘ ; H:'u = <:'| CI,_\:(} = <Z'lé‘,‘(;) H:;‘tl6|€;<s'fi\;>

+
To this end, attach U, , U, to in/out legs of site 1, and _’IL , ﬂ_ to in/out legs of site 2:

R

b ==
~
\l

()
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! | R APy | A Y Ve 1% .
w‘ « 4 ’r « 4 u!— “ 4

)

x 1 ~
oL
b First term is already diagonal. But other terms are not.
D, 1, ¢
.,
a
.t :[L
+
Now diagonalize HL in this enlarged basis: HL = |,(z_ 'D.,_ (Az (19)

D, = W, H, U, is diagonal, with matrix elements

U,
M ~ R
F‘ + [6( o o I—)“F
D, {5 :(ML) O,Z-(Hz) z ((,{7_) g D’L LP( = \,\l (20)
P
. . . ) 2 xa,
Eigenvectors of matrix HZ are given by column vectors of the matrix (uz) g = (L{z) P

Eigenstates of the operator Hz

B = DI = oS < et (W, (1) @
f ¢ p f

u, U U
—p = “’K—fs = X¥ u*l& (22)
L 6 &

Add site 3

Transform each term involving new site into the 'enlarged site-12-diagonal basis', defined as

o= 1pe> = 1ap) fs—*T’—F - A b S

;
For example, spin-spin interaction, H 32

enlarged, (24
Local basis: site-12-diagonal
basis:
T 1
Then diagonalize in this basis: H; = (/(3 D; M; , etc. (25

At each iteration, Hilbert space grows by a factor of 2. Eventually, trunctations will be needed...!
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3. Spinless fermions MPS-I1.3

—t =
Consider tight-binding chain of spinless fermions: Eu'& " “/\.“ -
| 2 2 N
N o4 N
a A I\“’ a 4— N
szziﬂ zcefgf(ﬂcu’fcz( \ 0
= =2

Goal: find matrix representation for this Hamiltonian, acting in direct product space \/,@ V., ® ... @\j”
4

while respecting fermionic minus signs:

(G ok =0 fo =0 &b e l=5, o

P

First consider a single site (dropping the site index £ ):
local occupancy

Hilbert space: Sfm {‘ °>, ‘ |7§ , local index: N=F6 & fo'( i
Operator action: E‘:J( lo) = 1) ' 64‘( 1) = 0 34}
Clod = o cliy = Loy 9
“* — \ 0" A . 0"
The operators ¢'=le')cC ts_(6-1 and ¢c = le' ) c<6l

-
have matrix representations in \/ : Cﬁ clg (d l "f (D ° ) Cfi (lm)

s =i = (D) ek

o]
| N TIPS N . ) |
Shorthand: we write ¢ = C ¢ = C where = means 'is represented by
lower case denotes upper case denotes
operator in Fock space matrix in 2-dim space Vv

Check: C-+C ¢ CC‘L = ?:)(:;) o) - (=1 v @
et L @) =89 Cea G =B e

For the number operator, f/‘\ + the matrix representation in \/ reads:
V\-=C+C=(°°) =00 = 2l-2) (2)
where 2 = (ol 0 () is representation of % = - 231 = (~« \w (3)

AN n A\ AtAa N A
Useful relations: 2 = = 2¢C C 2 = —-7C (4)

7
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. . n Ng a o [exercise: check this
commuting C or ¢ past 2 produces a sign algebraically, using

matrix representations!]

4 ~F ~ n
Intuitive reason: ¢ and ¢  both change w -eigenvalue by one, hence change sign of (—~ () )

A

l\" n ,\‘{" a ﬁ+
For example: cC(~-) = ¢ =-(9 ¢ (1o0)
b7 4 —— e )
o e S
non-zero only when acting on Io) (' 0" = ( =0 =
A n
" n ~ N a
Similarly: C(-)Y = -¢C =-(9 ¢ (rod)
7 l,—y_—a \ —— o
non-zero only when actingon [ 1) (-0 = - =0 =
Now consider a chain of spinless fermions:
{.
Complication: fermionic operators on different sites anticommute: Cl c Pt = T c ' C ¢ for J+ !.‘
Hilbert space: s‘m«i l6‘>“ = \"(, Az, “‘/“N) Z ) N%e iO,IS )

Define canonical ordering for fully filled state:

oo
\m:l/((,_:‘l ,~~,V\'J:\> = CNH'(A*-‘C(IVa¢> (1)

Now consider:

'\‘\- I\+"+ A A*
¢ Ie=o,ny=1) = (GG = —ctc.lvqcv = - ln= w=1 ) @

To keep track of such signs, matrix representations in \’, ® \./7_ need extra 'sign counters',

tracking fermion numbers:

1 i‘ . + V\L * Q+ * 2 i
¢ = Co-y = C o3, ! 2 ¢
‘\./—(:' 3 . ] 2
subscripts denote site numbers
8 + = l[ ® C.l- = ( (shorthand: omit unity) 1 er (s)
i . 2 = 2+ { 2
Here &denotes a direct product operation; the order (space 1, space 2, ...) matches that of the
indices on the corresponding tensors: £ ¢/ % -~
oo ot o
Check whether C, (;‘. = - C, C, 2 (r6
¢ t
~N
R R SY C\ 1 -2 =5 c o
w4 = = ‘
<J <1 2 1,1 ¢ +
]

Algebraically:

a4 AL A - oy r £\ « ot +
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Algebraically:

At a 8 » @ 4
eted = (o) (1od) < CLeled) - -1c’o s, y
y A s
- - [Led\dez) = - o~ .
Similarly:
~ ~ C, Z, C, R
W, = C‘+ E:I = ' - 11 = C‘C‘®lz (20)
Ql %)_ Cl ﬂ'z

A /\-I- N .l.
More generally: each CX. or C ! must produce sign change when moved past any CZ‘ or 8_ ol

]
with £ >A . So, define the following matrix representations in Vv -y, oVo® .- 0V, :

At
Cp

.l.
101, 0 (o 2,0. 1,

i

L G

C, Z, @)
'Jordan-Wigner

C’Z Z; transformation’ ;5

c, =Lo..1, 0 (o 2,,0... 2,

with Zz = ﬂ_ 7 ¢ 'Z-string' (3)
®e'>L
A+ n o l\"‘
Exercise: verify graphically that CZ' Cg = - CL Cl( for ,f' s
Solution: ( !
( £ 4 o s /(I e N

N 1 1 C z z Z{ 2% Z{ (24
1 1 1} 1f .. 1} &t ozt oz

( extra sign!

+

«ex 1% - 1% 1} L SRR C{ Zt 2 od
o 1t - At e 2R o 2} T2y Zp o Z

]

A
In bilinear combinations, all(!) of the Z's cancel. Example: hopping term, EI C

( 2 -6-7_ [—( ,( lt-l N

<u§i ﬂ-r ﬂ$ T 1 C—r Zr 2 T Zt
+ @e)

5 1y 4p - 1y 4t 2 Zp o 2

11} 11 - 1% ¢ M 1d - 4 g

[
L



- 1} gf o 1} cf R T S

Uok) +

ince at site ¢ we h = f =
since at site ¢ we have Zle 1,(; /-7'(/( Z y Cz / (283

non-zero only when acting on | ... Mg = 0 . i > '

and in this subspace, ZX. =

)k

L AL . 2 - X o . t

Conclusion: CeCp = C Cb« and_ similarly, C (-1 CL = CZ—; CC (24)
[using (10b)]

Hence, the hopping terms end up looking as though fermions carry no signs at all.

For spinful fermions, this will be different.
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4. Spinful fermions MPS-11.4

Consider chain of spinful fermions. Site index: £ = (.- N ,spinindex: s ¢ {1‘ 1,'3 = i+ —i
/’ 7 /

A~ A ~t A " ,\
icla@'a'% >, {Czs,C\Lz’S'} =0, {C;s/ Cﬁ'S'gz S0t )

boat PE SN BN e

. - N
Define canonical order for fully filled state: C’NWCM .. C 24 Cro Cw Cip \\]ac> )

First consider a single site (dropping the index ¢ ):

Hilbert space: = sfmmﬂo}, N))lﬂllﬂ,ﬂ . localindex: ¢ & {o | 1 i} 0

constructed via: [0 = [V4.7 1V 61\ ), ()

A a ) n{'
ity s8he), Iy = Fdloy = Gl - Gy

A
A
n
To deal minus signs, introduce Ze = (-1) M- '-\Z( | - !Rg) Se f‘f,&z ©)
AT «
Toegd
~

A
We seek a matrix representation of Z_t a 5 ZS in direct product space \J = \l4‘®\}¢ . )
s

(Matrices acting in this space will carry tildes.)

1" Ve ‘ { ~
f = 2. ® 14, = ((-l)®(‘ \) = (0(‘.‘}-'&)):( \‘-l_) = 2, ()

|

A A | | -
ZpZ, = 20 ® 2 = ( -l)®( ) = ( ") - (o)

M >

L
VS
—
®
—
L
S

»

2, = 1,0 Z

N2

)

»
-
2]
e
lI!
£

,‘f + o ®
=2 Go?g o= (el )

)

|
b
—;

tos oz - Chel' ) -

e-—
)}

1]

n

“i + o o "’{-
C . ﬂ-‘(‘@ Cb - (' l)®(( o) - (*?ﬁ) CJ, UL)

= Loedc, = (()elss) ’*7;\ Z, ()
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0|
C’L = ﬂ-?@ Cb - (‘ l)®(f’:’) - (*‘}—i) = C’L (12)

~ A ~ o~

The factors Zs guarantee correct signs. For example C:C . = - C ‘ (}I‘ :
(fully analogous to MPS-11.1.17)

W 18 ¢ & iy

= +'T ¢ = t _‘ZL = - - (13)
a
J 4 2‘$ 1"1‘ C, )
)

Algebraic check:

ol

Remark: for spinful fermions (in constrast to spinless fermions, compare MPS-I1.28), we have

~toa ~1 ~ ~
CSZ # CS and Z Cs # Cq us)

For example, consider S = f ; action in V1~® \/J' :

oo 2y 2 f f ot
CT Z - QJ} 2‘; = C’Ti 1'11 F C{\i Zli = CT (/¢)

Now consider a chain of spinful fermions (analogous to spinless case, with VJL instead of \4 ).

N [}
Each EL or az must produce sign change when moved past any ¢, or a:, ,with g > A

So, define the following matrix representations in '\73” - '\7‘ © ’\7:. ® -- 92]1,

A+ ) ~ ~ r‘+ ~ ~ N ~.|. TS
C,Q = l,@"- ﬂz-,® Z@ Z£+(®"”1'J = C'z z . (’?s
'Jordan-Wigner
A ~ ~ iy oy g ~ > transformation’
¢, =Lo.1, 0 (o Z2,0...2, = C, Z, )
with Z,=1T Z#Z, = T Z. .0 Z, 'Z-string' (14)
“ oese ! @e'>L 2 .

In bilinear combinations, most (but not all!) of the Z 's cancel.

l\+ A

Example: hopping term  C;, (¢, o (sum over s impied)

- ( 2 f-L ,l-« ,{ [(-! N
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=Yy RN

|
=

initial charge:

~

= CS

final charge:

Similarly:

0

~w

11
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ATvD

~2 l—(
14 ¢t 2zt 2

~ ~ ~ fad

Z
1y 13 ¢ 24 - Z
A5
1t

Bond —— indicates sum >

s
Convention: annihilation: outgoing =1 or incoming +

1} &4 2
<4

Creation: outgoing ¢ or incoming -

0« 2
final charge: ©O Yo
Ba %
C, 2

final charge: 1

(20)

2y

(22}

(z3)



