
1. Explicit symmetry breaking and pseudo - Goldstone bosons.
a) 8=0 :

1--4=1-22^01,2^01, -11=2^1%2^01. -1¥ (10,5-110,5) - ¥114,14145T
= { 2m¢.-2m¢; -1¥ didi - ¥ Idiot:P; i-4,2

•The symmetry group of the Lagrangian is 5012 ) (Ifwe consider
discrete symmetries . The action of SO (2) over the fields ¢; isgiven by .

Oli • Rijo; ,
where Rij £5012) . Rewriting alias (&;) , the the transformation is

l¥l→l¥H÷%÷H&:)
for ✗ER .

Notice that did, = olio! → I=L
'

•) Ground states : we now proceed to minimize the potential .

V14;) = -# didit F- Idiotit .

22¥:-O → -Moti +7110;D;) di = 0

Hi -12¢; $;) di = 0 , Note : ¢; -0 is a

local maximum of V.

I ¢j0j =µ
¢; ¢; = ¥ = v2

$ . $2

The ground states correspond to constant field configurations
Girl = 0; such that did-7--02, where U = ME



• ) Noether currents :

Lets choose a ground state di and
,
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intenitesimal transfer
.
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The Noeth .r currents
, jn, is given by :

✗j^= 81 Sdi
82m$ ;

→✗ jµ= 12m$, ) lad? -1 12m$ ,
) 1- add

ja= Had ,

- 4,2m$, = - Hida

•) Nambu - Goldstone boson

SOCZ) has one generator -
d the condition did ; = V2

breaks 50427 invariance
,
thus there is one Nambu - Goldstone boson

.

Lets consider the ground. state § ; =D;it , and expand $
,

around it : $
,

= h
,
and $ Vthz . The Lagrangian

.

,

after this field redefinition
,
becomes:

f- = I Bah?mh ; 1-¥ (hit hit 2kV -10) - ⇐ lhithi -12h. Vt v7
I = ¥2m hikehit lhithi -12hr -141¥ - ¥1hithi -12kV) - ¥ v9

ii.%



1--1=2mhidmhi + (hithi-12hr ti)¥1T - lhithi-12kV))
I = £2m hi Zahi - ¥1hithi -12ha v5+¥0

"

Notice h
, is ma ss. It corresponds to the Goldstone mode

(around $ dizoo
,
i.e. up to linear order)

Remark : The solution above is valid for any other ground
state we choose

, e.g . Chi = Ra.÷* V, with Ri; C-5012J, and

the expansion around theground state given by
di = Rijlh; 1- Ji, V) = Bij hj 1- Rizo.

This parametrization is useful to study the spectrum
of perturbations around a given ground state .

-

However
,
a. more general parametrization, similar to

the one discussed in PS2, can be used in this

problem .
:

Lets define the following complex field :

☒ = ¥1 & . tioz )

→ *E- EH? -141 = to:b :
The Lagrangian Lo is rewritten in terms of ⑤ as:

I. = 2m¥ 2m$ -1 ii. ¥8 - FLEET,
and rewriting OI as § 1×7=-10 + trzhlx ) ) ei No,
the Lagrangian becomes :

I. = Edmtidmh -111 +¥4T Znojmo
+Alot ¥5 - Hot ¥51

↳ Q is massless and corresponds to the Nambu - Gofdst:÷ne



mode
.

This parametrization is independent of the

ground state we choose
,
and is useful for discussing

the Higgs phenomenon , as we saw in PS2 .

b) We consider now Cto .

I = +22m¢.-2m¢; -1¥ didi - ¥ Idiot:P + CUCO . )

The 5012) -symmetry is explicitly broken ,
as 2h

depends non - trivially on the field Oi .

Lets first determine the ground states. We consider .

constant field configuration d, and 1oz which minimize

now the potential
V
'

= V1 d;) - cued, )
↳ 0 = §¢. / V40;) - EU lol .)

0 = -aioli -1k$;D;) di - ed .
;D

0 = f-µ + I did;) di - EU
'

d. ;

we get { 0=1-94701;D;)
d. - Erich) lil

two equations : 0 = 1-µ + to; ¢;) 1oz ( Ii)

Solutions to (E) and kid will minimize V
' if the mass

matrix Minis positive definite
.
The components Mij are

given by :

mi; =
TN -EU)
2¢

,
-201;

= 3¢; trio;
+ tetroxide; - edit )

= -µ Si; -121 did; + torch) dis - Ed, ;D , ;U"



From fii ) , and depending on U, there are two cases : oleo or did, V2
a¥ 0/5-0 → Then 4) becomes an equation for ¢,

E.g. 0=4-+70,910. - E 2010. ) E)
Uld

, ) = HOI and M
'

becomes :
2 | my:(-9+3719

'
-EU

" O mi o

i
:*:
" I "

O -M -17¢?
=

o m:'

minimum of Vatd.
&

102=0 and ¢
,
or I V

Now for KIKI , we notice that the ground state is at
&
,
or IV. Lets expand E) around IV. with ¢, :&-1=-4 + eh±

↳ O=fµ4H±vteh±T)l±vtEh±) - EUY-toteh.it
0--71=12v-ehff-1-vj-EU.tv) -1 Old)

274-1=201-1-24 + OLE) =p h±= UHH
2M

to±=±v+EµUY±v) -10107

¢I= v4 e-jilv.tt 010)"so

:| µy¢±)=ai' ( v ) -1010)
Thus
, up to OCD, we get
mi = -me -13702+3-1 E U' ( ve ) - EU

"

/of

= 2Mt + e 13-2 Em U' lv± )
- U"l

mi= -m-ttv-ttgy-u.lv)
mi-EF-nu.lv) → ¢

,
is the "pseudo - Goldstone boson"



Cases : ¢
,
-1-0 → ME I ¢,- di

choli - 4- ¥e.g. Uld , )= - ^÷¢i
4) =p 0 = -Enid

, )
:

O= - EU'C¢
, )

1¥ . -
.

I ¢
,

d.
'

-
-

- -

'

minimum of V'at =p
q

~ V. Note : In general one can perform
dirt and ¢

, -0
a rotation ¢;=Rij¢i , S.t. a
minimin of V

'

is onear ¢ diio
The mass matrix in this case is

Mist = -Mdi; -121 did;tL¥f%di;
- Eofid

, ;U
"

M?j= 27 did; - E did , ;
U
"

similarto

my 2701,01
.

-EU
" 27¢ , ok k( mi O )2719¢

, Ztlozdz 0 ME

detry-4IT.i-2.to/ike2i-4Ftidi--Mimi{trm=4÷&÷¥
.

-ou
"
--4M - ou

"
-

- mi-1mi

-27 olieu
"
= mimi→ { 4m .eu " = mi -1mi

divide ) - 2M
' EW'

d. =oce) } ⇒{
=Mimi + acey

4M ' -EU"=mi-1mi -1069

Up to Old, weget:

4pi-ew-mi-ZE.am?YO--mit-mi-(4M2-E.U'Y-2EnzU"



M-i-1-XH-EUY-jctm.eu")¥8giu")
We get the masses :

mi=E(4µ -EU
"
- ✓16M +EU

")
mi = - I EU

" -10184
,
Note : Who at the minimum

of vi.

mi = µ -EU
"

+ ✓1694-1E'U
" "

mi = 292 - Jeu
"

+ OLEY
In this case

,
oh corresponds to the "pseudo Goldstone mode "

Conclusion : Which case
,
4) orlii), one should consider. depends

on the explicit form of U, and it might happen
that it has severalminima and both cases are

relevant E.g. V10.1-a
"

sinlnñft;)) .
¢ ,

Wvv
In any case

,
there are two massive

modes
,

of masses

Mrs = 2Mt -1010,

Mp
= 0(E)

,

corresponding to a
scalar and a pseudo Goldston

boson
, respectively .



2. Higgs phenomenon in 5h12) ✗ V11)
a) Vacuum Manifold :

Lets Minimize V11-11=711-1+1-1 -%)
Note that VIH) 40

,
thus if V11-11=0

,
then His at

the minimum of V.

V1 1-11--0 ⇒ 1-1+1-1 - ¥ = 0
1-1+1-1 =¥

Then
,
the constant field configurations 1-11×1=1-1

,
such that

H+H= ¥ ,
minimize thepotential. The set of allsuch

configurations, up to gauge transformations, is the Vaccum .

manifold :

all -- { 4=4%11 Hice, HtH=É}/G.
where 6=521121+241) . /Note : H andH '

are equivalent if there is a gauge
transformation g.C-G. suck that H'=gH. )

Remark : Since we wont tominimize the total
energy, Wai and Bu

are pure gauge config . rations . For simplicity we set them Wii
"

= Boii'=O .
Lets choose a ground state, namely It :'(0%) (known as
unitary gauge) . An unbroken generator, Q, is a Hermitian
matrix such that

QH '" = 0 (equivalently ÉQH
'"
=

-H
")

For our specific choice tunitorg gauge/, with Q :( I %) :

lab 'all:/a) = 18)
⇒ c=d=O

,
and from Hermiticitg a-4

,
o_O (setting

Tr[QQ]=2 ) =p Q= Yo 8) = -13 1- Y



where 1-3--03-2=1-218 9) , 9=1-218
:

) .

Thus
,
we see there is only one unbroken generator

and correspondingly an unbroken subgroup Ulla

b) Lets now write the potential around H'%
H = trzvth )

1-1+1-1 = I lvth )
-

⇒ V11-11=711-1+1-1 -¥5
= Huh -1 ¥12
=EEK-11044k¥
=m¥h ' → mn=Ftv

Vlh) = m÷h
'

+ mz÷ his + mg÷h
"

c) DmH=2mH+[_i9zW:( 9 f) - e-
g- WH:

-

;)
- iz w:(89 ) - i Iz Bufo

°

,)]H
↳ Dn 1-1=1-1%1 win - ink ) ( wth)-¥18Bn- gwsmllvth ) + ¥2k)

Lets introduce t.i.NL, 2-hand Am :

Wait = ¥ ( wit ink)
Zm = g¥g, 191N'm - g

'

Bn)

Are g¥g( g. Bat g- Aoi)



In terms of Wait, 7
"
and Am , the covariant derivative is now

↳ Dat = (
-

i9¥ Wai

za
vz) +(

→ 9 With

fg2µh 1- iF+9→ I g-+ giz
are

Zm)
r

and thekinetic term becomes ( to the quadratic port)

[DmHY 4TH)ÑE2mh2mh 1- FEI Weiwei
-

+ Her-19
"

)vYzñ.
4

From the above
,
we conclude that WI, WI and Z acquire masses

mwt. and mz , respectively .

d)

Mn = RI v

mw¥ Iz v

mz=T§ v.

MA = 0

We conclude by Samorizing the symmetry breaking pattern :
52h2) ✗V11) • UH)a
13 generators 11generator ) → 1 generator Am → It remains massless
war Bm

-13 would be Nambu - Goldstone Bosons
.

↳ They end up being Eaten by
Wi , Wi and Zm

I


