NRG I: Numerical renormalization group: Wilson chain NRG-I.1

NRG was invented by Kenneth Wilson [Wilson1975]. It was part of his Nobel prize citation
for development of the renormalization group (RG) concept. It is the first example of

an MPS method (but at the time was not formulated in MPS language).

First readable exposition: [Krishna-murthy1980a, Krishna-murthy1980b]

Standard review: [Bulla2008]; in MPS context: [Weichselbaum2012a]

NRG is the method of choice for treating 'quantum impurity models': @‘ (

impurity model = 'impurity' + 'bath' = discrete states coupled to continuum
A canonical example of a quantum impurity model is:

1. Single-impurity Anderson model (SIAM) [Anderson1961]

Anderson introduced this model in 1961 to explain formation of local moments in magnetic alloys
(metals with magnetic impurities). Starting 1998, it has also been realized in numerous

experiments involving transport through quantum dots [Goldhaber-Gorden1998], [Wiel2000].
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Local Hilbert space (for impurity):
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particle-hole symmetry if: led] ¢« Weed = §l=-U,

Regime of interest: empty and doubly occupied states of impurity lie far above

singly occupied states ('local moment regime'):

Welzo, @t U>T = 4N cgde -1
Then average occupancy of local level is ng = 4?\‘,0 a |

A
Impurity forms a 'local moment' (= localized spin). Then states with QM) =0 o 2

are accessible only via virtual transitions, involving tunneling into the lead and back, leading

(amongst other process) to 'spin-flip transitions':
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Netto result: impurity spin is flipped, and particle-hole excitation is created in bath

Effective low-energy model (below the energy scale r ) describing these spin-flip processes is the

A
Kondo model: [Kondo1964, Schrieffer1966] (= Anderson model projected to < V‘&) = 1)
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States with Nl = ( Y, 1 4)§ , havespin /,. The operator S acts on this spin- /;
multiplet, like the matrices 1,_6‘0\ on two-component spinors, ? ( L) ) ( ‘7 ) { . (13)
AL _ . .
S & =K, 3:3 = quantum-mechanical spin- % degree of freedom.
'spin-spin exchange interaction’, _ Uu?z Uz ( ‘ . 1 )
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SIAM and Kondo model have the same low-energy behavior. We will discuss them interchangeably.

Perturbative treatment of Kondo model breaks down for |->0 (next section). What is ground state?

In late 1960's, Anderson had hypothesized (correctly!) that ground state of the Kondo model is a

spin singlet: the conduction band electrons 'screening' the local spin to give total spin S = o

\3>= HDW) - [\[l/7|/7f7/? (Is)

However, no formal proof was available at that time. (In it was proven by Bethe Ansatz in 1983.)

Wilson's goal (1975): numerically study ground state and low-energy properties!
Tools: -logarithmic discretization of band
- mapping to 'Wilson chain'

- iterative diagonalization / truncation / rescaling
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2. Kondo model: low-order perturbation theory NRG-1.2
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Dimensionless coupling: j J»  where ¥ = conduction electron density of states at €.
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Why does Kondo model require non-perturbative treatment (like NRG)?

Perturbation theory in [J ;.,WAM%L leads to logarithmic divergences:
[Kondo1964], [von Delft, 'Mesoscopic Physics', SoSe2013, lecture 9]

~

3
y A\ ,'\ .-u + 3%‘6 + - - =~ \J f_@(.—3-3)
A tl‘ ,?l S-c ( s - («;f ‘\ (3)

§ 534 + (9(3) + 0(3‘) > § 5,34
same form as first-order term, but with modified coupling

One finds: effective vertex is g 3, 54 , with E(T) =8 + jz, A D/'l‘ ©
Thus 'effective coupling strength’, '5 , computed in 2nd order Jo( 1) L,j (phonons)

perturbation theory, grows with decreasing temperature! v
This was Kondo's explanation for 'resistivity anomaly' in

|

magnetic alloys, which had been a puzzle since 1934.

Occurrence of K«D/T implies conceptual problem: effective coupling g(‘l‘) grows with decreasing T,
hence perturbation theory breaks down for sufficiently small T .

'Kondo temperature' is the scale where 2nd-order term becomes comparable to 1st-order term,
signaling breakdown of pert. theory:

(@ D Lt

le%K + q = j,&,\?‘(=: = T, zDe & (5)

Tk is a 'dynamically generated scale', the 'characteristic low-energy scale' of Kondo problem.

~ S~
Increase of 3 (T> with decreasing T means: ground state can be understood by considering 3 =

This heuristic argument leads to the conclusion: ground state is a spin singlet.
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3. Kondo model: poor man's scaling RG

[Anderson1970], [Hewson1997]

NRG-1.3

Ln(D/TY comes from sum over intermediate states in 2nd-order contribution to 5 = J + 3",{,‘ D/T

D
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= d —_ !
q 9 fm — 3L > 0
- D - D _ DI
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Anderson's idea: to reduce e«'@/ T problem, a
integrate out only high-energy modes.
Define 'reduced bandwidth', D = D~ A (A>0)
and split integral into two parts: !
p g - p D ‘F( _DyA
2 ¢
3"]& fe) = 4 fdt AR [P
'? *I)' -z -T
- D N
&———\,__J

smaller bandwidth

L
A D/T >
If D =2 T , then no In-divergence occurs, integral yields == ©
Upshot: by — ~(2)
psho S(D'S) = 9+ §7(D,9)
= qar §%q) + TA  rdG)
17 el - 15 J
~ t
~ 3(d.g)
hence effective vertex can also be described using a reduced bandwidth,

‘ (2
D =D-~A =D+8D

) z A
and a modified coupling: 13 = 3 + 3 ,5
Change in coupling: 6' - 3 = 33 = - 3"8
D
Differential change: S i 2

'scaling equation'

S(0) 5 73
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RG-flow of renormalized coupling

[ Yoy W 331
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/L\- .[)l/’D° (l3) So -
' o D, D,
)

]
>o, growsas D; —e (L")

RG flow has to be stopped when D, = T , SO renormalized, T-dependent coupling is given by

(M= g1y = - )
36 T \T" - /5—\ CD/ T \ ¢
Define Kondo temperature, TK , as the temperature where Je(_(( T ) = o0

Ljo = /&“(D/’GJ = e = e~ -5° (re)

3 ( (’5') | '
off = _— for T> Tlc, (’?-)
D[y, - £ DIT) LTI

Consequence: 'universality' - bare parameters D, jo occur in P(T) M"LAT
effective theory only in the combination T k=2De / 4o
Therefore, measurements made for ~ p(T)  with different bare ,
parameters will show scaling collapse when plotted as function of T'/ Tx - o T/r

K
Scaling approach breaks down for T ¢ Tk . Lower temperatures, require different approach._‘
Conjecture for 'strong-coupling regime: If efr — €0, then exchange interaction S?“ .54~Sc
becomes so strong that /5 I S-‘; S =06 . Hence ground state

is a 'singlet’, for which 'impurity spin is screened by conduction electrons. \“>‘7@ - l l/) \7$7>

Conseqguence for spin susceptibility (will be verified numerically):
*
XM = <s§h>r
( L& b.=0
{ ? for T > T (Pauli susceptibility of free spin)

()

—_—

Ko for T << T  (screened singlet)
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4. Logarithmic discretization, Wilson chain NRG-1.4

Goal: to resolve low-energy regime. Tool: logarithmic discretization of band.

% A -
Define discrete energies: L = £ A /\ > /e.j- A "2) “Toi123.. Q)
oy 7 et .,y ‘
[ 'discretization parameter’
1 A®2)
Lo A AEAY A I
/\J.;;—-—} o1 by ¢ 1 ( o 1 o R (
\_| v | B ) 3 \"\ 1 T '+ T A > z D :‘l) (L)
‘ g,- g‘L {1 §| +(

These partition the band into intervals: T = (A™S A , I,= (- /\’“"}' -A™")

Represent each interval ’_[ tu in terms of a single state, l tm), ne=t23,... (3]

with energy 5 +y and coupling (to impurity) X*\d , chosen such that the hybridization function,

Al = Z u, Se-m) = (%tnﬁ(t’gx.,,\ (

wn

\+

is represented 'as well as possible'. This leads to

Discretized Hamiltonian for SIAM  (treatment for Kondo model is analogous)

A A b A
Hd;’sc = Hloc(&s,di) 4 H‘OM + H Luo‘b 3) O ¥\\@% Gy
AN
H _ 2 7 $ '&4 ) § w5 (© 7
(aa.,.\_ol - net s=t4 tn T tng AMS + -u —u;q—us S
particle-like excitations hole-like excitations 'star geometry'
Hy = 2 4(Z ¥ a,.) o(Send 1010
\_"___‘/———/{_
= —t.“”“"Es = '[Z;,.,r ‘Fos
Key observation: only a single linear combination couples to impurity!
. (B
Hybridization function: adn(z) = Z (X,m} g(t - §_¢ ”) (8)
in - -
Requirements:
! (
s
preserve weight: /di Ale) = f"(’l 27 (1)
-t —1

preserve value at zero energy: ae) = A% (o ) ()
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Simplest choice that gets weight right (used by Wilson):

5‘;0\ = Idt A(t)

! 4
Ty L interval between ¢),; and @,

op = fdi SN )
L1y
/di Alg)
Lin
( el <1
For 'box hybridization function’, A(2) = g ‘
o otherwise
one finds:
F\E_ e 3 "
Xu\ = A (-A7) ~ A decrease
& R exponentially!
& L ,~n ( -n
{M =+ < A (‘ v A ) ~ A

For most recent improvement of disretization scheme: [Bruognolo2016a].
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5. Wilson chain

NRG-1.5
By 'tridiagonalization', we can bring this into form of a 'tight-binding chain':
ignoring spin index
H[Ma‘o ¢ U (ignoring sp )
[ A ~ ~ "
d Q*| co e A.}% a..| ces a-—%_ J ~ A ~
’a’l‘ [ o (“*( .. Y.'gll *-| . ee f-%\ d ( io ] FL-— Cu <
| - == - - —I - T T al Z* ‘I"?
“'u Yo 1 S | tridiagonalize ﬁ" 'h“‘l' L to
a A_'"_ S TS I (via Lanczos!) q to2, L, (l)
S B R Vi £, IR
q~| ‘—I { 15-1 . \~ ~
.. _: ‘ : N . i-(. \\\ . i
~t | ' N
a_% \"N . ; g—y‘{ Vi
T
~ A N Ala b 4
=24, (df ehe) ( _
s fwp ‘{" o) o F %:o% l;f &Sfb\?*wc) T & -Fls {es = uc[w‘-—. (2
by imposing the conditions: ~ Nz ~ N
{i“‘ FO = Z__ (R-\-V\a\'V\S ¥ %~v\a~“s) , (3)
? N n=t
(normalization fixes T \
lwp ~L A
(T 48 = 6,5 e W "
Adding the impurity term, we obtain a 'Wilson chain', with impurity at site f =~/
|‘m' —tz
“ R .m
Wilsom = Hin? ¢ Heloiu S T &)
- ° ) ° L L4
For 'box hybridization function’, Wilson finds:
? g =° (since band is symmetric around Fermi energy, at £, - ) (6)
- ,Q—«)
e _ (A=A ~Lls
= \ -2Z-3\kh )
t:e = A 2 (1 _A_zc—)§(-,_0_ A (34 )y /\ 0’
. . {2
Key property of Wilson chain:
- couplings decay exponentially along chain! 7
- 'energy-scale separation’ /(v\(-t \
_site £+ perturbs site £ only weakly weakly! 2 \
- solve chain iteratively, truncate at each step. /

e ¢ — o —

Tridiagonalization can be achieved with the Lanczos method [Lanczos1950, Paige1972]:

iterative method to construct the tridiagonal matrix from general Hermitian matrix M

et +
1st iteration: :P =/ [ \ ok ~ =% MaC ra\
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. . 4}
st iteration: - | =T =
Ni=lo | x,= v MUy (9
Choose the initial basis vector. 0
Here we use the basis for the impurity site. o
- - - '
&= (=09 (M) )
—
Orthogonalize Act M
(Gram-Schmidt)
—) -—) -
Normalize and register as the 2nd basis vector: Uy = (A‘/ “ [A‘ll ((l)

First sub-diagonal element [i.e., (2,1) element]:

B = IMT, =\ 3 M (23N IMT = [T )

—)
Second diagonal element [i.e., (2,2) element]: 0(:.:' ”3 M-\g_

u3)
n-th iteration: basis set v = (;?, T(,_ :r; ;f:\ .) \/*\/ = Imv\ (149
- _ “' - _ - ) + -
Mh = (' —VV )(M?h) ) Y1 = “V\/" MV‘“ ) °(h+|=-:-‘?n+! M"Sv:t\ (16
Orthogonalize Act M = F
(Gram-Schmidt) n
. — [ % By et
Result: \/ M\/ - B, ﬁz B '\fm MR =0 for |M~V\\>‘
B, o4 . (due to orthogonalization)

(1b)

——— ¢ — - — . e
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6. Iterative diagonalization

(scetches are for spinless fermions)

A - { -V
z : = ; A
N P PR

/én L+ N-| N

O W . e 1 A

NRG-I1.6

Below is the result of the iterative diagonalization of the Wilson chain for N = 4, keeping all the states.

Circles indicate the energy eigenvalues at each iteration. Color of lines indicate the magnitude of the

overlap between the eigenstates at consecutive iterations. Darker (brighter) line means that the

eigenstate at the previous iteration contributes more (less) to the eigenstate at the current iteration.

impurity

"
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{= -\ 0O \ r 2 4

Level spacing decreases, ~ /\-—,C/—;_ , humber of state increases, ~ o()'

Iteration produces matrix product states [Weichselbaum2009]

_— {-'ﬁ(? - to 'LZ . Y {ﬂ._
XS 165 165 6> (6,,,) (€S
— 7 ~ . )

H l0(7£ = E X Io(>£ (D eigenstates) ()

Suppose chain of length 'e has been diagonalized numerically. Continue by adding one site at a time.

old basis, dimension D

¢ local basis, dimension o\

A% Ser o
‘lfg.-;eo Jl fﬁé—\..new basis, dimension - D
]Jb>2+l = %@l‘%u)ld},ﬁ“l(m!ﬁ)l“ @)
1
= 2 151+|>\°<7L Qde‘*'{s &)
® %y
: N-t N
; “+ e foreach 6, ,thisis o = o matrix
i % | truncation needed!
v Tn- *°0
| 6-4'1 N
Wy = 2 160,16, Mg 1w, [0 A" o] P

Wilson's truncation scheme:

Keep only lowest [ states of each iteration, Discard the rest!

PRSI CL N
: l ">2 Z|o<|<> l6,, A" ]"(6‘“ ()
lfs K>£H kept - D j ’ ¢

'y
(xﬂl-

Justification: 'energy-scale separation": highlying states affect low-lying ones only weakly, since
]
terms in perturbation expansion contain 'energy denominators' of the form ~ 2 E_ L (¢)
o
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%, K2, IR KD, KD, Bk 1KY,

Advantages of Wilsonian truncation:
» Manageable nhumber of states
 Information obtained from all energy scales

» Small energies are very well resolved

» Hamiltonian of each iteration is diagonal: H'Q = ISZ EX‘; \ls K ><F , K\ 6)
ek
Problem:

* No complete basis set available, since many states are discarded.

» This causes ambiguities in Lehmann sum, which have to be fixed by 'fudging'.
(Solution to problem, to be discussed in a later lecture: construct complete basis from discarded states!)

Energy flow diagrams

N
Eigenstates at iteration £ form a 'Wilson shell": H[ 301 ?E = E'f \o()£ , %=L.D @)
Ll
Define rescaled energies, so that average level spacingis ( () : gi‘ = A L(Eﬁ - Eg) ()

empty orbital  local moment strong coupling

Plot of versus yields 'energy level flow diagram': regime regime regime

Various 'fixed points' in flow reveal physical

behavior at corresponding energy scales.

5 15 25 35 45 55 N (odd)

Fig. 5 of [Krishna-murthy1980a]
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