Symmetries II: Non-Abelian Sym-II.1

1. Motivation, review of SU(2) basics

-

Consider Heisenberg spin chain: [/ = § Z §e . 3 Or1 has SU(2) symmetry. ()
£
) > AE -2
Define 3&1 = zZ 51 , Sh’r ) Syt ex su) M @)
~n (\% N n
_ N
then [N,SM‘ =o, [“/ Sbf’l = o ()
Symmetry eigenstates can be labeled I,S ) 1 5 5> ()

upper case S —~ e “—~ lower case s distinghuises states within multiplet
'multiplet label' distinguishes multiplets having same spin

SelSiys) s slS . sy "
S 5,158 = AlseD 1S, i, 5) (©)

with

/ l
[ A S s ®
SIS sy - 8% 5% [Hal
L reduced matrix elements

o
Foreach § , we just have to find the reduced Hamiltonian H[S]li and diagonalize it.

Goal: find systematic way of dealing with multiplet structure in a consistent manner.

Reminder: SU(2) basics

SU(2) generators: [5“' E‘L ] _—ii‘"l" S¢ ) %i' = 's"‘ 4 i§3 (&)
abe € iy'ts’:@f neoa A A a
[S%,S"I = £3° oI5l = z2S, @)
'_\‘ N (3 0 T n z
Casimir operator: S . ") + (533 "’(535 (10)
Commuting operators: [% 2, %L} = 6 o)

n

(o]
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.

.

.
—_—
=

Irreducible multiplet: %IIS' ) = /g'(S-l") [Ss) , S

S2 1S <) = sIS,¢) s = =5, 8.5 iy
Dimension of multiplet: O{,S = 2 S+ ()
R a_ ay
Highest weight state: S+ \3'57 = © ) /S\ /S'b
[ 9 @ o @ 9 o

Lowest weight state: 3 - \S ) -,S) = o (v st -5 S
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2. Tensor product decomposition (needed when adding new site to chain) Sym-II.2

Irreducible representation (irrep) of symmetry group forms a vector space:

VS = e 15,591, s =%8,.,8 0)

Decomposition of tensor product of two irreps into direct sum of irreps: S S’

Sts’ v 1 ;
Ve VS = O v = D /\/JJ.,\/’S .
®,5"=]5-81 ® 5" @

-~

s
'Outer multiplicity’ I\) S€ P is an integer specifiying how often the irrep .S " occurs in the

]
decomposition of the direct product V'§® \/'s

For SU(2), we have M,g,g'” X {[ for (S-S5 <,S"<,Sf‘15‘ €3)

O  otherwise

\For other groups, e.g. S\,( 3) the outer multiplicity canbe > | .

)]
M
>

A J[ A a A A 1
Action of generators: C (5 2® L, + JZ‘ ®,5: > C

)
®S"
dimensions: d,s’ X 0(5 0{5',0(5’ 0(5'/5 o{%a
a ef~*\ ofe -
C transforms generators into block-diagonal form: [ 3 () +
For S —’-'/z/ ,S‘ = k_ . ‘(’) '(:-') (ﬁ

n
The basis transformation C is encoded in Clebsch-Gordan coefficients (CGCs):

completeness |n direct product space

I,Sk',s‘;S,.S? Z‘Ig S)@\S,s >F<5 S“(D(Ss’ ':S " :S,»S'> ()

S g , .
CGC = (5, s K,S,s’ 505" 8.5 (CIS'SS,, )ss o
;Ls, 8 sY®1S, 5 (C5 ), s

- 2 v
States in new basis, |S", s", ,S, ,S'), are eigenstates of (3, ¢ S,,) with eigenvalue /\S\ (,\SJ 4—.) (26)

A
T
"4 S‘ 14 'J\ (8 LS
AN}

" S?. TN (3¢
. 5? fSE u S (ad)
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3. Tensor operators

Sym-IL.3

N
An 'irreducible tensor operator' transforms as follows under a symmetry operation, ﬁ e SU( z)

A Lo
% —r(/S S)S - z ’0(5)5 -(—(:S,S)
BY SN
6 ,S 5) - 0[ ﬁ) LS > spin ,S matrix representation of SU(2)

()

Example 1: Heisenberg Hamiltonian is SU(2) invariant, hence transforms in NE O representation of SU(2)

A »~ -

3H3 = H

o n n
chom ot
Example 2: SU(2) generators, 5 ) 3 , S , transformin S= ]

(scalar)

(2

(vector) representation of SU(2):

§(,S=f, 5 )

—‘- A+ j_ Py T
(J;', g LEST) ®
Wigner-Eckardt theorem
Every matrix element of a tensor operator factorizes as 'reduced matrix elements' times 'CGC'
S's) ( ,S
(S, T, \s" i s = (T <«5,s,;5 «| S50 W
f
CGCs encode sum rules: o N '55 5”‘ 57
In particular, for Hamiltonian, which is a scalar operator: (Srz- O, gz o )

sl H LS e - (u‘s"’ Vi <5 |75

<S’1)5\ H )7-}.5 = St LV ,S;D,o /5 (5}
S s
) St
Hamiltonian matrix for block ,S —~

Z:‘ sum rules 7

We will see: a factorization similar to (4) also holds for 4 -tensors of an MPS!

T L W /S
,S"i”g ] A

A = AL
] ;
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4. A-matrix factorizes Sym-I1.4

Why does A-matrix factorize? Consider generic step during iterative diagonalization:

Suppose Hamiltonian for sites | to £ has been diagonalized:

—)—/S,-L; S S'ZIS

™ T
L}—Lﬂs"zjs' - S.i}s

Add new site, with Hamiltonian for sites | to ( + 1 expressed in direct product basis of

previous eigenbasis and physical basis of new site:

Transform to symmetry eigenbasis, i.e. make unitary tranformation into direct sum basis, using CGCs:

sums over all repeated indices implied:

IG5 Ml (s S G
.(. « s ~u ~"~'r P /S/r '} L’I .r
(¢ S,S’,s\ o Lor (HS S,SK.AL . [C s oL
. : K g T’
oy wgrertaarattieorem: < ¢ s | o

L]
o L block labeled by S »
H couples multiplets 2 , @ from same sym ector, with elements labeled by 1 :4
states within each multiplet are left unchanged/not scrambled ¢

Diagrammatic depiction is more transparent / less cluttered:

,—;S Cﬂ_ " i/r 51‘

s R T R )

Now diagonalize and make unitary transformation into energy eigenbasis:

comnosite index: 7% = (7 7'}
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Now diagonalize and make unitary transformation into energy eigenbasis:

composite index: ¢ = ('i,i ')
5\,T;S CZ{ Sl:i”;su (.A /S”.i‘lylr S”—’f
7 L, e
b A4 fss oot
= = L
o LN e e
FAd, i 57

ol
X

n
| k3 A S 7ls Sus H "7 Ss (155" U st s
- —)—1!—>—' ! = = > —0—
4 4 L S,t‘lsf };\S'S’,i, 7,5"511:‘

CUL T ¥y [ el o

1,;s

(13)

= (A e

A-matrix factorizes, into product of reduced A-matrix and CGC !! F—} = A:-C (ls)
ri;S\ . ‘,S'i;‘su N ,S,.l:‘
S —
/
1.
Sits

[ S"
,
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5. Example: direct product of two spin 1/2's Sym-II.5

7 1y 0 { I/z
V 2 ® \} - \) ®V 0 ¥—> + > + > o
) 3
Local state space for spin 7z : ity = ‘Vz, Y2 ) ' (4> = {1 ,"f%) . ()

]

511 = 1Y) @)
= A(Var n-) — lhon v g

Singlet: 1,3'5) = \o, 05

Triplet: 1y = 1) o
15y = <lee)y = Ry « 1) ]
“ ’-l> = \ll) (‘J

Transformation matrix for decomposing the direct product representation into direct sum:

ot o) WO e -
(C [;} g—ll) s <€ 5 S \ls 5'> = ™" <Yz,‘71; il,'/tl [ o I o °
Lsite 2 T de-ulls o n o a)

i e, <72 %, Tel |« Z)’,_ o /% o
i (-t ‘,,"-“L o o o |

Check

Let us transform some operators from direct product basis into direct sum basis:

1 - o
S=1 repr. of SU(2) generators: Sf = (:o\, S, = (s ) ¢t - (Y‘- ,c(,_) (1)

In direct product basis, the generators have the form
‘o . e Ha) (MO )
= Sel,t 10 S, = . o |o|°)
0 0 [-(%3) o N 0000
* B A (9)
50 o
T o -3 5 9008

(! \) 0 (-} o e I
T r t L £ 4 - 1=\ o :[ ° l
) W9 L, ¢ 10 S, 1[0 _(_(\\J Z{o ,.(\_J { _ “'_‘J .

w
!

O

o0 O0OQ

w
u

561,t189, = [



Transformed into new basis, all operators are block-diagonal:

+ © fq v‘\ © © | {1 © (] l o )
~f _ + _ { O © o | Yo © W o
d i Cflls C(q ) 4 }’J;_ f]i o > o fn o -ln of T
2 o & = 2 2 o o
e - ° fQ Ul o © 06 o0 ) | 0 0 o0lo o o
s =C.J3 Cm [ o o © |\ © oo Yo © I o oo o 0
D) ° fg-lpe I ' » o0 fne Ih o = |0l o o ()
o o (|t V2]l o o ol o f2
°hfelf! o oo o | olo o
n-'l ‘i‘ 3 R o 4] 0 /]
S = C. S C[z’s - [ o o 2 © oo Yo © M o U I[ o o o
) ° fo-Ipe © > o0 oo oo = |ole o o
° o & 'J e 29« lo o o olo o -\
These 4x4 matrices indeed satisfy [’5”‘, '5“+_1 -+ st , [gk, sV =2¢ (/:,)

So, they form a representation of the SU(2) operator algebra on the reducible space V°® V|

Futhermore, we identify: on V°: st = s = 5° = o0 s)

on V' st (:o'c;)/ S = &-(031>/ 5%:((0_') (g

0o O © (o

Now consider the coupling between sites 1 and 2, 5, - S2 . How does it look in the new basis?

A ol B
l@Sb = q.( _(‘) =5 S|®Sb = Cn](S'@ S")C’[z'} ’;'—Z :: jl © (”)
o ] \
» ) . q\/ + <to o
tslost <1 (5117) = tSles - Ciltesle, - 4Pt o w
© v oo . ; .
o O o o
L et _ o[0222 So s 4 XX
_ o © o N y
2210 Se = z(,‘, ",Ezj = zSi®S = C’[z]é(s'®3t)cm t‘: : : : )
& 0 b O

These matrices are not block-diagonal, since the operators represented by them break SU(2) symmetry.

~ Y
But their sum, yielding S, - S, , is block-diagonal:

Flz e\, . .4 - - L
G305 = Glsest L i(stes + sBsil)e, -

The diagonal entries are consistent with the identity

—_ — U Lr A 'L(o.; ~ ¥ b =3, for S“:o
SI'SL =i[(§.f'sz) - SI —Slz)l {L : / 2) ¢ }(ZJ

Li("z - To¥, - '/1_"’/13 = e for ,Sll= I
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In section Sym-II.5 we will need

13,3,

. In preparation for that, we here compute

2 \ /\{ + 2 l’a o ~l o
1|®5; = t( “H—j =9 fﬂ.l@Sz. = C(ﬂ(ﬂ'u@S‘)C[z] = 3 0' lo |o : (21)
(2 0 b =
4 L 0| oo -~—" ¢ + (6 © 0 -
165 - 5 sie) > Lo =Clte s, = glioc el
© 0o o © ° o g
.o o b ©
00 © 9o ——_ { . © ( o ©
© o (o o I ©9 o
-to (o
( (I,L
Another example: V oV (not relevant for spin-1/2 chain) N L
-3 o O ~m d 2
(-] "/3 2] o f‘L;'\ (-]
2 t 1{'-)0 o 4 & 2 /i-\‘/z °
2,05 = l”( S ol >=» c(ses) =S @5t R )
o o-il'-) -f,"“- o 0 -l o o
o ,/}%\ e © -l o
o o 5 o o %l
(-';- o © ﬁ? > )
0 (%) o o -/ © ~ o
1¢@s=t (o ome 15t @S = o
‘ 1 o [2(23) = 5 ®) = 606 o o o o (2)
O 0 o) A %2 o o
o - o0 B o
J (-] > S & d OJ
® O o —_ (- 00 - > o)
ot L o 1 S- y P
’,‘_S(@Sz s 1 J?(.a)o (o] = 2z |®SL < o -4 © oy o
o [2(3)© o ° 2 9o ° O [y
'/;—/; o ® 3 o o
o ﬁ'i-v oo B3os
o > & & 4 pJ
-1
', 1
' (28)
i P
The sum of these three terms yields: 3 ®§l = 4
' L TY
The diagonal entries are consistent with the identity l}
L.3 o @9
T3 lz[(s“fs‘)‘ ARSE { G AR S ssfz}
(=3 = 1732) — 9t T 92 s 9, . -7
%i; - LT R = for ,S‘": 0
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6. Example: direct product of three spin-1/2 sites

Sym-II.6

0 I h h )/L ﬂ' Yz‘ L - >
(Vev')e V? =V oV oV R * Y |, hote¥%
73 '/; (1)
|S"=%, i=1. 5"y 1‘:? 'P = Lo lh w) @)
! 2,~h) = Lle)y® |- 15
‘rS =le, 1=2 ; 5”> : %) = r“ D® V-1 3‘;“9@( 12’k ©
“’2,"(7.) 'LU ) ® \/z -5 r[( -0® 12, 'Ry
\5“""3/71 (:-'—' ‘ . S”> : l3/11312> - - I"(SQ[ rzchv ("5
b, ) = BlD® -6y #[§ oo, wy
Vo) = FI oy® LG -1 e .rs‘ (D@12, Ry
342 -3%) = L I\ Nelr 12

Clebsch-Gordan coefficients:

ssf lay) V%) | [%,%) 1 %) ) (Ht) (%) Wz'—%)\
(C (2} ,S”) s" <0,0; e, {2l ! ©
) ol | o
= <SIS ;S', sl \S’ S°>: <('l7 '{z,‘lz[ ‘ O o ( o o (-]
<48 Y-l Y3 v o }];l © °
<10; e, Tel VA N A
<G T~ o 75 0 o 2 o
F
<4-G Y2, Ji o -'/@ o o /'fi‘ °
Leli e, -0 o o o o o Vo
(5
letusfind [, « H,e = S-S, T, . 5.S in this basis. ¢
k3 k3 1 J27 23
e
v =1
Combining (Sym-II.S, (17-19»@13 with (Sym-IL&, (22-24) } S; , we readily obtain
f%j Ma.‘ C+ (5\'1 —= -
('51'18"' 1('52'&& (23 S|' St‘ﬂ.g + 1; gz S; C‘£3] (‘°’
5= S =%
(- % o o '{"}';_ - “,; © b 1 '1 f_% ° f% 2|6 o o OW
o -Y%, 0 o o V¢ ime o -%| o J% o 0 o o
o 0 o =~
o © 71 o e I I}/ o .—?@ o) o [} © ©°
i s \Ye (3
F |z © 6 6 2/ o o o £ ‘
G F C ° U e © 2 °f @
31 ,I{q 0o O § © ©°® Q3] = R
B o o © o) o /7_ - o o
o G © ° & & Th o “\‘4 o o . > o ML o o
6 -z, ° 0 © Z‘j'-,_ d © v‘; o o e o T o
L 6 o s 06 6 6 0 I L2 o S ‘(Lj

|_?1 (\/l I
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f "3/(/ fB\/" 1
®
= 2
B/ e ‘ ae)
Beautifully blocked, and in agreement with 2 ‘[4‘ J
Wigner-Eckardt theorem, cf. Sym-I1.3 (5'):
Al h oo N " » T” ‘;‘\n S
<.Igl€-; SI\ H \'S )/‘ '}' S“> = (”LS]) ('.‘f S 5” 3 57 ('3)
7 J?/(,
with reduced matrix elements H 7} = (3/? - , H AN —'7: (%)
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7. Bookkeeping for unit matrices Sym-I1.7

vr eheed
General notation: lQlfﬂ = \8'57 for bonds, H(' ) =155 forphysical legs.

Oot, incigen o 8g ie: | b [~ Bge Ro\g, ¢
‘ Z’“ 1”]3 L tl = <&t-ul¢-lﬁ'£'.|<K£“QI&-f,7i2i7fe>E I{-l'( (C ‘ ‘@:Vl {Z ()
£

Zﬁlftx CGC encodes sum rules, see Sym-I1.3 (4)

-

To avoid proliferation of factors of 1/2, Weichselbaum uses the following notation:

@ = 2spin) = 0, 7,7 ... i = 2(spin projection) = -&, e & ()

t )7, ’,

L We will stick with standard notation, though.

Sites 0 and 1 &,=° ﬂ-f‘) Q="
dimensions — ~ 3 184,49 Rizt (3)
2 11,-%)
<Qo,£o; K(,Tv v
0,2, f, Yo | \ °
Z Co,0; tz - 2l ° {
for the unit matrix, the CGC are multiplied by 1
record bond 0 site 1 bond1 dimensions data CGC
Lo 2 index » &, K, 6,  deoxdg,, de, ©
n: =
I o Y 1A ¥z, z I L S
Since Heis?nberg Hamilto-nian- contains . Q, H[&'] CGC  CGC-dim )
only two-site terms, Hamiltonian for a single 72 o 1 -
site is trivially = 0:
Sites 1 and 2 &= Lea R, =00l
. . s (see Sym-11.4.7) Kz"ﬁ
dimensions N {Q {2) (@2 D)
0 ( !
L& @ U | | <a, m\m 1908 o2 it
~ o 00
_ {,% ¢ ¢ o | o o
Ly = fea] (e [l 2o 2, )
e’ 4 Te e -9 Yo th o
s 0@ / ’
Mz, 02 e, 1 -lafl e *Ih o
= (1t )G)(:I I:I) {to,-fp h-H ||0 |0 o

for both first matrix and second block matrix, rows are labeled by ( Q ,,K.Q , columns by allil .
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record bond1  site2  pond2  dimensions data CGC
index » 0&, Rz &Z dQ‘ X dﬂl,daz

v I Y |
1y = I a0 e ' I:I 4)

2z Yo Yo ( %z , 3

[ ]

Hamiltonian for sites 1 to 2 [see Sym-I1.5(20)]:

o I 5 0 o 9 Hg,y coc  cocdim
MR = 0 v ﬂ_ o |-y L. / @®)
0 @l A3
0 | L
Sites 2 and 3 Q7 oo 1)?31 &, = ha o 3,
()
N Kf 2
dimensions ~_, fll {2 [« (see Sym-I1.5.5) first 5= second$ =)
LL & h N s multiplet  multiplet
(62 ,RYB[ ) ' 2 \:i?lw 18- 22159 [[22) B4 124y
301 2 =
(@ Cony | {2, 4;8s,1) 5, ‘ ‘ ‘ ' '
el <ot 7;(( it
3v2)l (! Floofi. oo 00 -1l ) |Le
[ ] ( |I7.\ ::.: - <l,|-,'(z,‘lz[ I o O] I P )
000, <('|‘. 'It,-‘lzl l ﬁ/;, o (-] ) [>]
<105 e, T2 ) ",.E o 0 B:; ] °
s fo-ul ) ° K| o @ o
3
-G, 1 o [ 6 o h >
<‘,",' Yo,-12l () P 0 o ° t

[
T

for both first matrix and second block matrix, rows are labeled by ( Qg,K;) , columns by (03 'i;\ .

record bond 2 site 3 bond 4 dimensions data CGC
index » &7. K} QS dQ; X dz;, JQ
| o) V2 ‘2 vz, = ( O
~ .
1[3]‘. = 2 { 1= h 3v2, 2 | :| (]
3 | o L 3y2 y |

Hamiltonian for sites 1 to 3 [see Sym-II.5(12)]:
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I/ Y, \
4 ¥
T4 . 1 2¢ - s %L
('Sl'is-‘- 1['32'&& - ¢ = ‘f/ U'L)
L
| blog,
This information can be o L3 (Hia;ﬂh;.s CGC CGC-dim
stored in the format s ¢ T
I e Rle 1 > ((3)
h z ey e -
%o 3 -EY 4
eigenenergies do not depend on
/-/ degenerate multiplets!
Diagonalize H: H[Qsl \QL, '{;; ng = E[@J 7’-; \&3, Ts; i3> (ry)
- N : is
‘625, L3 1%) = ‘ &3/ L;;tg) u[&ﬂ TS ()
1-C o
6 . TsiWas, A (" ( \
~ — ~ —_

Lt ) - O &

t,

for both first atatrix (‘ . . L\C

_ for third matrix, for both matrices,
and second block matrix labeled b (& . > ( R

rows are labeled by 3 12) ows are labeled b ,

rows are labeled by (Ql RY) | oy (8 N . &3 rows ar ( Y) &2, Ky)

¢ columns by T) - columns by (®3,73).
columns by (&3, i3). 5.3 ! v

sum on ( Qs ,iﬁ is implied, yielding matrix multiplication: CGC factor is

{ o s » o merely a spectator
1 ., u (V] P - )
! o | (|*| ¢ .s 1) = A
!
This illustrates the general statement: in the presence of symmetries, A-tensors factorize:

F’(&i;i)'(ﬂl‘]:O(S,k}s) _ ma&s Yih (C&&s )ws o

(Slfi,‘f,> ?5,\1';5 _ Q. L5 )
8,4 =1 S, <
K,\j;f K':S
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