MPS III: Diagonalization, fermionic signs l MPS-III.1

2 £ N
1. Iterative diagonalization
A ” N :_, < A/ a ~
Consider spin- /;_chain: u = 2 S - K, t J % S¢S - ()
L=t =3

Sy <Al e 0s), Haadri8) (8D w

and the operator triplet 5, & {§+ ' g,_ §£ z Ah‘ % S‘l"l" Sf’ Sﬁ} (3

wef+ - 23 ’ ' «
)7 S- S+ Sa
3 3 n ’\y ~ ~ '\t a z
Then Sf”SI—/ = ;Sl-' + 5} S I:L 9%, covariant index combination,
sum on @ implied!
At A 2 A A
_ + - 2 _ ‘I‘A
- 4 ?4 Lo * 2 ?.l-‘ * 5£ 5%£-l - Sg 51-.0 W
S_ S + 3, S + Sgs;

In the basis El >~15 i\o‘”) |62)\6,'7§ , the Hamiltonian can be expressed as
O O R PP )

4 = % L
S TS
z Sy

le,

|
}

‘

TR A H™'s (&
A

'no hat' means 'matrix representation' 6,

' )

=
H ¢ = Isa linear map acting on a direct product space: \/‘X"‘I = \/l ® VZ ®...® \/IU

where Vl?, is the 2-dimensional representation space of site { . )1) = ( {,) , \0 = ( ?)

A
H N is a sum of single-site and two-site terms.
A o,
. ] 2
On-site terms: Sal - ‘“L ( ) (o’\ $ 6)
6.\
e
RRTN NDTENPS B L >
Matrix representation in : = ( ¢ | S ' = (3
? al & el 2p 178
£ (SG\tr (SQ\%
Lo L 00 Lito
54,’&( l) , S_z\ﬁ,(lo) , 52:7—(0—-; (8)
Nearest-neighbor interactions, acting on direct product space, l%j@ \€, ,‘3 :
G-1 €6
A ‘}' 62,, i ¢
a ) \ 0 (A
SQ«(& ©S, = leg e (SA\ 6. (5 ) 0 (g, \Cs i a o (a)
—
1 L ,
Matrix representation in Vz-|@ \[z : S’Z ; . S“‘:‘ & %

t
We define the 3-leg tensors S, $ with index placements matching those of F] tensors for wavefunctions:

incoming upstairs, outgoing downstairs (fly in, roll out), with & (by convention) as middle index.
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Diagonalize site 1

Matri ‘l’ Y + e, o)
aCati:\I;Oﬂ V] : Hl = 5«‘ N K( = “l D‘ (’(I ks\
chain of Ieng\tml L_/_si’t)e inde;rf—u
D‘ = (A‘* H, W, isdiagonal, with matrix elements X (18
xe—>— &
y t«! A , !°I
D = (W), (M) AT no= @
t ' 0"‘
ol X< ¢
Ty

]
Eigenvectors of the matrix H . are given by column vectors of the matrix (l)(,) »

A

6
Eigenstates of operator H‘ aregivenby: (o) = (g7 (I,( n) . « 8 3
5)
Add site 2
~
Diagonalize HL in enlarged Hilbert space, ﬁ (2 = ¢ (, a { [5})\ 6\} i (%)
chain of length 2 )
Matrix M. = § {—: ®© 1 + ﬂ_ © g Z + TS ®5+ﬁ (rs)
acting on V@V : 2 1 2 . L N2 a” e
l“[:L H loe “‘oo

Matrix representation in \]n ©® \)1 corresponding to 'local' basis, i ‘ €1>| sﬁg

& (%% v, 6. 02
H 61‘6&‘ = !ot- ] 6)

> 66, M 1. + 1 = [He ] U
&' l6; o &' "‘6;‘

We seek matrix representation in \)<®Vz corresponding to enlarged, 'site-1-diagonal' basis, defined as

~ o L . _ W4
|Z)= 6y = [ )]« = 1§ Na2 U 4 KT % s (?) 1

A
6 6 G. A ! - ™ A
+ “ : S :Tlé) i, CElor|
To this end, attach U, , u( to in/out legs of site 1, and fﬂ_ 1L to in/out legs of site 2: 12 >¢ah
A
1
‘Q = )R 7 H (4 Lal
i, = 8)
;ZI
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Now diagonalize HL in this enlarged basis: HL = Mz Dz U (19)

D, = WU, H, U, is diagonal, with matrix elements

e
e : $
o) (Mt)[é;'(ul)%; (Mz.) B ™

2 r5 = D?. I l = “7, (20)
P :
ar o P
2
o a6
Eigenvectors of matrix I.[Z are given by column vectors of the matrix (uz) (5 - (uz) ZF
a

Eigenstates of the operator Hz :

I T R U R LA U W U P

x [/ B W U2
—p = F p - X¥ o * [3 (2)
C’L 6-1 cL
Add site 3

Transform each term involving new site into the 'enlarged site-12-diagonal basis', defined as

F>=1pe) = 18P (5_7_,_6 - ,u' . lr P

6': % 6

l%f

For example, spin-spin interaction, H

W e 1

¥ L >— > ﬁ

enlarged, 4
Local basis: 1, site-12-diagonal 1,‘ TS e S‘f
basis: A “1 s
x < — 7!
¥ p

Then diagonalize in this basis: H3 = M; D, L(; , etc. @9

At each iteration, Hilbert space grows by a factor of 2. Eventually, trunctations will be needed...!
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2. Graphical notation for basis change

It is useful to have a graphical depiction for basis changes.

Consider a unitary transformation defined on chain of length Y

—

MPS-III.2

, spanned by basis { | 795"

u
‘b(> = !6_2 7 u & 1 (])
%
Unitarity guarantees resolution of identity on this subspace: = -
4 73
A o a.‘zf -h( . ' 52‘ 3 X &\
L=20wycal =155 ol “5 <a] = 2185 15,G) % pe=¢
i, ¢ MR
) ¢ T
)

Transformation of an operator defined on this subspace:

“ I AT
3= Il5OR 6‘;@?‘

—

\e> G | Bl

L

B
- \ by 3
Matrix elements: Lu'l 5}") 5“5 gL<€L\“ ) = M{-“’ec : q’éz uwoc “
) W
5, . = T2 &
o, -4
x £ty _ 2 e
g = Bo = e Bgy with @ = _lf’m 2
-y i ;’
6:0.’ Op x x o < !
)
If the states | o ) are MPS: xm— «
G \
‘0(> = ls‘L)"' ‘G-Mik>(g “"' F\Ge ) o G 07?, (‘A
O 6.8 F‘{jn * srx E:?
— “Dh _ 1 = X shorthand for @)
L= jrolof - == L e
Glt:m oé o.llmiv\ ‘} a.;l
6:- b 63 4
. b 44 bt o000 LM
'B = B“] = —_ﬁ\:;" (e} with E[Q] = E“-l (8,
* + * d(
& 6, ¢
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3. Spinless fermions

Consider tight-binding chain of spinless fermions: g

% '\Jf A
£=, i‘c Cl Ce

I>

?_

N
/\‘\' n {"
£=2

MPS-III.3

A

Goal: find matrix representation for this Hamiltonian, acting in direct product space \/, ® V. ® .. ®\/”
7

while respecting fermionic minus signs:
{2

ifz ) Ce']g =0 ,
First consider a single site (dropping the site index L ):

Cz Cl' = - Ce’(.l

Hilbert space: Srm { ‘07‘ ‘ [71 local index:
Operator action: 2:* lo) (1Y at
Clod = o ¢
The operators 2‘\' = l¢')C °"< 6 | and
s
. . . 1 c!
have matrix representationsin \ @ ('“¢ = 4ol ¢

G'l

( s
fact z=¢
™

upper case denotes
matrix in 2-dim space

Shorthand: we write

lower case denotes
operator in Fock space

Check: C_+C fCC+ = ?:)(:L)*
e ) -2

=
=

" ata
n ccC

(o0 = (37 =
Z2=023)

For the number operator,
+
n=_C(

where is representation of

a A
- 2C

/

AN
Useful relations: C 2
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1" A
Van local occupancy
n=eefo (]}
[v) = o (34)
(W (A G
¢ = lge*') C¢‘<6'l
/\1\ © o C‘t ¢
Kl 0) 10‘ oy
(, A o | ¢
= &olele) =(o o) Cic v (ub)

.
—3

where means 'is represented by

1 v )

Y - (L9)-
2o )oe) =(G2) v ®

Yse

the matrix representation in \/ reads:

(1-2) #)
A v
= V-zn = (-1 (8)
ATA c\,\{'
et = -3¢ (1)



_ ~ Nt a - [exercise: check this
'commuting €. or < past 2 produces a sign algebraically, using

matrix representations!]
A

’ ~t ~ n
Intuitive reason: ¢ and ¢  both change w -eigenvalue by one, hence change sign of (~ l\ )

A

>

~t n At R a t
For example: cC(-\)Y = ¢ =-(9 ¢ (1o0)
4 |___1_,__; o e~ :
non-zero only when actingon [0 T Ly =-1
A A
. . N n A n !
Similarly: C (~) = -¢ = -9 ¢ (rod)
7 |,_1;__; . ey 5
non-zero only when actingon | 1) &) =~ () =
Now consider a chain of spinless fermions:
+
Complication: fermionic operators on different sites anticommute: Cl (o Pt = 7 c ' 4 y for ,e;.z‘
Hilbert space: S‘)m{ lG}M = \V\.’ Vh./ .H,V‘u> Z ()
Define canonical ordering for fully filled state: lG'N\) .~ \opled
+ L4
‘ﬂl-_'.l,/[.,-:'\ ) s V\”:l > = C”..'CLC|IVQQ> (Q)

Now consider:

"+ A ’\+ .\+
C\ \V\( :O,V\L:l> = C-( Czlvqc> = "c_zc‘f quL> =~ - ‘“‘:I ‘Vlt:l > (13)

To keep track of such signs, matrix representations in \], ® V.L need extra 'sign counters',

tracking fermion numbers:

4 {’ 1 Nt + f
¢ = oY =G g, Ci & )
b_gjbscripts denote site numbers ! z
~ t '(' +
Cz = 1‘ ® Cz = C’L (shorthand: omit unity) ﬂ ; CL* (s)
=1
Here &denotes a direct product operation; the order (space 1, space 2, ...) matches that of the
indices on the corresponding tensors: £ Ci6e...
I\,( A " {" ~
Check whether , (i‘ = = Cy C.Jr [ (76l
t t
-+ _ -
—:i = {l Cb = C‘ :?;b = RO ¢ v ("")
(e} C( %t | Ct, ~+ =~

Algebraically:

At A DL S, e
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Algebraically:

at A () -(— @ i
AT (C,+®ZI) (10¢) =G1 ®(21613 =-1C ® (2% (@
A (l's‘
- - @ )dez) =-C ¢~ »
Similarly:
~ ~ CI 2—?. C' ﬂ 4
W = Cl+ El = 4 = 4 * = C/[C‘® -ﬂ-z (20)
G1 % ¢4 o1

A A‘I" N
More generally: each CX. or C ! must produce sign change when moved past any cﬂ\ or a;r: /
with £'52 . So, define the following matrix representations in VoY -y, oVo® .. 0V, :

it ! £ o>

cpb =101, 0C,® 2,02 = C 2, (2
A 'Jordan-Wigner

Cﬂ_ = 1,0 ﬂz-:@) C'€® Zu‘@ S C’E Z-; transformation’ (5

with Zz =T Z‘e, 'Z-string' 3)
®e'se
A+. n A o\"'
Exercise: verify graphically that Cpr Cqg = = CyCy for A's g
Solution: . ) !
( Lt 4 et d-v L L N

R I T R I B e{ *t ey
TRV P U T T B S SRV & S SRR ST

1 )tL extra sign!

e 1y -~ 1% 1 R | c”& Zt 2 o
o1 o 1t c - zh-2t 2} 2

]
In bilinear combinations, all(!) of the Z's cancel. Example: hopping term, 21-

( 2 {2 L~ L L N
<J‘" ﬂr ﬂr 1 C‘t Zt Z ZF @6\
= 1% 1t - 11 1t &t 2 Z

1} 1 - 1} cd o1t &
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; 12 11 1% ¢ M R 1% o

} Uo&) }
since at site ¢ we have = = (29
2!22 [ ﬂclzl C, ¢
non-zero only when acting on i ... , V\l =D,... > ,

and in this subspace, Zx = |

. y
Conclusion: (sz Coe = C'z Cb‘ and similarly, 8}:‘ (1 = CL Ce (29)

[using (10b)]
Hence, the hopping terms end up looking as though fermions carry no signs at all.

For spinful fermions, this will be different.
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4. Spinful fermions MPS-II1.4

Consider chain of spinful fermions. Site index: £ =« ... \} ,spinindex: s ¢ i1 , RIS PR

~ A “1' "+ "‘I‘ ~
{615,52'5'1 =0 {CIS,CK'S'} =0, {CIJ» C!L'S‘g - 322’ 5_;,/ ()
. . . /\1' /\+ (\+ I\.1 /\+ /\+ \
Define canonical order for fully filled state: CN¢CNf ... C 2y €29 C,‘ Ce \lac) ()
First consider a single site (dropping the index ¢ ):

Hilbert space: = S‘fam“o)l ‘J>’ IT\)'IN’)i ) local index: € & folstﬂ,N,} ]

constructed via: Io) = Wa;? l J) 6},‘ o) ) (&)

1}]

a " ot
ity s8hie), Ity = oy = Gl ~&elly

A
A “s \ 1
To deal minus signs, introduce Z = (-1 = z(1- Ng ) seft, 41 ©)
n + A 2 ~
We seek a matrix representation of ¢, C 5 ZS in direct product space \/ = \l4\®\]4, . (?)
7

(Matrices acting in this space will carry tildes.)

\
21\ = zf ® 1& = (|~[)®(l ?) = ( 'l-) = -\ZJ,t (3
|
5,0 tezy = (Vo4 - ( '._) -z ( @)
702 ' ' >~ .0
Zle; = 2-1. ®%-L = (‘-<)®( —[) = ( ‘-l) = 2 O( (Io)
41- ¥ 0 o ~+
e Gon - (Rela) - (o) =&
\“ ~
G2 Goyy o= (es)® (') = ("‘“) = Cy @
ot t ( oo Yol o)
CL = ﬂ.'f ® C‘) = ( () (l o) = Tg = CJ'
: o0 p
L HroC, = (" Jelee) = (*7;\ = ¢, (1)



ol
= 1o, = (‘Nelee) - (+) = ¢, (1)

~ A ~ A
The factors Zs guarantee correct signs. For example C:C»L - - CL C‘l‘ :
(fully analogous to MPS-11.1.17)
3 t
) _ Y
_ 1|.¢ C& _ CT -ZL _ N v (13)
a -
J C4 2‘& 11.1 < @)
f
Algebraic check:
o\
) (). Bl )
o - LN = -
Ll 7 ol ) 120\ 0

Remark: for spinful fermions (in constrast to spinless fermions, compare MPS-I1.28), we have

CSZ £ CS and Z Cs £ Cg us)
For example, consider s=1 ; action in V1\® \/b :
b o 207 2
r 2= ) oa

t t ~t (
c = Cfi 11I ¥ C{‘i z li = Cop 1

¢

Now consider a chain of spinful fermions (analogous to spinless case, with V}L instead of \/Q ).

A N [}
Each C&s or 6 Is must produce sign change when moved past any ¢ ' or az 3 with g > 4

2s' 2
So, define the following matrix representations in '\73” - '\7, © ’J,_ ® -- 9’\‘1‘“

A+ ~ ~~ f"+ ~ o~ _ ~+ -~ >
Cy = l‘@)"’ﬂz-:@ C’€® Zc;-‘@“’i;\l = C’Z P | (k3!
'Jordan-Wigner
A ~ ~ ~ -~ ~ Y transformation’
c, =Lo..1, 0 (o 2,0...2, = (,Z ()
th P, = = = 1T 2z .® 2, 'Z-string' (4
i Zes T2y = ol 20

In bilinear combinations, most (but not all!) of the Z 's cancel.

A+ A

Example: hopping term €, . ¢ 105 (sum over s implied)

- ¢ z e~L d~ L Le N
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R AR

i

final charge: ¢

- d- £ Lo N
BT 3
— ~ :\.“" o ~ o
- A1y Ag Ct 2 P (o)

here Z's cancel—'S

bl E e 4w

N

Cs T o = |
Nooa
Bond —>— indicates sum > @)
S
Convention: annihilation: outgoing =/ or incoming +
Creation: outgoing +« orincoming —(
final ch Lo 4
inal charge:
C Cpe = b ' )
["(S s — + CS

final charge: \ 0
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