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X-ray, computed tomography (CT) 

 Attenuation of x-rays: 

the higher the radiodensity, the brighter the image 

 

 

 

 

 

 

 Computed tomography (CT): the same (in principle) 

 

 MRI: signal generation and image formation 

 completely different! 

 

 Lecture today: signal generation (“NMR”) 
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NMR in a nutshell: Matter in magnetic fields 
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Field map: Image courtesy (CC BY-SA 3.0) of Geek3 

Aluminum 

 paramagnetic material 

 builds up magnetization 

due to electron spins 

 magnetic field increases  

from Bext to (1 + χ) Bext 

 χ = 2.2 × 10–5   

 

Atomic nuclei of 27Al: 

 have nuclear spin 

 build up magnetization too 

 nuclear paramagnetism 

 χn ≈ 9 × 10–9  

 

nuclear/e– susceptibility:  

10–4   
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NMR in a nutshell: Signal generation 

Olaf Dietrich: Magnetic Resonance Imaging – Part 1                May 2020 

Field map: Image courtesy (CC BY-SA 3.0) of Geek3 

 protons 

 have magnetic dipole moment 

 build up magnetization 

 pulsed RF field (MHz) 

 magnetization rotated 

 magnetization “rotates” (MHz) 

 RF signal detected by coil 

Tx 

Rx 

Relaxation: 

Contents 

Part 1: Nuclear magnetic resonance (NMR) 

 Physical background 

 Spins and magnetic dipole moment of nuclei 

 Spins in magnetic fields 

 Macroscopic magnetization, susceptibility 

 Precession of spins in magnetic fields, chemical shift 

 Nuclear magnetic resonance 

 Magnetic resonance, radio-frequency pulses 

 Bloch equations, relaxation, T1, T2, T2
* 

 NMR pulse sequences 

 Free induction decay, spin echo  

 Saturation recovery, inversion recovery 

 

Part 2: Magnetic resonance imaging (MRI) – next lecture 
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Physical background 
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Spins and magnetic dipole moment of nuclei 

 What is “spin”? 

 special form of angular momentum 𝐽 𝑛  

 not associated with orbital motion:  

e. g., point particles (e–, νe) with spin ≠ 0 

 intrinsic property of elementary particles: e–, quarks, … 

 as rest mass or charge 

 spin is a constant 

 appears “naturally” in relativistic quantum mechanics 

 irreducible representations of Poincaré group ( group/representation theory) 

 elementary particles with spin 

 Wigner E. “On unitary representations of the inhomogeneous Lorentz group”  

Ann. Math. 1939; 40: 149–204 

 

 Angular momentum of (charged) particles:  

associated with magnetic dipole moment 
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 𝐽 𝑘 , 𝐽 𝑙  = 𝑖ℏ𝜖𝑘𝑙𝑚 𝐽 𝑚 

𝑱 2 |𝐽, 𝑀  = ℏ2 𝐽 𝐽 + 1  |𝐽, 𝑀  

𝐽 𝑧  |𝐽, 𝑀  = ℏ 𝑀 |𝐽, 𝑀  
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Spins and magnetic dipole moment of nuclei 

 Nucleons (p, n) and atomic nuclei: 

 not elementary but composite particles 

 “spin”  𝑰  of atomic nuclei (mass number A): 

actually their total angular momentum  𝑰 =  (𝑳 𝑘 + 𝑺 𝑘)𝐴
𝑘=1  

 

 e. g., proton: 3 valence quarks (up, up, down) 

 proton has spin ½  

 deep inelastic scattering experiments 

with polarized muon beams 

 proton spin 
1

2
=

1

2
ΔΣ + Δ𝐺 + 𝐿𝑞 + 𝐿𝑔  

with 𝚫𝚺 ≈ 𝟎. 𝟐𝟓 (!?) and e.g. 𝛥𝐺 ≈ 0.2 (?) and 𝐿𝑞 ≈ 0.3 (?) – current HEP research! 

 e. g., Burkhardt M et al. Rep. Prog. Phys. 2010; 73: 016201 

    or Airapetian A et al. Phys. Rev. D. 2007; 75: 012007 

    or de Florian D et al. Phys. Rev. Lett. 2014; 113: 012001 
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Spins and magnetic dipole moment of nuclei 

 Nucleons (p, n) and atomic nuclei: 

 not elementary but composite particles 

 “spin”  𝑰  of atomic nuclei (mass number A):  

actually their total angular momentum  𝑰 =  (𝑳 𝑘 + 𝑺 𝑘)𝐴
𝑘=1  

 

 e. g., 13C: 6 protons, 7 neutrons 

 shell model of nuclei 

 Nobel prize in physics 1963: 

Maria Goeppert-Mayer (USA), J. Hans D. Jensen (GER) 

 pairs of neutrons and pairs of protons have spin 0 

 remaining neutron in 1p½ shell  I (13C) = ½ 
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Spins and magnetic dipole moment of nuclei 

 Nucleons (p, n) and atomic nuclei: 

 not elementary but composite particles 

 “spin”  𝑰  of atomic nuclei (mass number A):  

actually their total angular momentum  𝑰 =  (𝑳 𝑘 + 𝑺 𝑘)𝐴
𝑘=1  

 

 e. g., 17O: 8 protons, 9 neutrons 

 shell model of nuclei 

 Nobel prize in physics 1963: 

Maria Goeppert-Mayer (USA), J. Hans D. Jensen (GER) 

 pairs of neutrons and pairs of protons have spin 0 

 remaining neutron in 1d 5
2   shell  I (17O) = 5 2  

 

 all nuclei with even number of protons and neutrons: spin 0 

 e. g. 4He, 12C, 16O, 32S, 40Ca, … 
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Stable nuclei with spin > 0  
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Text color:  spin ½, spin ³⁄₂, half-integer spin ≥⁵⁄₂  
    spin 1, integer spin ≥3      † unstable, but long-lived isotopes with T½ ≳ 109 y 

 Nick J. Stone “Table of nuclear magnetic dipole and electric quadrupole moments” IAEA 

Nuclear Data Section, 2011, INDC(NDS)-0594 
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Spin +  

Charge 

+ 

Magnetic 

dipole moment 

N 

S 

Field map: Image courtesy (CC BY-SA 3.0) of Geek3 

Important physical quantities 

 Magnetic dipole moment:  µ  = I A  (Am²)   

(current I around area A ) 

 Magnetization (of a substance): M  = (Σn µn) / V = χ H 

with magnetizing field: H  (A/m) 

 Magn. volume susceptibility: χ  (dimension: 1) 

 

 

 Gyromagnetic ratio   γ = µ / L  (rad/s/T) 

 

       i. e.  µ  =  γ L 
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Spin and magnetic dipole moment of nuclei 

 (charged) particles with spin: magnetic dipole moment µ 

 classical analogy: 

 orbiting (or spinning) charged object  loop current  magnetic dipole moment 

 angular momentum d𝑳 = d𝑚 𝒓 × 𝒗 = d𝑚 𝑟⊥
2𝝎 

 magnetic dipole moment    d𝝁 = d𝑗 ⋅ 𝑨 =
𝝎

2𝜋
d𝑞 ⋅ 𝜋𝑟⊥

2 =
1

2

d𝑞

d𝑚
d𝑳 = 𝛾d𝑳 

  𝛾 =
1

2

d𝑞

d𝑚
 :  (classical) “gyromagnetic ratio”:  𝝁 = 𝛾𝑳 

 

 To account for non-classical effects: define g-factor 𝑔 

 𝛾 = 𝑔
1

2

d𝑞

d𝑚
 ,  

 classical behavior: 𝑔 = 1 

 e. g. electron spin: 𝑔 = 2.002 319 304 361 82 (52) 

Olaf Dietrich: Magnetic Resonance Imaging – Part 1                May 2020 
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r 

Spin and magnetic dipole moment of nuclei 

 (charged) particles with spin: magnetic dipole moment µ 

 classical analogy: 

 𝛾 =
1

2

d𝑞

d𝑚
 :  (classical) “gyromagnetic ratio”:  𝝁 = 𝛾𝑳 

 

 atomic nuclei: 

 gyromagnetic ratio as before:  

ratio of magnetic dipole moment µ and nuclear spin I 

  𝝁 = 𝛾𝑰 

 but slightly different definition of g-factor: 

  𝛾 = 𝑔
1

2

𝑒

𝑚𝑝
= 𝑔

𝜇𝑁

ℏ
    (𝜇𝑁 = 𝑒ℏ 2𝑚𝑝 : nuclear magneton) 

i. e., in terms of proton charge and proton mass even for heavier nuclei,  

i. e., neutron masses are “ignored”! 

Olaf Dietrich: Magnetic Resonance Imaging – Part 1                May 2020 
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𝛾 (rad/s/T) 

1
H 267.52 × 10

6 

2
H 41.07 × 10

6
 

3
He –203.79 × 10

6
 

13
C 67.28 × 10

6
 

15
N –27.13 × 10

6
  

17
O –36.28 × 10

6
 

19
F 251.82 × 10

6
 

23
Na 70.81 × 10

6
 

29
Si –53.19 × 10

6
 

31
P 108.39 × 10

6
 

n –183.25 × 10
6
 

e
– 

–176.09 × 10
9 

Spins and magnetic dipole moment of nuclei 

 Spin I, magnetic moment µ, g-factor, and gyromagnetic ratio 

Olaf Dietrich: Magnetic Resonance Imaging – Part 1                May 2020 

nuclear magneton: 

 

𝜇𝑁 =
𝑒ℏ

2𝑚𝑝
≈ 3.152 ⋅ 10−8 eV T  

                    ≈ 5.051 ⋅ 10−27 J T  

 

(classical magnetic moment of  

„classical proton“ with spin of 1ℏ ) 

 

g 

1
H  +5.59 

2
H  +0.857 

3
He  –4.26 

13
C  +1.405 

15
N  –0.566 

17
O  –0.758 

19
F  +5.26 

23
Na  +1.478 

29
Si  –1.111 

31
P  +2.26 

n  –3.83 

e
– 

 –2.002 (µ
B
) 

I µ / µN 

1
H 1/2 +2.793 

2
H 1 +0.857 

3
He 1/2 –2.127 

13
C 1/2 +0.702 

15
N 1/2 –0.283 

17
O 5/2 –1.894 

19
F 1/2 +2.629 

23
Na 3/2 +2.218 

29
Si 1/2 –0.555 

31
P 1/2 +1.132 

n 1/2 –1.913 

e
– 

1/2 –1838 

𝑔 =
𝜇

𝜇𝑁
𝐼  𝛾 = 𝑔

1

2

𝑒

𝑚𝑝
 

Spins in magnetic fields 

Olaf Dietrich: Magnetic Resonance Imaging – Part 1                May 2020 
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Spins and magnetic dipole moment of nuclei 

atomic nuclei: “microscopic magnets with spin”, isotropically distributed in space 

 no macroscopic net magnetization 
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Spins and magnetic dipole moment of nuclei 

atomic nuclei: “microscopic magnets with spin”, isotropically distributed in space 

 no macroscopic net magnetization 
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Spins and magnetic dipole moment of nuclei 

atomic nuclei: “microscopic magnets with spin”, isotropically distributed in space 

 no macroscopic net magnetization 

 

 

Worried about continuous distribution of QM spins? 

 general state of spin-½ system 

is  |𝜓 = 𝛼|↑ + 𝛽|↓  

 magn. dipole moment 𝝁 = 𝛾𝒔  

 exp. value 𝜓 𝝁 𝜓 = 𝛾
ℏ

2

𝛼∗𝛽 + 𝛼𝛽∗

−𝛼∗𝛽 + 𝛼𝛽∗

𝛼 2 − 𝛽 2
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Spins and nuclear paramagnetism 

external magnetic field B0 

 potential energy 𝐸 = −𝝁 ⋅ 𝑩0 depends on µ 

 lower-energy states preferred 

 net magnetization parallel to B0 

 

     “nuclear paramagnetism” 
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Magnetization 
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Spins and nuclear paramagnetism 

nuclear paramagnetism: very small effect 

 potential energy 𝐸magn = −𝝁 ⋅ 𝑩0 = −𝛾𝑰 ⋅ 𝑩0 

 proton at 1 Tesla: 𝐸magn ≈ 𝛾
ℏ

2
𝐵0 ≈ 0.88 × 10−7eV 

 thermal energy 𝐸therm = 3

2
 𝑘B𝑇 

 at room temperature T = 300 K: 𝐸therm ≈ 0.039 eV 

𝐸magn ≈ 2 × 10−6  𝐸therm ≪  𝐸therm 

 

 Boltzmann distribution 𝑝(𝝁) ∝ exp
𝝁⋅𝑩0

𝑘𝐵𝑇
 

 probability ratio up/down: 
𝑝↑

𝑝↓
≈ 1.000 007 
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Magnetization 
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T  = 293 K 

B0 = 300
 
000 Tesla (!) 

Spins and nuclear paramagnetism 

nuclear paramagnetism: very small effect 

 Boltzmann distribution 𝑝(𝝁) ∝ exp
𝝁⋅𝑩0

𝑘𝐵𝑇
 

 magnetization of water protons  

 𝑀 =
𝑁

𝑉
 𝜇𝑧 𝜃 𝑝 𝜃 sin𝜃 d𝜃

𝜋

0
≈

𝑁

𝑉

ℏ2𝛾2

4𝑘𝐵𝑇
𝐵0 = 𝜒𝑣

𝐵0

𝜇0
 

 (volume) nuclear magnetic susceptibility of water 

 𝜒𝑣 ≈ 𝜇0
𝑁

𝑉

ℏ2𝛾2

4𝑘𝐵𝑇
≈ 4.04 ⋅ 10−9 

 (“normal” electron susceptibilities are about 10–5,  

i.e. 103–104 times stronger) 

 

 at 3 Tesla: 12 nT  3.000 000 012 T 

 

 (tiny) induced nuclear magnetization:  

very difficult to measure 
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Nuclei in magnetic fields 

 magnetic dipole µ in magnetic field B 

 torque T = µ × B 

 

 definition of torque T :  

“change of angular momentum L” 

 𝑻 =
𝑑

𝑑𝑡
𝑳 

 dipole associated with spin µ = γ I :       𝑻 =
𝑑

𝑑𝑡
𝑰 =

𝑑

𝑑𝑡

1

𝛾
𝝁 = 𝝁 × 𝑩 

  

Equation of motion for magnetic dipole moment: 

d

d𝑡
𝝁 𝑡 = 𝛾 𝝁(𝑡) × 𝑩(𝑡) 

Olaf Dietrich: Magnetic Resonance Imaging – Part 1                May 2020 

B 

Nuclei in magnetic fields 

Equation of motion for magnetic dipole moment: 

 
d

d𝑡
𝝁 𝑡 = 𝛾 𝝁(𝑡) × 𝑩(𝑡) 

 

 Case 1: Static magnetic field  𝑩 𝑡 = 𝑩0 = 𝐵0𝒆𝑧 


d

d𝑡

𝜇𝑥(𝑡)
𝜇𝑦(𝑡)

𝜇𝑧(𝑡)

= 𝛾 𝝁 𝑡 × 𝑩0 =
𝛾𝜇𝑦(𝑡)𝐵0

−𝛾𝜇𝑥(𝑡)𝐵0

0

 

 

 “numerical” approach: Δ𝝁 𝑡 = Δ𝑡 𝛾 𝝁(𝑡) × 𝑩(𝑡)  

  

Olaf Dietrich: Magnetic Resonance Imaging – Part 1                May 2020 

B0 

𝝁 𝑡  

Δ𝝁 𝑡 ∝ 𝝁 𝑡 × 𝑩0 

𝝁 𝑡 × 𝑩0 
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Nuclei in magnetic fields 

Equation of motion for magnetic dipole moment: 

 
d

d𝑡
𝝁 𝑡 = 𝛾 𝝁(𝑡) × 𝑩(𝑡) 

 

 Case 1: Static magnetic field  𝑩 𝑡 = 𝑩0 = 𝐵0𝒆𝑧 


d

d𝑡

𝜇𝑥(𝑡)
𝜇𝑦(𝑡)

𝜇𝑧(𝑡)

= 𝛾 𝝁 𝑡 × 𝑩0 =
𝛾𝜇𝑦(𝑡)𝐵0

−𝛾𝜇𝑥(𝑡)𝐵0

0

 

 Solution:   𝝁 𝑡 =

𝜇𝑥,0 cos 𝜔0𝑡 + 𝜇𝑦,0 sin 𝜔0𝑡

𝜇𝑥,0 sin𝜔0𝑡 − 𝜇𝑦,0 cos 𝜔0𝑡
𝜇𝑧,0

  

 

Precession of 𝝁 𝑡  around 𝑩0  

with Larmor frequency 𝝎𝟎 = 𝜸𝑩𝟎 
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B0 

Nuclei in magnetic fields 

Equation of motion for magnetic dipole moment: 

 
d

d𝑡
𝝁 𝑡 = 𝛾 𝝁(𝑡) × 𝑩(𝑡) 

 

 Case 1: Static magnetic field  𝑩 𝑡 = 𝑩0 = 𝐵0𝒆𝑧 


d

d𝑡

𝜇𝑥(𝑡)
𝜇𝑦(𝑡)

𝜇𝑧(𝑡)

= 𝛾 𝝁 𝑡 × 𝑩0 =
𝛾𝜇𝑦(𝑡)𝐵0

−𝛾𝜇𝑥(𝑡)𝐵0

0

 

 Solution:   𝝁 𝑡 =

𝜇𝑥,0 cos 𝜔0𝑡 + 𝜇𝑦,0 sin 𝜔0𝑡

𝜇𝑥,0 sin𝜔0𝑡 − 𝜇𝑦,0 cos 𝜔0𝑡
𝜇𝑧,0

  

 

Precession of 𝝁 𝑡  around 𝑩0  

with Larmor frequency 𝝎𝟎 = 𝜸𝑩𝟎 
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Larmor1 frequency 

(precession frequency) 

𝜔0 = 𝛾𝐵0 
1 Sir Joseph Larmor (1857–1942):  Northern Irish Physicist 

Nuclei in magnetic fields 

Equation of motion for magnetic dipole moment: 

 
d

d𝑡
𝝁 𝑡 = 𝛾 𝝁(𝑡) × 𝑩(𝑡) 

 

 Classical analogy: 

Precession of spinning top or wheel in gravitational field 
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 nuclear spin I    angular momentum L 

 magnetic moment µ   mass m 

 magnetic field B    gravitation g 

 precession around B    precession around g 
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Nuclei in magnetic fields 

 Precession of 𝝁(𝑡) around 𝑩0 with Larmor frequency 𝜔0 = 𝛾𝐵0 

Olaf Dietrich: Magnetic Resonance Imaging – Part 1                May 2020 

I 𝛾 (rad/s/T) g f (at 1 Tesla) 

1H 1/2 267.52 × 106  +5.59 42.58 MHz 

2H 1 41.07 × 106  +0.857 6.54 MHz 

3He 1/2 –203.79 × 106  –4.26 –32.43 MHz 

13C 1/2 67.28 × 106  +1.405 10.71 MHz 

15N 1/2 –27.13 × 106   –0.566 –4.32 MHz 

17O 5/2 –36.28 × 106  –0.758 –5.77 MHz 

19F 1/2 251.82 × 106  +5.26 40.05 MHz 

23Na 3/2 70.81 × 106  +1.478 11.26 MHz 

29Si 1/2 –53.19 × 106  –1.111 –8.47 MHz 

31P 1/2 108.39 × 106  +2.26 17.23 MHz 

n 1/2 –183.25 × 106  –3.83 –29.17 MHz 

e– 1/2 –176.09 × 109  –2.002 –28.03 GHz  Electron paramagnetic resonance (EPR) 

Typical magnetic 

field strengths:  

0.1 Tesla … 20 Tesla 

proton frequencies: 

5 MHz … 1000 MHz 
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Nuclei in magnetic fields 

 Precession of 𝝁(𝑡) around 𝑩0 with Larmor frequency 𝜔0 = 𝛾𝐵0 

 

 

 

 Local field B0 at nucleus (1H) 

 shielded by electrons 

 influenced by dipole fields  

of other nuclei 

 Larmor frequency depends 

on chemical environment 

(“chemical shift”) 

 NMR spectroscopy 
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I 𝛾 (rad/s/T) g f (at 1 Tesla) 

1H 1/2 267.52 × 106  +5.59 42.58 MHz 

H 

H 

2-Propanol 
(Isopropanol) 
C3H7OH 

CH
3 

CH
3 

CH
 

OH
 

𝜔 − 𝜔ref

𝜔ref
 

H2O 
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Nuclei in magnetic fields 

 Precession of 𝝁(𝑡) around 𝑩0 with Larmor frequency 𝜔0 = 𝛾𝐵0 

 

 

 

 Local field B0 at nucleus (1H) 

 shielded by electrons 

 influenced by dipole fields  

of other nuclei 

 Larmor frequency depends 

on chemical environment 

(“chemical shift”) 

 NMR spectroscopy 

 Line width (@123 MHz): 

~ 10 Hz (!)  (~ 0.1 ppm) 
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I 𝛾 (rad/s/T) g f (at 1 Tesla) 

1H 1/2 267.52 × 106  +5.59 42.58 MHz 

H2O 

12 Hz 

Nuclei in magnetic fields 

 Line width (@123 MHz): ~ 10 Hz (!)  (~ 0.1 ppm) 

 Nucleus in magnetic field:  

 spin-1/2 system 

 2-level system 
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Nuclei in magnetic fields 

Which magnets? 

 Permanent magnets (up to ~ 1 Tesla) 

 Electromagnets (up to ~ 1 Tesla) 

 Superconducting magnets (up to ~ 23 Tesla) 

 Problem:  

critical magnetic field of type-I superconductors (Pb, Sn, Al)  

very low (10–3 Tesla) 

 use type-II superconductors 

 NbTi (niobium-titanium): up to about 10 Tesla 

 Nb3Sn (niobium-tin): for more than 10 Tesla 

 e. g., Jorda S. “Supraleitung” Physik Journal 2011; 10: 31–35  

 cooled with liquid helium to about 4 K 

(about 1500 L for clinical systems) 

 field homogeneity: < 1 ppm over 40-cm diameter 
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Nuclear magnetic resonance 
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Nuclei in magnetic fields 

 nuclei in static magnetic field B0 

 precession with Larmor frequency 

 𝜔0 = 𝛾𝐵0 

 but: no macroscopic effect, 

transverse dipole moments cancel! 

 Problem: 

Rotate macroscopic magnetization  

into transverse (x,y) plane 
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superconducting 
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Nuclei in magnetic fields 

 nuclei in static magnetic field B0 

 precession with Larmor frequency 

 𝜔0 = 𝛾𝐵0 

 but: no macroscopic effect, 

transverse dipole moments cancel! 

 Problem: 

Rotate macroscopic magnetization  

into transverse (x,y) plane 
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Nuclei in magnetic fields 

 nuclei in static magnetic field B0 

 precession with Larmor frequency 

 𝜔0 = 𝛾𝐵0 

 but: no macroscopic effect, 

transverse dipole moments cancel! 

 Problem: 

Rotate macroscopic magnetization  

into transverse (x,y) plane 

 

 Better solution: 

Use resonance effect! 

 

 Resonance with precession frequency 𝝎𝟎 = 𝜸𝑩𝟎 ! 
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Nuclei in magnetic fields 

Equation of motion for magnetic dipole moment: 

 
d

d𝑡
𝝁 𝑡 = 𝛾 𝝁(𝑡) × 𝑩(𝑡) 

 

 Case 1: Static magnetic field  𝑩 𝑡 = 𝑩0 = 𝐵0𝒆𝑧 


d

d𝑡

𝜇𝑥(𝑡)
𝜇𝑦(𝑡)

𝜇𝑧(𝑡)

= 𝛾 𝝁 𝑡 × 𝑩0 =
𝛾𝜇𝑦(𝑡)𝐵0

−𝛾𝜇𝑥(𝑡)𝐵0

0

 

 Solution:   𝝁 𝑡 =

𝜇𝑥,0 cos 𝜔0𝑡 + 𝜇𝑦,0 sin 𝜔0𝑡

𝜇𝑥,0 sin𝜔0𝑡 − 𝜇𝑦,0 cos 𝜔0𝑡
𝜇𝑧,0

  

 

Precession of µ(t) around z axis  

with Larmor frequency 𝜔0 = 𝛾𝐵0 
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Nuclei in magnetic fields 

Equation of motion for magnetic dipole moment: 

 
d

d𝑡
𝝁 𝑡 = 𝛾 𝝁(𝑡) × 𝑩(𝑡) 

 

 Case 2: Resonant radio-frequency magnetic field  𝑩 𝑡 = 𝑩0 + 𝑩1 𝑡  

 𝑩1 𝑡 =
𝐵1 cos 𝜔0𝑡
𝐵1 sin 𝜔0𝑡

0
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B0 

𝐵1 𝑡  

Nuclei in magnetic fields 

Equation of motion for magnetic dipole moment: 

 
d

d𝑡
𝝁 𝑡 = 𝛾 𝝁(𝑡) × 𝑩(𝑡) 

 

 Case 2: Resonant radio-frequency magnetic field  𝑩 𝑡 = 𝑩0 + 𝑩1 𝑡  

 𝑩1 𝑡 =
𝐵1 cos 𝜔0𝑡
𝐵1 sin 𝜔0𝑡

0
  

 

 spin orientation can be rotated 
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Nuclei in magnetic fields 

Equation of motion for magnetic dipole moment: 

 
d

d𝑡
𝝁 𝑡 = 𝛾 𝝁(𝑡) × 𝑩(𝑡) 

 

 Case 2: Resonant radio-frequency magnetic field  𝑩 𝑡 = 𝑩0 + 𝑩1 𝑡  

 𝑩1 𝑡 =
𝐵1 cos 𝜔0𝑡
𝐵1 sin 𝜔0𝑡

0
  

 

 spin orientation can be rotated 

 off-resonance field: no rotation 

Olaf Dietrich: Magnetic Resonance Imaging – Part 1                May 2020 

B0 

𝐵1 𝑡  

Nuclei in magnetic fields 

 Case 2: Resonant radio-frequency magnetic field  𝑩 𝑡 = 𝑩0 + 𝑩1 𝑡  

 𝑩1 𝑡 =
𝐵1 cos 𝜔0𝑡
𝐵1 sin 𝜔0𝑡

0
  

 Rotation of M(t)  

away from B0 axis 
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Nuclei in magnetic fields 

 Case 2: Resonant radio-frequency magnetic field  𝑩 𝑡 = 𝑩0 + 𝑩1 𝑡  

 𝑩1 𝑡 =
𝐵1 cos 𝜔0𝑡
𝐵1 sin 𝜔0𝑡

0
  

 Rotation of M(t)  

away from B0 axis 
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B0 

M 

Nuclei in magnetic fields 

 Case 2: Resonant radio-frequency magnetic field  𝑩 𝑡 = 𝑩0 + 𝑩1 𝑡  

 𝑩1 𝑡 =
𝐵1 cos 𝜔0𝑡
𝐵1 sin 𝜔0𝑡

0
  

 Rotation of M(t)  

away from B0 axis 
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B0 B0 

Nuclei in magnetic fields 

 Case 2: Resonant radio-frequency magnetic field  𝑩 𝑡 = 𝑩0 + 𝑩1 𝑡  

 𝑩1 𝑡 =
𝐵1 cos 𝜔0𝑡
𝐵1 sin 𝜔0𝑡

0
  

 Rotation of M(t)  

away from B0 axis 
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B0 

𝑩1 𝑡  𝑩1 𝑡  

90° RF pulse 180° RF pulse 

𝑩1 𝑡  

30° RF pulse 

typical pulse duration: 0.1 … 10 ms 

B0 M 

Longitudinal  
and transverse  
magnetization 

Nuclei in magnetic fields 

 Case 2: Resonant radio-frequency magnetic field  𝑩 𝑡 = 𝑩0 + 𝑩1 𝑡  

 Precession of macroscopic net magnetization in xy plane 

 Induction of voltage in receiver coil (“antenna”, resonant LC circuit) 

close to sample (near-field situation) 

(Maxwell-Faraday equation):  𝛻𝑬 =
𝜕𝑩(𝑡) 

𝜕𝑡
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B0 

M 

B0 

𝑩1 𝑡  

90° 

U(t) U(t) 

B0 

𝑩1 𝑡  

180° 

U(t) 
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Nuclei in magnetic fields 

 90° pulse 

Olaf Dietrich: Magnetic Resonance Imaging – Part 1                May 2020 

90° pulse 

M 

M 

ML MT 

t 
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Nuclei in magnetic fields 

 Free induction decay „FID“ 
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Nuclei in magnetic fields 

 relaxation time constants T1, T2 
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t 
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long T2 

short T2  

37 % 

63 % 

T2 
T2 

T1 
T1 

long T1 

short T1  

 𝑀T 𝑡 ∝ exp (− 𝑡 𝑇2 ) 

 𝑀L 𝑡 ∝ (1 − exp − 𝑡 𝑇1 ) 

–  

Relaxation – Bloch equations 

 Transverse magnetization 

decays exponentially 

 MT/M0 = exp(–t/T2) 

 Transverse relaxation  

time constant T2 

 Longitudinal magnetization 

recovers exponentially 

 ML/M0 = 1 – exp(–t/T1) 

 Longitudinal relaxation  

time constant T1 

 

 Phenomenological description: 

 “Bloch equations” 
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d

d𝑡

𝜇𝑥(𝑡)

𝜇𝑦(𝑡)

𝜇𝑧(𝑡)

= 𝛾 𝝁 𝑡 × 𝑩 𝑡  −

𝜇𝑥(𝑡)/𝑇2

𝜇𝑦(𝑡)/𝑇2

(𝜇𝑧 𝑡 − 𝜇0)/𝑇1
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Relaxation – Bloch equations 

 Typical relaxation time constants 

in vivo (at 1.5 Tesla):  T2 < T1 
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–  Tissue T1 (ms) T2 (ms) 

Fat (subcutaneous) 350  60  

Brain, white matter 650  87  

Brain, gray matter 1100  95  

Liver 600  50 

Spleen 1050  80 

Muscle (paravertebral) 850  30 

Water ≈ 3500 ≈ 3500 

 Liquids with low viscosity (frequently): T2 ≈ T1 

 Theoretical limit: T2 ≤ 2T1 

 

“Relaxation rates” 

 R1 = 1 / T1 

 R2 = 1 / T2 

Relaxation – Bloch equations 

Relaxation mechanisms: 

 microscopically fluctuating fields Δ𝑩 𝒓, 𝑡  due to thermal motion 

 e. g., dipole-dipole interaction (inter-molecular and intra-molecular) 
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–  nanometer  – 

B0 

Field map: Image courtesy (CC BY-SA 3.0) of Geek3 
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Relaxation – Bloch equations 

Relaxation mechanisms: 

 microscopically fluctuating fields Δ𝑩 𝒓, 𝑡  due to thermal motion 

 e. g., dipole-dipole interaction (inter-molecular and intra-molecular) 

 

 T2 (transverse) relaxation (“spin-spin relaxation”): 

 Larmor frequency varies:  Δ𝜔0(𝑡) = 𝛾Δ𝐵𝑧 𝒓, 𝑡  

 accumulated phase  𝜙(𝑡) =  Δ𝜔0 𝑡′  d𝑡′
𝑡

 varies for different spins 

 dipole moments “dephase”: spins increasingly out-of phase, signal decays 
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–  nanometer  – 

B0 

Relaxation – Bloch equations 

Relaxation mechanisms: 

 microscopically fluctuating fields Δ𝑩 𝒓, 𝑡  due to thermal motion 

 e. g., dipole-dipole interaction (inter-molecular and intra-molecular) 

 

 T2 (transverse) relaxation (“spin-spin relaxation”): 

 Larmor frequency varies:  Δ𝜔0(𝑡) = 𝛾Δ𝐵𝑧 𝒓, 𝑡  

 accumulated phase  𝜙(𝑡) =  Δ𝜔0 𝑡′  d𝑡′
𝑡

 varies for different spins 

 dipole moments “dephase”: spins increasingly out-of phase, signal decays 
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–  nanometer  – 
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xy 
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xy 
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Relaxation – Bloch equations 

Relaxation mechanisms: 

 microscopically fluctuating fields Δ𝑩 𝒓, 𝑡  due to thermal motion 

 e. g., dipole-dipole interaction (inter-molecular and intra-molecular) 
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B0 

Field map: Image courtesy (CC BY-SA 3.0) of Geek3 

ωx,y = γ B0 

B0 

M 

M 

RF 

Bx,y 

t 

Relaxation – Bloch equations 

Relaxation mechanisms: 

 microscopically fluctuating fields Δ𝑩 𝒓, 𝑡  due to thermal motion 

 e. g., dipole-dipole interaction (inter-molecular and intra-molecular) 

 

 T2 (transverse) relaxation (“spin-spin relaxation”): 

 Larmor frequency varies:  Δ𝜔0(𝑡) = 𝛾Δ𝐵𝑧 𝒓, 𝑡  

 accumulated phase  𝜙(𝑡) =  Δ𝜔0 𝑡′  d𝑡′
𝑡

 varies for different spins 

 dipole moments “dephase”: spins increasingly out-of phase, signal decays 

 

 T1 (longitudinal) relaxation (“spin-lattice relaxation”): 

 fluctuating fields Δ𝐵𝑥,𝑦 𝒓, 𝑡  with resonance frequency 𝜔0 = 𝛾𝐵0 ‘simulate’ 𝐵1(𝑡) 

 spin transition to energetically preferred states 
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Relaxation – Bloch equations 

Relaxation mechanisms: 

 microscopically fluctuating fields Δ𝑩 𝒓, 𝑡  due to thermal motion 

 e. g., dipole-dipole interaction (inter-molecular and intra-molecular) 

 meso/macroscopically constant field variations Δ𝑩′ 𝒓   

 due to imperfect magnets, influence of sample in magnet 
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–  nanometer  – 

–  millimeter  – 
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B0 

Bz 
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Relaxation – Bloch equations 

Relaxation mechanisms: 

 microscopically fluctuating fields Δ𝑩 𝒓, 𝑡  due to thermal motion 

 e. g., dipole-dipole interaction (inter-molecular and intra-molecular) 

 meso/macroscopically constant field variations Δ𝑩′ 𝒓   

 due to imperfect magnets, influence of sample in magnet 

 additional T2’ (transverse) relaxation: 

 Larmor frequency varies locally:  Δ𝜔0(𝒓) = 𝛾Δ𝐵𝑧′ 𝒓  

 accumulated phase  Δ𝜙(𝑡) = 𝑡 Δ𝜔0 𝒓  varies for different spins 

 dipole moments “dephase”: spins increasingly out-of phase, signal decays 

 total transverse relaxation: 𝑇2
∗ =

1

𝑇2
+

1

𝑇2
′

−1

,  𝑇2
∗ ≤ 𝑇2 
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x’y’ 

Relaxation – Spin echo 

total transverse relaxation: 𝑇2
∗ =

1

𝑇2
+

1

𝑇2
′

−1

 

 T2 relaxation: stochastic process, irreversible 

 T2’ relaxation: no time dependence, reversible  
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x’y’ 

B0 

transverse plane 
rotating frame of reference 

dephasing  
due to Δ𝜔0 

only T2’ processes 

x’y’ 

“spin echo” 

Relaxation – Spin echo 

 Spin echo (Hahn echo) 

 Erwin L. Hahn, “Spin echoes” Phys. Rev. 1950; 80: 580–594 
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Animation: Image courtesy (CC BY-SA 3.0) of Gavin W. Morley 



13.05.2020 

32 

NMR pulse sequences 
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xy 

transverse plane 

 Free induction decay (FID) measurement 
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 Spin echo (Hahn echo) measurement 

Pulse sequences 

90° 
read
out t 

t 

B0 

90° 

B0 

t 

90° 
180° 

90° 
read
out t 

180° 

x’y’ x’y’ x’y’ 

echo time, TE 

τ τ 
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 Free induction decay (FID) pulse sequence 

 sensitive to T2
* 

 determination of T2
* 
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 Spin echo (Hahn echo) pulse sequence 

 sensitive to T2 

 determination of T2
 

 

Pulse sequences 

90° 
read
out t 

90° 
read
out t 

180° 

t 

MT/M0 = exp(–t/T2
*) 

t 

MT/M0 = exp(–t/T2
*) 

MT/M0 = exp(–t/T2) 

echo time, TE 

 Free induction decay (FID) pulse sequence 

 sensitive to T2
* 

 determination of T2
* 
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 Spin echo (Hahn echo)  pulse sequence 

 sensitive to T2 

 determination of T2 

 TE: 10 ms … 100 ms 

 

Pulse sequences 

90° 
read
out t 

90° 
read
out t 

180° 

t 

MT/M0 = exp(–t/T2
*) 

t 

MT/M0 = exp(–t/T2) 

Echo time, TE 
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Pulse sequences 

 Multiple spin echo pulse sequence 
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B0 

t 

90° 
180° 

90° 
read
out t 

180° 

x’y’ x’y’ x’y’ 

echo time, TE 

τ τ 

x’y’ x’y’ x’y’ 

180° 

read

out 
180° 

echo time, TE 

τ τ 

Pulse sequences 

 Multiple spin echo pulse sequence 

 determination of T2 

 TE: 10 ms … 30 ms 
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90° 
read
out t 

180° 

t 

MT/M0 = exp(–t/T2) 

Echo time, TE 

read
out 

180° 
read
out 

180° 

Echo time, TE Echo time, TE 
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Pulse sequences 

 Saturation recovery (SR) sequence 

 sensitive to T1, determination of T1 

 TD: 100 ms … 3000 ms 
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t 

t 

MT/M0 = exp(–t/T2
*) 

90° 90° 
read
out 

Recovery time delay, TD 

ML/M0 = 1 – exp(–t/T1) 

MT/M0 = exp(–t/T2
*) 

90° 
read
out 

Recovery time delay, TD 

MT/M0 = exp(–t/T2
*) 

experiment #1 experiment #2 

Pulse sequences 

 Inversion recovery (IR) sequence 

 sensitive to T1, determination of T1 

 TI: 100 ms … 3000 ms 
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t 

t 

MT/M0 = exp(–t/T2
*) 

180° 90° 
read
out 

Inversion time, TI 

ML/M0 = 1 – 2 exp(–t/T1) 

MT/M0 = exp(–t/T2
*) 

90° 
read
out 

Inversion time, TI 

experiment #1 experiment #2 
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Pulse sequences 

Influence of relaxation time constants 

 T1 determines recovery time after 90° pulse 

 must wait about 0.1 T1 (i. e. 0.05 … 0.30 s) for about 10 % signal recovery 

 must wait 3…5 T1 (i. e. 2…15 s) for almost full signal recovery 

strong influence on SNR and experiment duration!  
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t 

t 

90° 90° 

ML/M0 = 1 – exp(–t/T1) 

90° 

Pulse sequences 

Influence of relaxation time constants 

 T2
(*) determines time available for signal readout 

 maximum readout duration about 3 T2
*  (e.g., 50 ms) 

 maximum echo train length about 3 T2   (e.g., 300 ms) 
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t 

t 

90° readout 

MT/M0 = exp(–t/T2
*) 

ok 

not ok: no signal left … 

? ? 
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Historical comments 

 1936 Isidor I. Rabi 

 nuclear resonance in molecular/atomic beams 

 Nobel prize in physics 1944 

 1946 Edwards Mills Purcell and Felix Bloch: 

 nuclear resonance in liquids and solids 

 Nobel prize in physics 1952 

 1950 Erwin L. Hahn: NMR spin echo 

 1960s Richard R. Ernst, Kurt Wüthrich: NMR applications 

 Nobel prizes in chemistry 1991 and 2002 

 1973 Paul Lauterbur and Peter Mansfield: 

 basics of nuclear magnetic resonance imaging 

 Nobel prize in medicine 2003 
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Summary:  What was really important? 

 Many (but not all) nuclei (particularly the proton) have spin ≠ 0 

 Nuclear spin is associated with magnetic dipole moment 

 Nuclear paramagnetism: macroscopic magnetization 

 Larmor precession of spins in magnetic fields: ~ 100 MHz 

 Magnetic resonance 

 Radio-frequency pulses (~ 1 ms) 

 Tilting of magnetization into transverse plan 

 Relaxation of magnetization 

 T1, T2, T2
* (~ 10 … 1000 ms) (“Bloch equations”) 

 NMR pulse sequences 

 FID and spin echo 

 Measurement of T1, T2, T2
* 
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𝜔0 = 𝛾𝐵0 
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MR Imaging: Outlook 

 Signal: precessing magnetization 

 Contrast: relaxation 

 Localization:  

 𝜔0 = 𝛾𝐵0 

 magnetic fields with spatial variation 

 frequency analysis (Fourier transform) 
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Bibliography (for Part 1) 

Excellent and very detailed introduction to the physics of NMR and MRI, highly recommendable: 

 Malcolm H. Levitt “Spin dynamics” Wiley 2008 

 

For most advanced topics or questions, complicated: 

 Anatole Abragam “The principles of nuclear magnetism”  

Oxford University Press 1961 

 

Excellent paper on how NMR should be presented: 

 Lars G. Hanson “Is quantum mechanics necessary for understanding magnetic resonance?”  

Conc. Magn. Reson. A 2008; 32: 329–340 
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CONTACT: 

Klinikum der Universität München 

Josef Lissner Laboratory for Biomedical Imaging 

Klinik und Poliklinik für Radiologie 

 

Phone: 089 / 4400-74622 

e-mail: olaf.dietrich@med.uni-muenchen.de 

 

Prof. Dr. rer. nat. Olaf Dietrich, Dipl.-Phys. 
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