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NEURAL NETWORKS IN IMAGE 
PROCESSING



Artificial neurons

• Artificial neuron – single unit (perceptron)
• Calculates arbitrarily complex function of a given set of inputs (x1,…, xn)
• The output is modulated through a specific activation function
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Artificial neurons – class separation 

Σ = 𝒘𝑻𝒙 + 𝑤𝑛+1 = ቊ
> 0 𝑖𝑓 𝒙 ∈ 𝑐1
< 0 𝑖𝑓 𝒙 ∈ 𝑐2

Let us consider an input vector x. We aim at find the correct weights w so that x is 
classified is two separate classes c1 and c2 :

The perceptron can be trained to perform class separation in an iterative manner.

Let us define 𝒙 = 𝑥1, 𝑥2, … , 𝑥𝑛, 1
𝑇 𝑎𝑛𝑑 𝑤 = 𝑤1, 𝑤2, … , 𝑤𝑛, 𝑤𝑛+1

𝑇 then we can write

Σ = 𝒘𝑇𝒙 = ቊ
> 0 𝑖𝑓 𝒙 ∈ 𝑐1
< 0 𝑖𝑓 𝒙 ∈ 𝑐2

We will consider initialization of weights with random values at iteration 1 and a given 
correction increment (known as learning rate) α > 0



Artificial neurons – class separation 

At each iteration k = 1,2,…

1. If 𝒙(𝑘) ∈ 𝑐1 and  𝒘𝑻 𝑘 𝒙 𝑘 ≤ 0 then

𝒘 𝑘 + 1 = 𝒘 𝑘 + 𝛼𝒙(𝑘)

2. If 𝒙(𝑘) ∈ 𝑐2 and  𝒘𝑻 𝑘 𝒙 𝑘 ≥ 0 then

𝒘 𝑘 + 1 = 𝒘 𝑘 − 𝛼𝒙(𝑘)

3. Otherwise let

𝒘 𝑘 + 1 = 𝒘 𝑘



Class separation – example  

𝒙 = 𝑥1, 𝑥2, … , 𝑥𝑛, 1
𝑇 𝒙𝟏 = 3, 3, 1 𝑇

𝒙𝟐 = 1, 1, 1 𝑇

𝒙𝟏 𝒙𝟏

𝒙𝟐 𝒙𝟐

Find weights w = (w1, w2, w3) so 
that the separation line is 
defined



Class separation – example  

𝒘𝑇 1 𝒙 1 = 0 0 0
3
3
1

= 0

Let us consider α = `1 and 𝒘(1) = 0, 0, 0 𝑇

For k = 1, 𝒙(1) = 3, 3, 1 𝑇 ∈ 𝑐1

𝒘 2 = 𝒘 1 + 𝛼𝒙 1 =
0
0
0

+ 1
3
3
1

=
3
3
1

For k = 2, 𝒙(2) = 1, 1, 1 𝑇 ∈ 𝑐2

𝒘𝑇 2 𝒙 2 = 3 3 1
1
1
1

= 7 𝒘 3 = 𝒘 2 − 𝛼𝒙 2 =
3
3
1

− 1
1
1
1

=
2
2
0



Class separation – example  

𝒘𝑇 3 𝒙 3 = 2 2 0
3
3
1

= 6 > 0

For k = 3, 𝒙(3) = 3, 3, 1 𝑇 ∈ 𝑐1

𝒘 4 = 𝒘 3 =
2
2
0

For k = 4, 𝒙(4) = 1, 1, 1 𝑇 ∈ 𝑐2

𝒘𝑇 4 𝒙 4 = 2 2 0
1
1
1

= 4 𝒘 5 = 𝒘 4 − 𝛼𝒙 4 =
2
2
0

− 1
1
1
1

=
1
1
−1

𝒘 = 𝒘 12 =
1
1
−3

Converges to:



Class separation – example  

𝒘 = 𝒘 12 =
1
1
−3

𝑥1 + 𝑥2 − 3 = 0



Artificial Neural Networks (ANNs)

Feed forward ANN architecture



Single neuron in a given layer



Activation functions



Forward pass – feed forward ANN

A forward pass through a feed forward ANN maps the input layer (i.e. values of x) to the 
output layer. We implicitly assume here that weights and biases are known (i.e. the ANN 
is trained or we are in a given iteration)

The outputs of layer 1 are the input vector x components:

𝑎𝑗 1 = 𝑥𝑗 𝑗 = 1,2, … , 𝑛𝑙

The output of neuron i in layer ℓ is given by:

𝑎𝑖 ℓ = ℎ 𝑧𝑖(ℓ) = ℎ ෍

𝑗=1

𝑛𝑙−1

𝑤𝑖𝑗 ℓ 𝑎𝑗 ℓ − 1 + 𝑏𝑖(ℓ)

for i = 1,2,…,nl and  ℓ = 2,…,L

The final ANN output is as follows:

𝑎𝑖 𝐿 = ℎ 𝑧𝑖(𝐿) , i = 1,2, … , 𝑛𝐿



Forward pass – matrix formulation

Let us express it in a matrix formulation:

𝑎𝑗 1 = 𝑥𝑗 𝑗 = 1,2, … , 𝑛𝑙  𝒂 1 = 𝒙

𝑎𝑖 ℓ = ℎ 𝑧𝑖(ℓ) = ℎ σ𝑗=1
𝑛𝑙−1𝑤𝑖𝑗 ℓ 𝑎𝑗 ℓ − 1 + 𝑏𝑖(ℓ) for i = 1,2,…,nl and  ℓ = 2,…,L

𝑾 ℓ =

𝑤11(ℓ) ⋯ 𝑤1𝑛𝑙−1(ℓ)

⋮ ⋱ ⋮
𝑤𝑛𝑙1(ℓ) ⋯ 𝑤𝑛𝑙𝑛𝑙−1(ℓ)

 𝒛 ℓ = 𝑾 ℓ 𝒂 ℓ − 1 + 𝒃 ℓ , ℓ = 2, … , 𝐿

 𝒂 ℓ = ℎ 𝒛(ℓ) =

ℎ 𝑧1(ℓ)

ℎ 𝑧2(ℓ)
…

ℎ 𝑧𝑛𝑙(ℓ)

Process all inputs in 1 pass relying on 
matrix products



ANN training

• ANNs are defined completely by their weights, biases and activation functions

• ANN training refers to the use of one of more sets of data to estimate these 
parameters

• The procedure is called supervised training as input/ output data are known

• The most applied technique uses the backpropagation algorithm:

1. Input the known data
2. Forward pass to calculate the ANN output and estimation of error
3. Backward pass to estimate required changes in the parameters so that the error is 

reduced
4. Update weights and biases in the network



Backpropagation

The error in the output layer of neuron j (where we actually know the desired output 
rj in supervised learning) is given by:

𝐸𝑗 =
1

2
𝑟𝑗 − 𝑎𝑗(𝐿)

2
for j=1,2,…,nL

The output error with respect to a single input x is the sum of the errors of all 
output neurons with respect to that vector:

𝐸 =෍

𝑗=1

𝑛𝐿

𝐸𝑗 =
1

2
෍

𝑗=1

𝑛𝐿

𝑟𝑗 − 𝑎𝑗(𝐿)
2
=
1

2
𝒓 − 𝒂(𝐿) 2

The total network output error over all training inputs is defined as the sum of errors 
of the individual inputs.



Backpropagation

We aim at finding the weights that minimize the total error.

The most widely used training algorithm is the back-propagation algorithm

The backpropagation algorithm is a learning scheme where the error is back-
propagated layer by layer and used to update the weights. The algorithm is a gradient-
descent method that minimizes the error between the desired outputs and the actual 
outputs calculated by the ANN.

Starting from the output layer:

𝛿𝑗 𝐿 =
𝛿𝐸

𝛿𝑧𝑗(𝐿)

𝛿𝑗 𝐿 =
𝛿𝐸

𝛿𝑎𝑗(𝐿)
∙
𝛿𝑎𝑗 𝐿

𝛿𝑧𝑗 𝐿
=

𝛿𝐸

𝛿𝑎𝑗 𝐿
∙
𝛿ℎ(𝑧𝑗 𝐿 )

𝛿𝑧𝑗 𝐿
=

𝛿𝐸

𝛿𝑎𝑗 𝐿
∙ ℎ′(𝑧𝑗(𝐿))

Chain rule



Backpropagation

Considering  𝐸𝑗 =
1

2
𝑟𝑗 − 𝑎𝑗(𝐿)

2
for j=1,2,…,nL

𝛿𝑗 𝐿 =
𝛿𝐸

𝛿𝑎𝑗 𝐿
∙ ℎ′ 𝑧𝑗 𝐿 = 𝑎𝑗(𝐿) − 𝑟𝑗 ∙ ℎ′ 𝑧𝑗 𝐿

Can be computed by 
observing the ANN output  
and knowing the activation 
function

In the hidden layers:

𝛿𝑗 ℓ =
𝛿𝐸

𝛿𝑧𝑗 ℓ

If we can express 𝛿𝑗 ℓ as a function of 𝛿𝑗 ℓ + 1 , we can backpropagate errors 

from the output layer



Backpropagation

𝛿𝑗 ℓ =
𝛿𝐸

𝛿𝑧𝑗 ℓ
=෍

𝑖

𝛿𝐸

𝛿𝑧𝑖(ℓ + 1)

𝛿𝑧𝑖(ℓ + 1)

𝛿𝑎𝑗(ℓ)

𝛿𝑎𝑗(ℓ)

𝛿𝑧𝑗(ℓ)

=෍

𝑖

𝛿𝑖(ℓ + 1)
𝛿𝑧𝑖 ℓ + 1

𝛿𝑎𝑗 ℓ
ℎ′(𝑧𝑗(ℓ))

= ℎ′(𝑧𝑗(ℓ))෍

𝑖

𝑤𝑖𝑗(ℓ + 1)𝛿𝑖(ℓ + 1)

Backpropagation step

To make this effective, we need to express variations of the 
error as a function of weights (to be optimized) 



Backpropagation

We can apply again the chain rule:

𝛿𝐸

𝛿𝑤𝑖𝑗 ℓ
=

𝛿𝐸

𝛿𝑧𝑖 ℓ
∙
𝛿𝑧𝑖 ℓ

𝛿𝑤𝑖𝑗 ℓ
= 𝛿𝑖 ℓ ∙

𝛿𝑧𝑖 ℓ

𝛿𝑤𝑖𝑗 ℓ
= 𝛿𝑖 ℓ 𝑎𝑗 ℓ − 1

The following gradient can be used to update the weights iteratively in a gradient descent 
approach:

𝑤𝑖𝑗 ℓ = 𝑤𝑖𝑗 ℓ − 𝛼
𝛿𝐸

𝛿𝑤𝑖𝑗
= 𝑤𝑖𝑗 ℓ − 𝛼 𝛿𝑖 ℓ 𝑎𝑗(ℓ − 1)

A similar relationship hold for the bias: 

𝑏𝑖 ℓ = 𝑏𝑖 ℓ − 𝛼
𝛿𝐸

𝛿𝑏𝑖 ℓ
= 𝑏𝑖 ℓ − 𝛼𝛿𝑖(ℓ)

Forward pass

Back propagation

Learning rate



Backpropagation – matrix formulation

𝑿 Matrix containing different inputs as columns

Starting from the output layer:

𝜹 L =

𝛿1(𝐿)
𝛿2(𝐿)…
𝛿𝑛𝐿(𝐿)

=

𝛿𝐸

𝛿𝑎1 𝐿
ℎ′(𝑧1(𝐿))

𝛿𝐸

𝛿𝑎2 𝐿
ℎ′(𝑧2(𝐿))

…
𝛿𝐸

𝛿𝑎𝑛𝐿 𝐿
ℎ′(𝑧𝑛𝐿(𝐿))

=

𝛿𝐸

𝛿𝑎1 𝐿
𝛿𝐸

𝛿𝑎2 𝐿
…
𝛿𝐸

𝛿𝑎𝑛𝐿 𝐿

⨀

ℎ′(𝑧1(𝐿))

ℎ′(𝑧2(𝐿))…
ℎ′(𝑧𝑛𝐿(𝐿))

Slide 19 Element-wise product

𝜹 L =
𝛿𝐸

𝛿𝒂 𝐿
⨀ ℎ′(𝒛 (𝐿)) 𝜹 L = (𝒂 𝐿 − 𝒓) ⨀ ℎ′(𝒛 (𝐿))

Slide 20



Backpropagation – matrix formulation

𝜹 L = (𝒂 𝐿 − 𝒓) ⨀ ℎ′(𝒛 (𝐿))

arranging inputs column-wise (𝑛𝑝 columns)

𝑫 L = (𝑨 𝐿 − 𝑹) ⨀ ℎ′(𝒁 (𝐿))

𝛿𝑗 ℓ = ℎ′(𝑧𝑖(ℓ))෍

𝑖

𝑤𝑖𝑗(ℓ + 1)𝛿𝑖(ℓ + 1)

Slide 21

Considering inner layers:

𝑫 ℓ = (𝑾𝑇 ℓ + 1 𝑫(ℓ + 1)) ⨀ ℎ′(𝒁 (ℓ))



Backpropagation – matrix formulation

𝑾 ℓ = 𝑾 ℓ − 𝛼 𝑫 ℓ 𝑨𝑻(ℓ − 1)

𝒃 ℓ = 𝒃 ℓ − 𝛼
1

𝑛𝑝
෍

𝑘=1

𝑛𝑝

𝜹𝑘(ℓ)

Where 𝜹𝒌(ℓ) is the k-th column of matrix 𝑫 ℓ .
We form matrix 𝑩 ℓ of size 𝑛ℓ 𝑥 𝑛𝑝 by concatenation in the horizontal direction:

𝑩 ℓ = 𝑐𝑜𝑛𝑐𝑎𝑡𝑒𝑛𝑎𝑡𝑒𝑛𝑝𝑡𝑖𝑚𝑒𝑠 𝒃(ℓ)



Backpropagation – matrix formulation

Step

Step 1

Step 2

Step3 

Step 4

Description

Input data

Forward pass

Backpropagation 

Update weights and biases

𝑨 1 = 𝑿

𝐹𝑜𝑟 ℓ = 2,…𝐿 compute 𝒁 ℓ
= 𝑾 ℓ 𝑨 ℓ − 1 + 𝑩 ℓ ; 𝑨 ℓ

= ℎ 𝒁 ℓ ; ℎ′ 𝒁 ℓ 𝑎𝑛𝑑

𝑫 𝐿 = (𝑨 𝐿 − 𝒁)⨀ℎ′(𝒁 𝐿 )

𝐹𝑜𝑟 ℓ = 𝐿 − 1, 𝐿 − 2,…2 compute 𝑫 ℓ
= (𝑾𝑻 ℓ + 1 𝑫 ℓ + 1 )⨀ℎ′(𝒁 ℓ )

𝐹𝑜𝑟 ℓ = 2, … , 𝐿

𝑾 ℓ = 𝑾 ℓ − 𝛼 𝑫 ℓ 𝑨𝑻(ℓ − 1)

𝒃 ℓ = 𝒃 ℓ − 𝛼 ෍

𝑘=1

𝑛𝑝

𝜹𝑘(ℓ)

𝑩 ℓ = 𝑐𝑜𝑛𝑐𝑎𝑡𝑒𝑛𝑎𝑡𝑒𝑛𝑝𝑡𝑖𝑚𝑒𝑠 𝒃(ℓ)



Machine learning

• The process of adjusting the weights to achieve a model for classification is known as 
machine learning, i.e. the network learns from examples

• The process is clearly dependent on the structure of the network (number of layers, 
selected activation functions, etc…) and the data selected for training

Expertise is required to tune the parameters in 
order to achieve best results. Suboptimal 
selection results in overfitting the training 
data (lack of generalization capabilities)

Good training

overfitting



Machine learning - datasets

Training Validation Testing

≈ 50% ≈ 25% ≈ 25%

The overall dataset is split in to training, validation and testing:

• Training determine ANN parameters

• Validation evaluate models and check generalization 
capabilities

• Testing independent evaluation (unbiased estimate)

The division assumes enough data are available.

Under-estimate 
the actual error



Machine learning - datasets



Machine learning - datasets

Training

More sophisticated techniques (especially useful when you don’t have much 
data):
• Cross-validation
• Bootstrap

Dataset

Division (“resampling”) of 
the training dataset

Testing



Cross-validation

Split the training dataset into N subsets  N-fold cross validation

Remove one subset, optimize your model on the kept N-1 subsets and estimate 
prediction error for the removed subset

𝐶𝑉 𝑁 = ෍

𝑘=1

𝑁
𝑛𝑘
𝑛
𝐸𝑘

where 𝐸𝑘 is the error of the networks trained when part k of the training dataset 
has been removed, and 𝑛𝑘 is the correspondent number of observations.

When setting n = N, the special case is called leave one out cross validation



Bootstrap

• Randomly draw n events with replacement out of the data sample of size n  one 
bootstrap replica

• Optimize model on a bootstrap replica and see how well it predicts the behavior of 
the original sample

• The issue us that the error calculation does not necessarily exclude data that were 
used for training

• Alternative: to estimate error at a given data point k, use only those replicas that do 
not contain point k (“leave-one-out” method)



Machine learning for medical imaging

https://doi.org/10.1007/978-3-319-65981-7_12



Machine learning vs. deep learning



Deep learning - CNN

• Convolutional Neural Networks (CNNs) are inspired by the working principles of 
the visual cortex: individual cortical neurons respond to stimuli only in a restricted 
region of the visual field known as the receptive field. The receptive fields of 
different neurons partially overlap such that they cover the entire visual field

• CNN is a feed-forward network that can extract topological properties from an 
image

• Like almost every other neural networks they are trained with a version of the back-
propagation algorithm

• Convolutional Neural Networks are designed to recognize visual patterns directly 
from pixel images with minimal preprocessing



Convolutional Neural Networks (CNNs)

• CNNs take spatial information into account so that neighboring pixels are analyzed 
together (convolution based with a kernel in a given receptive field)

• The receptive field is moved for convolution with a step that is called stride (normal 
convolution has stride 1)

• A CNN is organized as a set of different layers, where output of a current layer is used as an 
input for the next layer

• Subsampling is used when moving across layers in a forward pass



Convolutional Neural Networks (CNNs)

Subsampling / pooling reduced dimensionality across layers:
• Average pooling
• Max pooling
• L2 pooling (L2 norm)



Convolutional Neural Networks (CNNs)

Let us consider w as a kernel and let ax,y denote image or pooled feature values, 
depending on the layer. The convolution at any point (x,y) is given by:

𝑤 ⋆ 𝑎𝑥,𝑦 =෍

𝑙

෍

𝑘

𝑤𝑙,𝑘 𝑎𝑥−𝑙,𝑦−𝑘

We can consider to relabel the indexes (taking into account the kernel receptive field) and 
write the convolution as:

𝑤 ⋆ 𝑎𝑥,𝑦 =෍

𝑗=1

𝑁

𝑤𝑗𝑎𝑗

If we then consider a bias b:

𝑧𝑥,𝑦 =෍

𝑗=1

𝑁

𝑤𝑗𝑎𝑗 + 𝑏 = 𝑤 ⋆ 𝑎𝑥,𝑦 + 𝑏

Input of a neuron



CNNs: forward pass

𝑧𝑥,𝑦 =෍

𝑗=1

𝑁

𝑤𝑗𝑎𝑗 + 𝑏 = 𝑤 ⋆ 𝑎𝑥,𝑦 + 𝑏 𝑎𝑥,𝑦 = ℎ 𝑧𝑥,𝑦

activation function

Considering connections in subsequent layers, the following relationship holds:

𝑧𝑥,𝑦 ℓ =෍

𝑙

෍

𝑘

𝑤𝑙,𝑘 ℓ 𝑎𝑥−𝑙,𝑦−𝑘 ℓ − 1 + 𝑏 ℓ =

= 𝑤 ℓ ⋆ 𝑎𝑥,𝑦 ℓ − 1 + 𝑏(ℓ)

𝑎𝑥,𝑦(ℓ) = ℎ 𝑧𝑥,𝑦(ℓ)



CNNs: backpropagation

𝛿𝑥,𝑦 ℓ =
𝛿𝐸

𝛿𝑧𝑥,𝑦(ℓ)
Output error of CNN with respect to each neuron in the network

We express it as a function of the following layer using the chain rule:

𝛿𝑥,𝑦 ℓ =
𝛿𝐸

𝛿𝑧𝑥,𝑦(ℓ)
=෍

𝑢

෍

𝑣

𝛿𝐸

𝛿𝑧𝑢,𝑣(ℓ + 1)

𝛿𝑧𝑢,𝑣(ℓ + 1)

𝛿𝑧𝑥,𝑦(ℓ)
=෍

𝑢

෍

𝑣

𝛿𝑢,𝑣(ℓ + 1)
𝛿𝑧𝑢,𝑣(ℓ + 1)

𝛿𝑧𝑥,𝑦(ℓ)

𝛿𝑥,𝑦 ℓ =෍

𝑢

෍

𝑣

𝛿𝑢,𝑣(ℓ + 1)
𝛿

𝛿𝑧𝑥,𝑦(ℓ)
෍

𝑙

෍

𝑘

𝑤𝑙,𝑘 ℓ + 1 ℎ 𝑧𝑢−𝑙,𝑣−𝑘(ℓ) + 𝑏(ℓ + 1)

Derivative is zero unless u - l = x and v - k = y



CNNs: backpropagation

𝛿𝑥,𝑦 ℓ =෍

𝑢

෍

𝑣

𝛿𝑢,𝑣(ℓ + 1)
𝛿

𝛿𝑧𝑥,𝑦(ℓ)
෍

𝑙

෍

𝑘

𝑤𝑙,𝑘 ℓ + 1 ℎ 𝑧𝑢−𝑙,𝑣−𝑘(ℓ) + 𝑏(ℓ + 1)

u - l = x and v - k = y

𝛿𝑥,𝑦 ℓ =෍

𝑢

෍

𝑣

𝛿𝑢,𝑣(ℓ + 1) 𝑤𝑢−𝑥,𝑣−𝑦 ℓ + 1 ℎ′ 𝑧𝑥,𝑦(ℓ)

𝛿𝑥,𝑦 ℓ = ℎ′ 𝑧𝑥,𝑦(ℓ) ෍

𝑢

෍

𝑣

𝛿𝑢,𝑣(ℓ + 1) 𝑤𝑢−𝑥,𝑣−𝑦 ℓ + 1

𝛿𝑥,𝑦 ℓ = ℎ′ 𝑧𝑥,𝑦(ℓ) 𝛿𝑥,𝑦(ℓ + 1) ⋆ 𝑤−𝑥,−𝑦 ℓ + 1

𝛿𝑥,𝑦 ℓ = ℎ′ 𝑧𝑥,𝑦(ℓ) [𝛿𝑥,𝑦(ℓ + 1) ⋆ 𝑟𝑜𝑡180(𝑤 ℓ + 1) ]
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Express the error as a function of weights:

𝛿𝐸

𝛿𝑤𝑙.𝑘
=෍

𝑥

෍

𝑦

𝛿𝐸

𝛿𝑧𝑥,𝑦(ℓ)

𝛿𝑧𝑥,𝑦(ℓ)

𝛿𝑤𝑙.𝑘
=෍

𝑥

෍

𝑦

𝛿𝑥,𝑦(ℓ)
𝛿𝑧𝑥,𝑦(ℓ)

𝛿𝑤𝑙.𝑘

=෍

𝑥

෍

𝑦

𝛿𝑥,𝑦(ℓ)
𝛿

𝛿𝑤𝑙.𝑘
෍

𝑙

෍

𝑘

𝑤𝑙,𝑘(ℓ) ℎ 𝑧𝑥−𝑙,𝑦−𝑘(ℓ − 1) + 𝑏(ℓ)

=෍

𝑥

෍

𝑦

𝛿𝑥,𝑦 ℓ ℎ 𝑧𝑥−𝑙,𝑦−𝑘(ℓ − 1)

=෍

𝑥

෍

𝑦

𝛿𝑥,𝑦 ℓ 𝑎𝑥−𝑙,𝑦−𝑘(ℓ − 1)

=෍

𝑥

෍

𝑦

𝛿𝑥,𝑦 ℓ 𝑎− 𝑙−𝑥 ,−(𝑘−𝑦)(ℓ − 1)

= 𝛿𝑙,𝑘 ℓ ⋆ 𝑟𝑜𝑡180(𝑎 (ℓ − 1))
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In a gradient descent approach:

𝑤𝑙,𝑘 ℓ = 𝑤𝑙,𝑘 ℓ − 𝛼
𝛿𝐸

𝛿𝑤𝑙,𝑘

𝑤𝑙,𝑘 ℓ = 𝑤𝑙,𝑘 ℓ − 𝛼 𝛿𝑙,𝑘(ℓ) ⋆ 𝑟𝑜𝑡180(𝑎(ℓ − 1))

and

𝑏 ℓ = 𝑏 ℓ − 𝛼
𝛿𝐸

𝛿𝑏 ℓ
= 𝑏 ℓ − 𝛼෍

𝑥

෍

𝑦

𝛿𝑥,𝑦(ℓ)
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Step

Step 1

Step 2

Step3 

Step 4

Description

Input images

Forward pass

Backpropagation 

Update parameters

𝑎 0 = 𝑠𝑒𝑡 𝑜𝑓 𝑖𝑚𝑎𝑔𝑒 𝑝𝑖𝑥𝑒𝑙 𝑣𝑎𝑙𝑢𝑒𝑠

𝑧𝑥,𝑦 ℓ = 𝑤 ℓ ⋆ 𝑎𝑥,𝑦 ℓ − 1 + 𝑏(ℓ)

𝑎𝑥,𝑦 ℓ = ℎ 𝑧𝑥,𝑦 ℓ 𝑓𝑜𝑟ℓ = 1,2, … , 𝐿𝐶

𝛿𝑥,𝑦 ℓ = ℎ′ 𝑧𝑥,𝑦(ℓ) [𝛿𝑥,𝑦(ℓ + 1) ⋆ 𝑟𝑜𝑡180(𝑤 ℓ + 1) ]

𝑓𝑜𝑟 ℓ = 𝐿𝐶 − 1, 𝐿𝐶 − 2,… , 1

𝑤𝑙,𝑘 ℓ = 𝑤𝑙,𝑘 ℓ − 𝛼 𝛿𝑙,𝑘(ℓ) ⋆ 𝑟𝑜𝑡180(𝑎(ℓ − 1))

𝑏 ℓ = 𝑏 ℓ − 𝛼
𝛿𝐸

𝛿𝑏 ℓ
= 𝑏 ℓ − 𝛼෍

𝑥

෍

𝑦

𝛿𝑥,𝑦(ℓ)



CNNs: example

Purpose   image recognition

2 kernels of size 3x3, stride 1



Training Image Set Test Image Set

CNNs: example



𝒘𝟏 =
3.0132 1.1808 −0.0945
0.9718 0.7087 −0.9093
0.7193 0.0230 −0.8833

, 𝑏1 = −0.2290

𝒘𝟏 =
−0.7388 1.8832 4.1077
−1.0027 0.3908 2.0357
−1.2164 −1.1853 −0.1987

, 𝑏2 = −0.2834

CNNs: example


