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A Types of deformations

I Rigid (Rotation + Translatic
I Affine (Shear mapping)

I Projective/changing size

I Elastic/deformable/curved 1

A Deformed structures fine | Popee | coe?
I Points
I Curves
I Surfaces
I Intensities

\

Dr.! f I b & ®®&ical Image Registrationlhtroduction) [Centerfor researchin computervisior]
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Basics

Motivation for deformable image registration

Rigid registration is mostly only adequate for the
registration of images of the head

The human body can be considered rigid only to a
certaindegree (mostly only bones)

It undergoes no#rigid transformations (soft tissue
organs can change shape and size), that we have to
take into account for image registration (intpatient)

I Long time scale: weight loss, tumor reduction
I Short time scale: respiration, cardiac motion

Further application: create atlases/databases (inter
patient) in order to

i Create specific models for populations

I Find similarities among patients with the same
diseases

I Automatize segmentation
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o _ _ Non-parametric imag

Parametric Image registration registration

A Built on basis functions with A The deformation is
adjustable parameters calculated explicitly for

A The parameters will be every voxel

optimized on a certain grid A The corresponding
deformations are

and the deformation of any independent from one

arbitrary point will be another
Interpolated A Examples
A Examples I Demons Method
I ThinPlate Spline i DiffusionLike
i Elastic Body Spline Approaches
i B-Spline I Viscous Fluid Modeling

I Morphons Method

Kristy K. Brock, Image Processing in Radiation TherapyRres1SBN781439830178
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Displacement field

The DIR will be thansformation of coordinates
BijectivetransformationC homeomorphism

Homeomorphisms can be Vrepresented byiaplavcement field:
oOvD {wdg ©a hom w(®w (L MBh)}

We define the transformation
3 k) AO
W) ® O(w)

~
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https://en.wikipedia.org/wiki/Diffeomorphism
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Image warping
A An image defined on the original coordinate grid will be
warped together with the coordinate system

A Warping of a moving image by the displacement field
Oresults inv :

0(@ [&hOl(@ [az3](@ a(d OWw)
A h: representsvarping action ofOon &

A We definedd (&) so thatO(®) represents thaénverse
displacement

A Example:
I 0(®)is blue
i V(@) a (oo Oo(® ))
i O(®)inda has to point back to the blue pixeLl)
i 'O(w ) are the inverse displacements

I

(®)

https://en.wikipedia.org/wiki/Diffeomorphism
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Direct vs. inverse displacement
A Working with the inverse

motion is advantageous for the . ., > — .

interpolation

A forward displacement vectors:

moving image + displacement vectors

point from themoving image Warped image
to the warped image ?

C determine new pixel

coordinates + interpolation on

regular grid o -

A inverse displacement vectors:  _____ X ~""|““-~~T,,--n:’?f?injageitf’jﬂ?ii
point from thewarped image F7I / /11 T “l"\ l ﬁ
to the moving image
C just loop over the warped
image pixels and interpolate warped image + inverse displacement vectors

A Interpolation dependent: - —? |~ |f———t— |

i Nearest neighbor interpolation
i Linear interpolation
i {LXAYS AYUGSNLR{IOGAZ2Yy X

G.JanssensRegistration models for tracking organs and tumors in highly deformable anatomies: applications to radiotRéfapyesis, 2010
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Figure 3.2.: Forward and backward image warping. In the case of foward warping (A),
holes can occur in the warped image, marked in gray. Backward warping (B)
eliminates this problem since intensities at locations that do not coincide with
pixel coordinates can be obtained from the original image using an interpolation
scheme.

Schwarz, L. ANonrigid RegistratiorJsingFreeform DeformationsDiplomaThesis TWunic, 2007
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Scale space representation

Many image registrations are implemented in a coarse to fine approach (multiscale implementatior
Increases convergence, accuracy and stability/robustness and speed of the DIR

At each scale, more detail is added (large moveméntsoarse scale, small movememsfine scaley
Follows biological behavi@y larger structures move together, smaller structures more independently

To T To o

coarse

medium
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A causes unreasonable deformation

A We blur the images according to their
pixels size

Koo [oaimlw
") P A @[BB—w] O scale
Vg U o 6O

[ |
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Scale space representation
A Animage cannot just be subsampled:
-

A creates sharp edges & aliasing effects
“

Original Image Subsampled Image Subsampled Image with
preceding Gaussian filtering
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Field accumulation

A Working with different scales
creates successively finer
deformations, which need to be
added (accumulated) to the 7 A
previous results (2) Do (b) Di (¢) D16 D2

A First approach: Just adding the

vector components:
O O ©O

A Adding is inconsistent with the
composition of spatial
transformations and creates
unreasonable deformations, that
two successive deformations would
not create

A Still being in use for some
implementations

(d) X + Dy (€ X +(Di+D3)  (f) X + (D1 @ Dy)

(g) moving image m (h) mo (D1 + D2) (i) mo (D1 & D2)

Janssens et aDiffeomorphidRegistratiorof Imageswith VariableContrastEnhancementdnternational Journabf Biomedical Imaging, Volume 2011, (2010)
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Field accumulation

A We are searching for a field that
compresses the actions of two
fieldsO and’O applied
successively, into one field 7

A The second displacemeflt acts (a) D2 (b) D1 (c) D1o D2
on the manifold that was left
behind by the first displacemerit@

A 'O has to be warped b first:
O O 0hO
A 'O andO are still bothinverse

mappingA the order has to be
switched

O0Os O O 0hno

(d) X + Dy (€ X +(Di+D3)  (f) X + (D1 @ Dy)

(g) moving image m (h) mo (D1 + D2) (i) mo (D1 & D2)

Janssens et aDiffeomorphidRegistratiorof Imageswith VariableContrastEnhancementdnternational Journabf Biomedical Imaging, Volume 2011, (2010)
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Field accumulation
0Os O O 0~hnoO
A Reminder: —— —~ ]~ — =
I ahO daz3

) . ”
i )ADO (a) Do (b) Dy (c) Dy o Dy
A We get:

O OhO O 0Oz3

> ) A
3 23 ) A3z
3 23 ) A
0s 0O
(d) X + D2 (e) X + (D1 + D2) (f) X + (D1 & D2)

A Mathematically correct field
composition for inverse mapping:
08§00 323 )RA

) (g) moving image m  (h) mo (D1 + D3) (i) mo (D1 @ D3)

Janssens et aDiffeomorphidRegistratiorof Imageswith VariableContrastEnhancementdnternational Journabf Biomedical Imaging, Volume 2011, (2010)
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Spline basics

A Parametric interpolation between two points
. . 0 0
Bl AL D L L
A(GgF TP FO) 5 5T 3 o
L L

= I = I (a) Two points. (b) Three points.

oN [0 h ]
A Ifmt _ pandB _ p, the interpolated
line lies within the convex hull of the points

(c) Four points. (d) Five points.

(e) Five points. (f) Five points.

Figure 1.1. Some points on the line (1 — A)e1 + Aez and the corresponding values of A. Figure 1.3. Examples of convex hulls (shaded area) of points (black dots).

TomLyche KnutMgrken SplineMethodsDraft. Departmentof Informatics Universityof Oslo, 2008
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Spline basicg quadratic interpolation of 3 points

Giverd: it and4t
Parametersd o and(‘J
Construct the two straight lines:
AR(0) AR D)
A h (6) ‘(C‘Ellf F|J|If n‘) Fb ) (a) t=1(0,1,2). (b) t=1(0,0.5,2).
Form the weighted average:
NI© mLh{Lh%Lrp o o)

ORIV

(‘J 0
The parametric curva j (0), whereo

‘ \ . (¢) t=1(0,1,2). (d) t=1(0,0.5,2).
O O passes through all points:
A ﬁ (b ) j:f Figure 1.5. Some examples of quadratic interpolation.
A;(0) T

. (e L
A;(0) T
Can easily be generalized to an arbitrary number of points, but the complexity increase
drastically with the number of points

TomLyche KnutMgrken SplineMethodsDraft. Departmentof Informatics Universityof Oslo, 2008
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Spline basicg Béziercurves

A Béziercurves ensure that the interpolated
curve lies within the convex hull of the
control pointsik

A We apply the convex interpolation on
multiple levels

=i () wkOgri) (0 O O
=i (O =kO3rie) (0 O of
=i (0 =kOg Fir )

(P o () oy (O

(”p 0)JLJIIF ~C cpJL O)JIIE ° jt
w ﬁ (0)_Ir w F] (O)_Ir w ﬁ (O)_Ir Figure 1.11. Two examples of quadratic Bézier curves.

A Bernstein polynomial&y (0):

B o (® pm @ p
A Complexity increases fast with M %
A Composing low ordeBéziercurves strongly . N

depends on the control point:

(a)

Figure 1.10. A Bézier curve based on three points.

Figure 1.16. Different forms of continuity between two segments of a cubic Bézier curve.

TomLyche KnutMgrken SplineMethodsDraft. Departmentof Informatics Universityof Oslo, 2008
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Spline basicg Spline curves o
A We aim to have smooth convex interpolation Quadratic spline curves

that can be pieced together A We use the knots to overlap
Linear spline curves neighboring straight line connections
A Straight line connectiord®® [0 Mo ]): | A Spline based o#ff bk and4k requires
L EIL e 0 0O O fourknots o0 O O
<R o ok

6 0" o o' A Connectlt &4 : ksl AP D)

A Connect neighboring points by straight lines A Connectf & 3t : w03t RIE D 1O )

O

.\

é é
—0g R R b o
A d:"Q p8 ¢ (control points)
A 6dQ ¢8¢& phb o (knots/knot vector)

5o Po o o
O TR GEAOXEOA
© - O ; (0)

TomLyche KnutMarken SplineMethodsDraft. Departmentof Informatics Universityof Oslo, 2008

(200l 2L A e \ e N
-éoe}[v[rpto) oM [0f) A o~ [6Fd ]is now in both segments:
k05 P D o) oN [oho) convex combinatiody, quadratic curve:

=40t P Py [ P P )
oo st P 1 o)

O el e
—— =08t e 1P D)
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Spline basicg Spline curves

A We can now join the overlapping segments

b5l P L rp m b o) 5 o

=405 R R T PO 1D 1) o 0
é

= R RED PR R RO 0

A Similarly, we can write

O

A

' © N @6 5@©  9r0

i OEAOx E(

AT A

Figure 1.19. A quadratic spline curve (c) and its two polynomial segments (a) and (b).

TomLyche KnutMgrken SplineMethodsDraft. Departmentof Informatics Universityof Oslo, 2008
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Spline basicg Spline curve w0 s a0  ao
1 By® [\ Big® [\ By® [\ B [\ B 1 o o 0
} } } } Bo.zt But But
A The higher the order of the  °* | | | | 1o Bs® _ Bysl)
spline, the more neighboring ! § 3 § § | o
control points are included ‘ ‘ ‘ ‘ N
into each interpolation ‘ ‘ ‘ ‘
A The smoothness increases | | § | |
with the order of the spline . ‘ ‘ ‘ ‘ 0 ‘ ‘
. . 0 1 2 3 4 5 0 1 2 3 4 5
A Cubic Bsplines ‘ ‘
haveo
smoothness
Parameter interval
for curve segment:
'Ll I 77777777777 Pi1 @
4 — e Pi1,1 ()
F : e Pi2,1 ()
: : | ~mmmm e - Pi2 ()
; : |~ Pia,2(t)
—_ P O
t: 3 tlu 2 tln 1 t It s tI|+2 tl|+3

Schwarz, L.A.: Nengid registrationUsingFreeform Deformations DiplomaThesis, 2007
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Spline basicg B-Splines A Linear and quadratic-Bplines
oh m O
A The sum . o ) P
6r,(0 ¢ NMp o0 ¢
- - ©65O m TOEAOxEOA
] it includ o0 h m 0 p
can be rearranged to include : N of ‘
citly the control pointak 5@ B 0 @odhp 0
explicitly the control pointsk ) oh C 0 o
‘ . i i OEAO
- 67O N |
A To avoid having to find expressions of
A The basis spline functions, callBd 0 ; (0) for all"@alues, we map all of then
Splinesare defined recursively to [1ip] (Q [d])
0r(0 o
o o , = (0) 0 (06 P@f
6‘ o O ‘h (O)
0 o, ‘ i i
‘ 5 © A S:ub‘ch-Slene‘s.
0 0 00 (P 9IJ¢

0 (@ @ 1O
0 (o0 o0 o0 pPjo

Schwarz, L.A.: Nemgid registrationUsingFreeform Deformations DiplomaThesis, 2007
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Higher dimensional E5plines /[

A A bivariate spline function can be . | ° i ’
generated by replacing the control ~ * I y
points by another set of splines i .
-(O) 65O W p /AU ‘

(a) Univariate cubic spline curves trough a 1D sequence of control points that are not

_I K ) (U) 0 (U)_III;( ﬁ@ necessarily interpolated.

— (O1D) 6 (68  (DF('AP =

A Trivariatewith a set of 3D control points A

- (6P 50 W O WO O L

0 50 100 150 200 250 300

'|||:( Q mQ a hQ 8) (b) A few bivariate spline curves from a
A rQ l()J h,Q l[‘)J and .Q ll’) J patch on a 2D grid of control points.

Schwarz, L.A.: Nengid registrationUsingFreeform Deformations DiplomaThesis, 2007
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Fig. 3. Examples of B-spline approximation under different control lattice resolutions.
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The more knots we use, the closer the data can be approximated

Lee S.WolbergG.,andShin S. YScatteredData Interpolationwith Multilevel BSplineslIEEE Transactions dfsualizatiorand Computer Graphics, Vol.N&. 3, 1997
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B-Splines for DIR A The vectors on the control point grid ac
on a subset of the image and

A We subdivide the deformatiofjd(ciuhg) m deformation domain
(whwhy ) into rigid/global and fredorm ody k&
defovrrrvlation (FFD)/IovcavI transformativorls: wN m
%|(Mﬁ) J| (cduthd) J| (adhuthd) BN s

A 4 (ahud): rotation, translation, scaling A
shearlngC 12 DOF
1 (R

whas aspacingdi h H ) with 0
€ € € pointsin total

. . A The displacement vectors('GQQ) of I3
(:;) _ are located at the control grid

o \— o (AEQ) v (AEQ
A 4 (cfufd): Bsplines interpolate between §|:Ub'c(|‘3§!ov“,r)‘e Interpolation

the deformations, estimated on a coarser (o
rid (the control point grid v iz ez oo
9ima(ge domainn? e 0 ()0 (U)E (U)w
- displacement fieldogm . W((bQ hQ ahQ ¢)

M YD £ o@) o £ 7 |n a |7 en

Y

uh)dAI Salaal C;I O@aAlT AT T Cl 60

IEEE Transactions on Medical Imaging, VoNt&388, August 1999
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B-Spline: Displacement field generation

A To determine the transformation, we minimize a cost function, depending on a
similarity and a smoothness measure:

5 6 (@M (®) 5 @

A 6

I Compares the transformed imadH"(Ob)) to the static imagéQo )

I It increases with the similarity, hence the minus sign

i e.g:normalized mutual information (NMBA, 8 SS f | deltures SS | Qa
A 6

I provides regularization and increases smoothness

I e.g.: Diffusion normalization

o P ey
0 € 5 |« (QAAQ| |
hh
T Alternative: minimize curvature, i.e. second derivative
A Usually also implemented on multiple scales

- (AEQ| I - (|EEQ||

D | ) € WKes D. O Q10

IEEE Transactions on Medical Imaging, VoN&©88, August 1999
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Corresponding slices in two CT scans taken successively at different
breathmg stages (A’ B) - The difference 1mage l.)efore rengtI“dthIl (C) Figure 8.1.: Difference slice images before (left) and r (right) registering of the CT
illustrates the non-rigid character of deformations that occur naturally scans across breathing stages. The white areas in the left images are due to

in a body Deformable registration allows to precisely ldelltlfy vertical movement of org (in the direction of z in the ima, caused by
breathing. These movements are completely compensated by registration.

corresponding structures in the images.

chwarz, L.A.: NamgidregistrationUsingFreeform Deformations DiplomaThesis, 200



LUDWIG-
MAXIMILIANS-
UNIVERSITAT
MUNCHEN

CTFCT deformable image

registration using

parametric spline methods

A ThinPlate Spline (TPS)

A Elastic Body Spline (EBS)

A B-Spline with Mutual
Information (M)

Landmark reqistratio

S e Y P G H Ay WEmEE RN HH RS '.'.-'.'

seve FEEERRRE I "rre g - Ap ik BN R ®
e AL b FEA R (B @
el el e
.................... 05550 ®

Reference Image Moving Image Moving Image on
Reference Image

()

EBS-512 Landmarks

Kristy K. Brock, Image Processing in Radiation TherapyRres1SBN781439830178



LUDWIG-

MUNCHEN

MAXIMILIANS- |
UNIVERSITAT

16

14

12

10

=
<]
=1
L7
=1
g
£ s
&
2
5
¥
S
<

2 4 8 16 32 64 128 256 512
Number of landmarks used for TPS and EBS
-¢-TPS - EBS — -B-spline with MI

FIGURE 5.4 Average target registration error for each approach,
averaged over five cases.

140

Registration time (min)

FIGURE 5.6
cases.

Kristy K. Brock, Image Processing in Radiation TherapyRres1SBN781439830178

2 4 8 16 32 64 128 256 512
Number of landmarks used for TPS and EBS
-¢-TPS -®-EBS — -B-spline with MI

Registration time for each approach, averaged over five

Number
of
landmarks

32

128

TPS

EBS

512




Nonparametric DIR
Demons Method
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Thermodynamics & statistical physics in medical image processing
Concepts of thermodynamics and statistical physics have successfully been applied to image proc

Examples are: anisotropic filtering is analogous to solving the heat transport equation &
MI maximization:

Probabilitydistribution of the pixel values in
the imaged: n (W

Entropy of imag®

ad) B (@1 Ie®]

Joint probability distribution of the pixel
values in the image3 & 6: 1 ; (¢Ch0)

In general, one can write:

e g @@t (@

- o
A Joint entropy:
oBM) B gk @Y T(gk @RY) R
A Mutual information: 5 '
- Xoh) Q) 'A6) 'aohd)

MRI/MRI

o Do Po o Do Do

MRI/CT

"

MRI/PET

\

..

A =0mm A=2mm A=5mm
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al EgSftf Qa RSY2yia B A B
.. . O i @ o, o . e ®
AabEsSitoa RSYzyja @ N T “(K2dAKlo ~ | | o
experiment in the field of ®© 5 e o i
- : : o ~ =<0 - o O @ ©®
statistical physics, conceived by e o 5 ®
Maxwell in 1867 °e o ° o 1 ®. 4
Consider a mixture of two types of 5 O O |
e

o I

A
A

particles (originally hot and cool
particles) separated by a
semipermeable membrane Maxwell’s demons and a mixed gas.
LY (0KS YSYamdsy SO KINKS ONB ot S G2 RAAGAY
The demons ensure that

A particles of typea can only move from chamber B to A

A Particles of typd can only move from chamber A to B
This process would increase the order of the system, therefore decrease the total entro
and thusviolate the second law of thermodynamics
Solution of this paradox: The demons generate a greater amount of entropy to recogniz
particlesA the total entropy increases

Membrane with demons

Thirion Imagematchingasa diffusiionprocessananalogywith a I E ¢ Slénfork &ledical Image Analysis® 1998
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A The demons (effectors) sit at the interfaces and locally determine the appropriate
deformation
i def bl id . yoT T TS
A _The moving  “ETOTHEDEE &1 WO object in the deformed image
image can then \ 2
permeate the
interfaces

object boundary in the static image

Figure 1. Diffusing models: a deformed image, considered as a
deformable grid, is diffusing through the contours of the objects in
the static image, by the action of effectors, called demons, situated
in these interfaces.

Thirion Imagematchingasa diffusiionprocessananalogywith a I E ¢ Slénfork &ledical Image Analysis® 1998
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Attractor based models

Points attracted by the scene

L M
A Intuitive idea to approach Deformable model M
the concept of matching

A Analogy to gravitation:

i Any point0 in the deformable model is

attracted by all similar pointd @& the static
model3

I The corresponding attraction can be written as

g 7 U(Gﬁhjm_*’
) o e |%

-
-
£~

Scene S

> Line of attractors
0

i 0 (0hD Fesimilarity criterion
i ‘O(0R) Eefunction of distance
A Computationally vergxpensive! (£ )

C Possible solution: Limit the attractive force to t@éf 2a8Sa
(However; vengsusceptibled 2 G KS LINSOA a

w»
X0«
U
+H
>
\<. —_—

Thirion Imagematchingasa diffusiionprocessananalogywith a I E ¢ Slénfork &ledical Image Analysis® 1998
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Attractor based models

A The concept of distance is more relevant for
the matching of contours/surfaces

A Iterative closest point (ICP) methods

deformable contour

static image

Figure 8. Two different uses of the concept of demons. Left, in
‘anticipating snake’ for image segmentation; right, in a diffusing
model, used to perform image-to-image matching.

Levi,Gotsman D-Snake Image Registratioby AsSimilarAsPossibl&emplate DeformationEEE transactions on visualization and computer graphics 19.2 (2013)
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Demon based models

A Relies orpolarity (insideoutside) and
the ability to determine it
C sorts the image into inside &

outside
A Demons characteristics according to
Thirion
GAO0 LldzaKSa 0UKS Y2RSf
IS outside the model, and inward
gKSY A0 A& AYyaAaARSE
A[20FHtfé& RSUSNINAYSR
Intensity Intensity

g(p)

demon .

demon

i P Space P i Space

demons

deformable grid . \---"7--
RN \\

object boundary in the static image

6KSY Al

G T PeNgor$hige inside
Deformable model

Scene

Demons pushing outside

Thiriort Fast NorRigidMatchingof 3D Medical Image$Research Report] RE647, INRIA
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Demon based models
Example: rigid registration of two disks on one another

Q(\J\)\J\ﬁ

XV
Attractor- A
Based W)ﬂ N
Registration s

Demon

I
Based ' 99
Registration =

Thiriont Fast NorRigidMatchingof 3D Medical Image$Research Report] REb47, INRIA
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Demon based models
Example: rigid registration of two disks on one another

Attractor-
Based
Registration

Demon
Based
Registration

Thiriont Fast NorRigidMatchingof 3D Medical Image$Research Report] REb47, INRIA
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Possible Demong Optical flow

A

The optical flow describes the apparent
motion over time of objects, as seen by some
observer

Let Qo)) be the image brightness
(intensity) at the voxe{ahudn)) at time 6

The idea: A motion/displacement

(& 7 @ 7 ¢ | dbetween two frames
atoando 1 avill not change the image
brightness of any moving object in space

Assumption: the illumination is constant, i.e. a
moving object is as bright &dudn) as it is at
(@ Jaw ] 1aq)

Ansatz: L AN

"@c‘hv'mv:Fb) o | o ‘|oﬁx 1(3&‘) 10)| con NS

~~

///’-,‘—1-“1

rrrrrrr

i

///’//
/
/
7
i
\
A
\
N

SRR
N

Horn, SchunckDeterminingopticalflow. Artificial Intelligence 1980
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Possible Demong Optical flow Frame ab._ _Frame a1 D

A Ansatz:
‘CQohaigiy) Qo 1 o 1 1 B 1 Y
A We use the Taylor series and expand
o 1 tw 1 & 1 & 7 dabout the point
(Ghn): Llliiiiiiiiiiiiiiiiiiiiiii
"@.‘0 (1 dﬁb (1 d‘,}f]z] <] &) <] D‘) ...............................
'O 1O 'O 'O LIS I N

WA N AL,
Qo) — o 1w ~Sla —10o SRS A4S SIS RS S S ENERA
‘ Tw Tw ra ° To 133PH{E:::::::::::::;;;E‘\;:::::
v (@ QA hid hio ) 5:3iimt::::::::::g;x””':
s Y \\\\\q_\.ﬁ hhhhh - .
. . i . . : : l\\ l\\\\\\-.,-..-—---—--'-’fft’/// !I .
A Plug the expansion into the ansatz & dividg bg: : | {3\ 3NS=Torrrrrlld
: ‘ : " 8 SN vevanmassssssssl
T D! T T G T O S NN\ S vnamnssess77//) b
‘ \ e S DN NS sanaanaesss 0L
T ®o T G oT o T O NN
o e SN NN S e rsannnassss AR R R
A Define (U h ho ) G 0 &) G O NS L

-------------------------------

— T 10 oLl
ot O T_

Horn, SchunckDeterminingopticalflow. Artificial Intelligence 1980
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Possible Demong Optical flow

A We can apply the optical flow equation in order to calculate possible demons

A The static imag&Y(with intensity functioni ) and the moving imagé (with
intensity functiona ) are considered to be two frames of some optical motion

A & andi are separated by one unitoff A “iomw) L id & T
time: . T T A T
ro. | 1 C - —
o i« [ | [ i e
oy oy ’ 'Q (‘h’m’
A Thus, the velocitpcan be U1 li ' ‘ (e
determined through Y
P w (( a)fl
ot | a | i
A Solve via minimization of A However, the matrid is singular, i.e.
o) [t i @ a] AKD) =
A Linear LeasSquared Estimate (LLH)A C the system has no unique solution as
set the gradient ofO(®) to zero be expected
Aperture problem

Simoncellet al.: ProbabilityDistributionsof Optical Flow|EEE Conference on Computer Visiad Pattern Recognitionviauii, Hawaii, 1991
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Aperture problem

A Only motion perpendicular to the

iImage gradient can be estimated Possible V

E‘H)t i d i d | Aperture *
R e A . . erpendaicular '
W fATSE| | a i |PSP )
— to the edge, i.e.
‘ a i parallel to the A B \
v \/ gradient APERTURE PROBLEM
i i i

A The estimation of the optical flow

A Analogy: Th&arberpolélllusion: The /
perceived motion depends on the W ’

A Possible Solution: Add additional 4 / 4
constraints to the objective function |

underlies a certain ambiguity . 'IIIIII/
aperture
O(w), e.g. global smoothness



http://www.opticalillusion.net/optical-illusions/the-barber-pole-illusion/
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Possible Demong Optical flow

A We can also give a local formulaimfby applying an
appropriate constraint

A Afirst order approximation df at 0 is a hyperplane
through the point(0h (0))

A The corresponding surface normal points towards
(TP

A ®f i & idstates that the vectoi points along p
the 0" order approximation ofx (hyperplane through
(0hd (0))) to the intersection of the approximations 2D case / 7

(hyperplanes) ofi andi ,
I 1D case: only horizontal shifts (horizonim$) are / m/ \%

allowed

I The hyperplane throughis in 1D a line through / \‘

, Ai . =, e . S
| O e | |t i
w length of® ;
cxdifference betweeri andi ;

pa i |t p

Thirion Imagematchingasa diffusiionprocessananalogywith a I E ¢ Slénfork &ledical Image Analysis® 1998




LUDWIG- (} i
A .l
s N

MAXIMILIANS-
UNIVERSITAT
MUNCHEN

Possible Demong Optical flow intensity .
A

i 1Dcased [ | i|t|d

I Notice that if the gradient vanishes, we cannot
determine ai, as it would have to be infinitely long

I Note: the 1D case has no aperture problem

A In two or higher dimensions:
i 2D Gradienpointingonlyin wdirection: -
(v)t(y) & P

t 0 canbearbitrary .

I 3Dcase \07’

a @ |Ti|tetAT©S

t The angle—introduces the ambiguity

A Without any other information, we choose the shortest
i, along the gradient

Thirion Imagematchingasa diffusiionprocessananalogywith a I E ¢ Slénfork &ledical Image Analysis® 1998
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Possible Demong Optical flow

A Does this Demon follow our requirements?

i If& {,then the forcebpushes along’i (inwards)

i If& {,then the forcedpushes along i (outwards)
A Our solution is however unstable for small gradients
A Ideal case:

i The force should be givenlily (& i) i | i| forlarge gradients

I The force should be close to zero for small gradients

A Empirical solution: replack i | I"i] @
A One possible choicd (a i)
‘ G i)
@ _)! 4 14
| i @ D
A Does not diverge foggd i) © mor| i|©o m

Independent of the
absolute values of the
intensities:
d O a&
[ O "OXi
BO

Thirion Imagematchingasa diffusiionprocessananalogywith a I E ¢ Slénfork &ledical Image Analysis® 1998
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Some advanced Demons & i)*i

A Depending on the respective problem, there are some more
advanced Demons

A For specific situations, they perform better than others
For example:
Consider structures that exist inbut not ina

To 3>

It will cause a large displacememg)(as|d i|and i will be static image
large
C unreasonable deformation and/or dilation

A Unproblematic, if the structure is i@ but not ini
A expression oftois asymmetric

- .=, S, o, moving image
A Possible solutioni © ( i a)j g oving Imagex

- c(a 'l)(l a)

| b d

l a |

Thirion Imagematchingasa diffusiionprocessananalogywith a | E ¢ SIénfore Medical Image Analysis2 1998
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Some advanced Demons ; i)(*i *é()

A Again, we want to suppress the deformation, if either
gradient is close to zero or equal to zero

A We can introduce a similarity coefficientt " © i {0
(it
IR -
LT Al OA static image

A The gradient of the moving imaged ) has to be
recalculated/interpolated/deformed at every iteration
computationally cumbersome

EA T a T

A Alternative formulation only using & |, which limits the

_ Y moving imagex
deforming effects of dissimilar structures:

- @ i) i

(7 1Tal) (7 el o6 )

Thirion Imagematchingasa diffusiionprocessananalogywith a | E ¢ SIénfore Medical Image Analysis2 1998
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Demons Algorithm

A Iteratively calculate the SSD between the moving intagend
the static image

o @f) (a(+ °d) iH)

AN

A Calculate the displacement field and control the length with ar
additional parameter

@ i)
i @ i)
A Regularize the field (e.g. Gaussian smoothing)
A Multiscale implementation

(0

Kristy K. Brock, Image Processing in Radiation TherapyRres1SBN781439830178
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Demons Method
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Mol Demons Method s

Atlases Average of 10  Average of 10 patients
Reference Image  patients (matched) (w/o matching)




Nonparametric DIR
Morphons Algorithm
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Investigating CT to CBCT image registration for head and neck proton
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o Do Do Do D

The idea

One application is the registration of a higdsolution planning
CT (farbeam CT) with a lowesolution conebeam CT (CBCT)

multi-modal & intralLd- G A Sy G4 6as$$S trad 6S5810a t SO dNS 0
Usually only used for patient positioning prior to the radiation ‘

treatment P ‘ _,
Deformable registration enableslaptive radiotherapy g/

Metrics based on intensities/absolute values (CT numbers) (e.
crosscorrelation, mutual information) are not wedluited for a fan-beam CT cdream CT
PCTFCBCT registration

Plannlng CTpC'D After reglstration
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abc
FIGURE 4.27 (a) Woman. (b) Phase angle. (¢) Woman reconstructed using only the

hase angle. = =
P el o G OiAg®]

The phase angle contains almost all of the image details| Amplitudeo  J® ®
Phase Angle A O Aillw

Gonzalez, Wood®igital Image Processin(
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The phase angle of Fourier transforms
de f
FIGURE 4.27

(d) Woman reconstructed using
only the spectrum.

(e) Reconstruction using the
phase angle corresponding to th
woman and the spectrum
corresponding to the rectangle i
Fig. 4.24(a).

(f) Reconstruction using the
phase of the rectangle and the
spectrum of the woman

(b) Spectrum.

We can use the local phase
difference between two images in
order to calculate the deformation!

Q: How can we extract directional
displacement information from a
scalar phase difference?

A: Steerable filters!

FIGURE 4.24
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Steerable filters

Filter with angular asymmetry in the frequen@y
Imagedomain are steerable

Simple 2D example based on Gaussian filter:

o) AdBw )]

0l TT—(;qw’rb> cAADG @)

a b ¢
0y WY oAdB® )]
Afilter with an arbitrary orientation can be
d e f e

obtained through
© AT AN J =4 = % © J
O A I (_Q' O O E O Fig. 1. Example of steerable filters: (a) G?O first derivative with respect to
¢ (horizontal) of a Gaussian; (b) G$°°, which is G0°, rotated by 90°. From

Aﬂ Image"(j”tel’ed |n an arbltrary dlreCtlon can be linear combination of these two filters, one can create G‘l’, which is an

. s g . : arbitrary rotation of the first derivative of a Gaussian; (c) G8°°, f db
calculated given jus@iltered with the basis e ) T gy i derivative o) & Saussian; (€) G, formed by
. ] ] > ] N 3o 5GY + “5-G7i" . The same linear combinations used to synthesize G| from
.I:u nCtIOnS (Y O Z O Y O z m the basis filters will also synthesize the response of an image to G¢ from the

responses of the image to the basis filters; (d) image of circular disk; () G?O
(at a smaller scale than pictured above) convolved with the disk (d); () G?Oo
convolved with (d); (g) G$°° convolved with (d), obtained from} (image

Y AIBSY! OEHY I @)+ (mage ().

Freeman Adelson The DesigandUseof SteerabléeFilters.|IEEE Transactions on Pattern AnalgegMachinelntelligence Vol. 13No. 9, September 1991
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Steerable filters

A In general, a steerable filter can be writteA Substitute @i %9, rotated in addition by—

like (steering condition) or — into the steering condition
. - e, Multiply both sides by and integrate
Q (ww) Q(—5Q (cdw) overO %,

A Use the orthogonality relation from the

"Q(=): interpolation functions ) )
(= P Fourier series

"Q (ahw): basis filter

A Q: How many basis filtef® ) are "@0) e
necessaryo span alpossible rotations?

A We consider basis filters in polar D L
coordinatesi{ @ @ %o W Q. Qo
A &) that can be written like

@ 6y & ()0 v Q0 Q%1 g

A Repeatforall 6 & 0

Freeman Adelson The DesigandUseof SteerabléeFilters.|IEEE Transactions on Pattern AnalgegMachinelntelligence Vol. 13No. 9, September 1991
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Steerable filters

Example for the case of the steered

A Wegetfor 6 & 0: derivative of the Gaussian

& ()0 Q6 ()0 A Expansion of the base filter at 0
Q () Oahy) ¢ &
A For every norvanishingd (i) Twe can Qb cQ Al(W
divide by (i) and determine an equation for ¢ (@ Q )Ic
Q(-3, given the chosen—values A The two nonvanishing complex
A In matrix form exponentials of the cosine expansion
Q 'Q E Q % require two base functions
é é E & g S (‘Q ) ('Q Q )(Q (—})
P p E P & Q Q Q Q=
e é E é 0 (3 A For orthogonal filters— & —
Q Q E Q “I¢, Q= AlT(©Qand Q=
A (rows, where®d (i) 1 should be excludéd O E-D the matrix equation:
A If the original series Gt8i P69 has”Ynon- (‘Q ) (p é}(ﬁl G—))
vanishing® (i), then we need at leastybasis Q p ‘Y\OHKH

filter functions to steer the filter

Freeman Adelson The Desigand Useof Steerablerilters.|EEE Transactions on Pattern AnalgsgMachinelntelligence Vol. 13No. 9, September 1991
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Steerable filters
Examples of steerable filters with different
numbers of basis filters
G

A Second derivative of the Gaussian: aussian with higher order polynomlz
0y (o ol ) Oy (B dw)Ql
"O(i P49 0 (i 6y
[(272 - 2)Q r2Q r2Q |Q r(4a + 3br?)Q
A 3 nonvanishing values @b (i) r(4a + 3br?)Q
C 3 basis functions to steer the filter bQ bQ Q Juy
A — m— ¢dand— p A C 4basis functionsiecessary
x P ~ v [z
0 gle cAT(e(— )] SN (AR o

" A /\ G'zsj

-0.25 -0, 25

-0.5 ~0.5

-0.7% —0.75¢

R OR( (A1 AT 1y

Freeman Adelson The DesigandUseof SteerabléeFilters.|IEEE Transactions on Pattern AnalgegMachinelntelligence Vol. 13No. 9, September 1991
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Logletsc vector valued filters

For the multtimodal registration we
choose a filter functions that reduce
the importance of the respective
absolute intensities and focus more
on structures/edges, but also does
not create new structures

C bandpass filter

A filter DC component

A gradual decrease towards higher
frequencies

Quadrature filter pointing towards:

G0 ..e1®E1) YATD

Radial behavior

v Adel 1) 160 1
p £I_O m

O RAITOA
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Logletsc vector valued filters

A
A

A

A B ('E[ C%o)>

o) ...®1)ET) YWD

O()® AT @9 C intwo

(®1) AT @9:angle betweerd
andj

dimensions, 3 basis filters are
necessary

O E%o)
Conventionally one chooses 4 instead
of 3 basis filters, accepting some
redundancy )

%o H?

0.6

0.4

m Q o
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Logletsc vector valued filters

c = (10 +2/5)71/2

)T
)T
)T
)T
)T
)T

Figure 1: An icosahedron (one of the 5 Pla-
tonic polyhedra).

A In 3D, one can show that 5 filters pointing in 5
different directions into space are necessary
A Itis simpler to determine 6 vectors distributed
uniformly in space
A The orientations are given by the vectors
pointing to the vertices of Aemticosahedron
nm =c(a, 0, b
np=c(—a , 0, b
ng=c( b, a, 0
ng=c(b ,—a, 0
ns =c( 0, b, a
ng=c( 0, b ,—a
where:
a = 2
b= (1++5)

KnutssorH.: Representindg ocalStructureUsingTensors6th Scandinavia€onference on Image Analysis, Oinland1989
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Morphons algorithmc displacement field estimation

A The idea is to use at the local phased Local phase difference
difference of the warped and fixed 3% %o (GhQ %o (WQ

Images filtered in different directions A NN LT
to determine the directionality q@ (@ron (col’]g)

A Fixed imagéiltered in the'a A The quadrature filters are peaked around tl

frequency”

direction
n@ (. [o )W YD AQ[DI |< > | qg]
. r@to @ . )
A Analogous for the warped image A The corresponding dephasing along fte
A (d)l’g'f]g P filtered image is then

3%0 (&) " O(M)
( h) A The resulting displacement field minimizes
the objective functiorg

A We can write
A @10 b @AF0
with the phas&%. (WhQ) changes, § T .
depending on the edges g (M) AOCET [@("®O 3%)]
N

A Analogoudor %o (hQ L
A ©@ 6 (@Qid (dhQ, certainty map

G.JanssensRegistration models for tracking organs and tumors in highly deformable anatomies: applications to radiotRaipyesis, 2010
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p =m/16 p =7/4 2
' | ' | Original |
signal f | ]

0 10 20 3l 40 a0 G0 70 ao

o 1 oy S ﬁ
X/\—’—' ﬁj\ﬁ pzfr/lﬁz- .

1] 10 20 an 40 a0 G0 70 aa

b _
p = /s —

1] 10 20 30 40 50 G0 70 ao

The phase variation depends on the frequency level
C Requires a muliscale implementation

G.JanssensRegistration models for tracking organs and tumors in highly deformable anatomies: applications to radiotRéfapyesis, 2010
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M. Raller: Time trends in adaptive radiation therapy for head and neck caBeehelor Thesis LSParodj LMU Munich 2015



