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Basics

Chiara PaganelliςDeformableImage Registration (PolitecnicoDi Milano), 2016
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CǊƻƳ ƭŀǎǘ ǿŜŜƪΩǎ ƭŜŎǘǳǊŜ ςUnderlying registration outline



Basics

ÅTypes of deformations
ïRigid (Rotation + Translation)

ïAffine (Shear mapping)

ïProjective/changing size

ïElastic/deformable/curved

ÅDeformed structures
ïPoints

ïCurves

ïSurfaces

ïIntensities

Dr. ¦ƭŀǒ.ŀƐŎƤςMedical Image Registration I (Introduction) [Center for researchin computervision]
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CǊƻƳ ƭŀǎǘ ǿŜŜƪΩǎ ƭŜŎǘǳǊŜ



Basics

Å Rigid registration is mostly only adequate for the 
registration of images of the head 

Å The human body can be considered rigid only to a 
certain degree (mostly only bones)

Å It undergoes non-rigid transformations (soft  tissue 
organs can change shape and size), that we have to 
take into account for image registration (intra-patient)

ï Long time scale: weight loss, tumor reduction

ï Short time scale: respiration, cardiac motion

Å Further application: create atlases/databases (inter-
patient) in order to

ï Create specific models for populations

ï Find similarities among patients with the same 
diseases 

ï Automatize  segmentation 

AshburnerJ., FristonK. J.: Rigid Body Registration (http://www.fil.ion.ucl.ac.uk/spm/doc/books/hbf2/pdfs/Ch2.pdf)
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Motivation for deformable image registration



Basics

Parametric image registration

ÅBuilt on basis functions with 
adjustable parameters

ÅThe parameters will be 
optimized on a certain grid 
and the deformation of any 
arbitrary point will be 
interpolated

ÅExamples

ïThin-Plate Spline

ïElastic Body Spline

ïB-Spline

Non-parametric image 
registration

ÅThe deformation is 
calculated explicitly for 
every voxel

ÅThe corresponding 
deformations are 
independent from one 
another

ÅExamples

ïDemons Method

ïDiffusion-Like 
Approaches

ïViscous Fluid Modeling

ïMorphons Method
Kristy K. Brock, Image Processing in Radiation Therapy, CRC Press,ISBN: 9781439830178
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Basics

https://en.wikipedia.org/wiki/Diffeomorphism
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Displacement field
Å The DIR will be a transformation of coordinates 

Å Bijectivetransformation Č homeomorphism

Å Homeomorphisms can be represented by a displacement field:
Ὀᶰם ὠȡᴙ ᴼᴙȟὢᵐὠὢ ὺȟȣȟὺ

Å We define the transformation
ɝὢ ḳ)ÄὈ
ɝὢ ὢ Ὀὢ

ὢ ὢ Ὀὢ



Basics

https://en.wikipedia.org/wiki/Diffeomorphism
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Image warping
Å An image defined on the original coordinate grid will be 

warped together with the coordinate system

Å Warping of a moving image άby the displacement field 
Ὀresults in ύ:

ύὢ άẖὈ ὢ ά ɝʐ ὢ ά ὢ Ὀὢ

Å ẖ: represents warping action of Ὀon ά

Å We defined ύὢ so that Ὀὢ represents the inverse 
displacement

Å Example:

ïύὢ is blue

ïύὢ ά ὢ Ὀὢ

ïὈὢ in άhas to point back to the blue pixel

ïὈὢ are the inverse displacements 

ύὢ

άὢ

ύὢ

ὢ

ὢ Ὀὢ

Ὀὢ



Basics

G. Janssens: Registration models for tracking organs and tumors in highly deformable anatomies: applications to radiotherapy.PhD thesis, 2010
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Direct vs. inverse displacement
Å Working with the inverse 

motion is advantageous for the 
interpolation

Å forward displacement vectors:
point from the moving image 
to the warped image
Č determine new pixel 
coordinates + interpolation on 
regular grid

Å inverse displacement vectors: 
point from the warped image 
to the moving image
Č just loop over the warped 
image pixels and interpolate

Å Interpolation dependent:
ï Nearest neighbor interpolation

ï Linear interpolation

ï {ǇƭƛƴŜ ƛƴǘŜǊǇƻƭŀǘƛƻƴ Χ
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Schwarz, L. A.: Non-rigid Registration UsingFree-form Deformations. DiplomaThesis TU Munic, 2007
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Direct vs. inverse displacement



Basics
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Scale space representation

Å Many image registrations are implemented in a coarse to fine approach (multiscale implementation)

Å Increases convergence, accuracy and stability/robustness and speed of the DIR

Å At each scale, more detail is added (large movements Ą coarse scale, small movements Ą fine scales)

Å Follows biological behavior Ą larger structures move together, smaller structures more independently



Basics

M. Rädler: Time trends in adaptive radiation therapy for head and neck cancer.Bachelor Thesis ςLS Parodi, LMU Munich 2015
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Scale space representation
Å An image cannot just be subsampled: 
Ą creates sharp edges & aliasing effects 
Ą causes unreasonable deformation

Å We blur the images according to their 
pixels size
█ὢȟὸ Ὢz Ὣẗȟὸ ὢ

Ὣὢȟὸ
ρ

ς“ὸ
ÅØÐ

В ὼ

ςὸ

Original Image Subsampled Image Subsampled Image with 
preceding Gaussian filtering

ὸ: scale
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Janssens et al.: DiffeomorphicRegistration of Images with Variable ContrastEnhancements. International Journal of Biomedical Imaging, Volume 2011, (2010)
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Field accumulation
Å Working with different scales 

creates successively finer 
deformations, which need to be 
added (accumulated) to the 
previous results 

Å First approach: Just adding the 
vector components:

Ὀ Ὀ Ὀ

Å Adding is inconsistent with the 
composition of spatial 
transformations and creates 
unreasonable deformations, that 
two successive deformations would 
not create 

Å Still being in use for some 
implementations
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Janssens et al.: DiffeomorphicRegistration of Images with Variable ContrastEnhancements. International Journal of Biomedical Imaging, Volume 2011, (2010)
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Field accumulation
Å We are searching for a field Ὀthat 

compresses the actions of two 
fields Ὀ and Ὀ applied 
successively, into one field

Å The second displacement Ὀ acts 
on the manifold that was left 
behind by the first displacement Ὀ

Å Ὀ has to be warped by Ὀ first:
Ὀ Ὀ Ὀ ẖὈ

Å Ὀ and Ὀ are still both inverse 
mappingĄ the order has to be 
switched 

ὈṥὈ Ὀ Ὀ ẖὈ
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Janssens et al.: DiffeomorphicRegistration of Images with Variable ContrastEnhancements. International Journal of Biomedical Imaging, Volume 2011, (2010)
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Field accumulation

ὈṥὈ Ὀ ὈẖὈ

Å Reminder: 

ïάẖὈ ά ɝʐ

ïɝ )ÄὈ

Å We get:
Ὀ ὈẖὈ Ὀ Ὀ ɝʐ
Ὀ Ὀ ẖὈ ɝ )Ä
Ὀ Ὀ ẖὈ ɝ ɝʐ )Äʐɝ
Ὀ Ὀ ẖὈ ɝ ɝʐ )Ä
Ὀ ὈẖὈ ὈṥὈ

Å Mathematically correct field 
composition for inverse mapping:
ὈṥὈ ɝ ɝʐ )Ä

ïὈṥπ πṥὈ Ὀ

ï ὈṥὈ ṥὈ
Ὀṥ Ὀ ṥὈ



Parametric DIR
B-Spline Method
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B-Spline Method

Tom Lyche, Knut Mørken: SplineMethodsDraft. Department of Informatics, University of Oslo, 2008
19

Spline basics

Å Parametric interpolation between two points

▲ὸȿ╬ȟ╬Ƞὸȟὸ
ὸ ὸ

ὸ ὸ
╬

ὸ ὸ

ὸ ὸ
╬

▲ὸȿ╬ȟ╬Ƞὸȟὸ ‗╬ ‗╬
ὸɴ ὸȟὸ

Å If π ‗ ρand В‗ ρ, the interpolated 
line lies within the convex hull of the points



B-Spline Method

Å Given ╬ȟ╬ and ╬

Å Parameters ὸȟὸand ὸ

Å Construct the two straight lines:
▲ȟ ὸ ▲ὸȿ╬ȟ╬Ƞὸȟὸ
▲ȟὸ ▲ὸȿ╬ȟ╬Ƞὸȟὸ

Å Form the weighted average:
▲ȟὸ ▲ὸȿ╬ȟ╬ȟ╬Ƞὸȟὸȟὸ

▲ȟὸ
ὸ ὸ

ὸ ὸ
▲ȟὸ

ὸ ὸ

ὸ ὸ
▲ȟὸ

Å The parametric curve ▲ȟὸ, where ὸ
ὸ ὸpasses through all points:

▲ȟὸ ╬
▲ȟὸ ╬

▲ȟὸ ╬

Tom Lyche, Knut Mørken: SplineMethodsDraft. Department of Informatics, University of Oslo, 2008
20

Spline basics ςquadratic interpolation of 3 points

Å Can easily be generalized to an arbitrary number of points, but the complexity increases 
drastically with the number of points



B-Spline Method

Å Béziercurves ensure that the interpolated 
curve lies within the convex hull of the 
control points╬

Å We apply the convex interpolation on 
multiple levels
▬ȟὸ ▬ὸȿ╬ȟ╬ ρ ὸ╬ ὸ╬
▬ȟὸ ▬ὸȿ╬ȟ╬ ρ ὸ╬ ὸ╬

▬ȟὸ ▬ὸȿ╬ȟ╬ȟ╬

▬ȟὸ ρ ὸ▬ȟὸ ὸ▬ȟὸ

▬ȟὸ ρ ὸ ╬ ςὸρ ὸ╬ ὸ╬

▬ȟὸ ὦȟ ὸ╬ ὦȟ ὸ╬ ὦȟὸ╬

Å Bernstein polynomials ὦȟ ὸ; 

В ὦȟ ὸ ρ, π ὦȟ ὸ ρ

Å Complexity increases fast with Ὠ

Å Composing  low order Béziercurves strongly 
depends on the control points ╬

21
Tom Lyche, Knut Mørken: SplineMethodsDraft. Department of Informatics, University of Oslo, 2008

Spline basics ςBéziercurves



B-Spline Method

Å We aim to have smooth convex interpolation 
that can be pieced together

Linear spline curves

Å Straight line connection (ὸɴ ὸȟὸ ):

▬ὸȿ╬ȟ╬Ƞὸȟὸ
ὸ ὸ

ὸ ὸ
╬

ὸ ὸ

ὸ ὸ
╬

Å Connect neighboring points by straight lines

█ὸ

▬ὸȿ╬ȟ╬Ƞὸȟὸ

▬ὸȿ╬ȟ╬Ƞὸȟὸ
ể

▬ὸȿ╬ ȟ╬Ƞὸȟὸ ȟ

ὸɴ ὸȟὸ

ὸɴ ὸȟὸ
ể

ὸɴ ὸȟὸ

Å ╬: Ὥ ρȣὲ(control points)

Å ὸȡὭ ςȣὲ ρȟὸ ὸ (knots/knot vector)

ὄȟὸ
ρȟ
πȟ
ὸ ὸ ὸ
ÏÔÈÅÒ×ÉÓÅ

█ὸ ▬ȟὄȟὸ

Quadratic spline curves

Å We use the knots to overlap 
neighboring straight line connections

Å Spline based on ╬ȟ╬ and ╬ requires 
four knots ὸ ὸ ὸ ὸ

Å Connect ╬& ╬: ▬ὸȿ╬ȟ╬Ƞὸȟὸ

Å Connect ╬& ╬: ▬ὸȿ╬ȟ╬Ƞὸȟὸ

Å ὸɴ ὸȟὸ is now in both segments: 
convex combination Ą quadratic curve:
▬ὸȿ╬ȟ╬ȟ╬Ƞὸȟὸȟὸȟὸ
ὸ ὸ

ὸ ὸ
▬ὸȿ╬ȟ╬Ƞὸȟὸ

ὸ ὸ

ὸ ὸ
▬ὸȿ╬ȟ╬Ƞὸȟὸ

22

Spline basics ςSpline curves

Tom Lyche, Knut Mørken: SplineMethodsDraft. Department of Informatics, University of Oslo, 2008



B-Spline Method

Å We can now join the overlapping segments

█ὸ

▬ὸȿ╬ȟ╬ȟ╬Ƞὸȟὸȟὸȟὸ

▬ὸȿ╬ȟ╬ȟ╬Ƞὸȟὸȟὸȟὸ
ể

▬ὸȿ╬ ȟ╬ ȟ╬Ƞὸ ȟὸȟὸ ȟὸ ȟ

ὸ ὸ ὸ
ὸ ὸ ὸ

ể
ὸ ὸ ὸ

Å Similarly, we can write

█ὸ ὴȟὸὄȟὸ

Tom Lyche, Knut Mørken: SplineMethodsDraft. Department of Informatics, University of Oslo, 2008
23

Spline basics ςSpline curves

ὄȟ ὸ
ρȟ
πȟ
ὸ ὸ ὸ
ÏÔÈÅÒ×ÉÓÅ



B-Spline Method

Schwarz, L.A.: Non-rigid registrationUsingFree-form Deformations, DiplomaThesis, 2007
24

Spline basics ςSpline curves

Å The higher the order of the 
spline, the more neighboring 
control points are included 
into each interpolation

Å The smoothness increases 
with the order of the spline

Å Cubic B-splines 
have ὅ
smoothness



B-Spline Method

Å The sum

▬ ὸ ▬ȟ ὸὄȟὸ

can be rearranged to include 
explicitly the control points ╬

Å The basis spline functions, called B-
Splinesare defined recursively
ὄȟ ὸ
ὸ ὸ

ὸ ὸ
ὄȟ ὸ

ὸ ὸ

ὸ ὸ
ὄ ȟ ὸ

Å Linear and quadratic B-Splines

ὄȟὸ
ὸȟ
ς ὸȟ
πȟ

π ὸ ρ
ρ ὸ ς
ÏÔÈÅÒ×ÉÓÅ

ὄȟὸ
ρ

ς

ὸȟ

ςὸ φὸσȟ

σ ὸȟ
πȟ

π ὸ ρ
ρ ὸ ς
ς ὸ σ
ÏÔÈÅÒ×ÉÓÅ

Å To avoid having to find expressions of 
ὄȟ ὸfor all Ὥ-values, we map all of them 
to πȟρ (Ὥ ὸ) 

▬ ὸ ὄ ὸ Ὥ╬

Å CubicB-Splines:
ὄ ὸ ϳρ ὸ φ
ὄ ὸ ϳσὸ φὸ τ φ
ὄ ὸ ϳσὸ σὸ σὸρ φ
ὄ ὸ ϳὸ φ 25

Spline basics ςB-Splines

Schwarz, L.A.: Non-rigid registrationUsingFree-form Deformations, DiplomaThesis, 2007

▬ ὸ ὄȟ ὸ╬



B-Spline Method

Å A bivariate spline function can be 
generated by replacing the control 
points by another set of splines

▬ όȟὺ ὄȟ ό╬ ὺ

╬ ὺ ὄȟ ὺ╬ὭȟὮ

ᵼ▬ όȟὺ ὄȟ όὄȟ ὺ╬ὭȟὮ

Å Trivariatewith a set of 3D control points

Å Ὥ όȟὮ ὺand Ὧ ύ

26
Schwarz, L.A.: Non-rigid registrationUsingFree-form Deformations, DiplomaThesis, 2007

Higher dimensional B-Splines

▬ όȟὺȟύ ὄ ό Ὥὄ ὺ Ὦὄ ύ Ὧ

ẗ╬Ὥ ὰȟὮ άȟὯ ὲ



B-Spline Method

Lee S., WolbergG., andShin S. Y.: ScatteredData Interpolation with Multilevel B-Splines. IEEE Transactions on VisualizationandComputer Graphics, Vol. 3 No. 3, 1997
27

The more knots we use, the closer the data can be approximated

Higher dimensional B-Splines



B-Spline Method

Å We subdivide the deformation ╣ȡὼȟώȟᾀᵐ
ὼȟώȟᾀ into  rigid/global and free-form 

deformation (FFD)/local transformations:
╣ὼȟώȟᾀ ╣ ὼȟώȟᾀ ╣ ὼȟώȟᾀ

Å ╣ ὼȟώȟᾀ: rotation, translation, scaling 

shearing Č 12 DOF
╣ ὼȟώȟᾀ

— — —
— — —
— — —

ὼ
ώ
ᾀ

—
—
—

Å ╣ ὼȟώȟᾀ: B-splines interpolate between 
the deformations, estimated on a coarser 
grid (the control point grid)
- image domain: ɱ
- displacement field: όȡɱ ᴙ
Ὕȡɱ ɱȠὝ╧ ╧ ό╧

Å The vectors on the control point grid act 
on a subset of the image and 
deformation domain

όȡɰ ɮ
ɰᶰɱ
ɮᶰᴙ

Å ɰhas a spacing of ίȟίȟί with ὔ

ὲ ὲ ὲ points in total

Å The displacement vectors ⱴὭȟὮȟὯ of ɮ
are located at the control grid

ό‪ὭȟὮȟὯ ⱴὭȟὮȟὯ

Å Cubic B-Spline Interpolation
╣ ὼȟώȟᾀ

ὄ όὄ ὺὄ ύ

RueckertD., LonodaL. I., Hayes C., Hill D. L. G., Leach M. O., andHawkes D. J.: NonrigidRegistration UsingFree-Form Deformations: Applicationto BreastMR Images. 
IEEE Transactions on Medical Imaging, Vol. 18, No. 8, August 1999

28

B-Splines for DIR

ẗⱴὭ ὰȟὮ άȟὯ ὲ

ό
ὼ

ί

ὼ

ί
Ƞ

ὺȟύȡÁÎÁÌÏÇÏÕÓ

Ὥ
ὼ

ί
ρȠ

ὮȟὯȡÁÎÁÌÏÇÏÕÓ



B-Spline Method

Å To determine the transformation, we minimize a cost function, depending on a 
similarity and a smoothness measure:

ὅ ὅ Ὅὸȟ╣Ὅὸ ‗ὅ ╣

Å ὅ

ï Compares the transformed image ╣Ὅὸ to the static image Ὅὸ

ï It increases with the similarity, hence the minus sign

ï e.g.: normalized mutual information (NMI) ĄǎŜŜ ƭŀǎǘ ǿŜŜƪΩǎ lecture

Å ὅ

ï provides regularization and increases smoothness

ï e.g.: Diffusion normalization

ὅ ╣
ρ

ὔ
ȟȟ

​• ὭȟὮȟὯ ​• ὭȟὮȟὯ ​• ὭȟὮȟὯ

ï Alternative: minimize curvature, i.e. second derivative

Å Usually also implemented on multiple scales

29

B-Spline: Displacement field generation

RueckertD., LonodaL. I., Hayes C., Hill D. L. G., Leach M. O., andHawkes D. J.: NonrigidRegistration UsingFree-Form Deformations: Applicationto BreastMR Images. 
IEEE Transactions on Medical Imaging, Vol. 18, No. 8, August 1999



B-Spline Method

30
Schwarz, L.A.: Non-rigid registrationUsingFree-form Deformations, DiplomaThesis, 2007

B-Splines DIR applied to respiratory motion



B-Spline Method

Kristy K. Brock, Image Processing in Radiation Therapy, CRC Press,ISBN: 9781439830178
31

CT-CT deformable image 
registration using 
parametric spline methods
ÅThin-Plate Spline (TPS)
ÅElastic Body Spline (EBS)
ÅB-Spline with Mutual 

Information (MI) 

Landmark registration



B-Spline Method

Kristy K. Brock, Image Processing in Radiation Therapy, CRC Press,ISBN: 9781439830178
32
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Non-parametric DIR
Demons Method



Å Concepts of thermodynamics and statistical physics have successfully been applied to image processing

Å Examples are: anisotropic filtering is analogous to solving the heat transport equation & 
MI maximization:

Å Probability distribution of the pixel values in 
the image ὃ: ὴ ὥ

Å Entropy of image ὃ
Ὄὃ В ὴ ὥÌÏÇὴ ὥ

Å Joint probability distribution of the pixel 
values in the images ὃ& ὄ: ὴȟ ὥȟὦ

Å In general, one can write:
ὴȟ ὥȟὦ ὴȿ ὥȿὦẗὴ ὦ

ὴȟ ὥȟὦ ὴȿ ὦȿὥẗὴ ὥ

Å Joint entropy:

Ὄὃȟὄ Вȟὴȟ ὥȟὦẗÌÏÇὴȟ ὥȟὦ

Å Mutual information:
-)ὃȟὄ Ὄὃ Ὄὄ Ὄὃȟὄ

Demons Method

Maes et al.: Multimodality Image Registration byMaximizationof Mutual Information. IEEE Trans. Med. Imag. 16-2, 1997
34

Thermodynamics & statistical physics in medical image processing



Thirion: Image matchingasa diffusiionprocess: an analogywith aŀȄǿŜƭƭΨǎdemons. Medical Image Analysis 2-3, 1998
35

aŀȄǿŜƭƭΩǎ ŘŜƳƻƴǎ

Demons Method

ÅaŀȄǿŜƭƭΩǎ ŘŜƳƻƴǎ ŀǊŜ ŀ ǘƘƻǳƎƘǘ 
experiment in  the field of 
statistical physics, conceived by 
Maxwell in 1867

Å Consider a mixture of two types of
particles (originally hot and cool
particles) separated by a 
semipermeable membrane

ÅLƴ ǘƘŜ ƳŜƳōǊŀƴŜ ŀǊŜ άdemonsέ ǘƘŀǘ ŀǊŜ ŀōƭŜ ǘƻ ŘƛǎǘƛƴƎǳƛǎƘ ōŜǘǿŜŜƴ ǘƘŜ ǘǿƻ ǇŀǊǘƛŎƭŜǎ
Å The demons ensure that 
Å particles of type a can only move from chamber B to A 
Å Particles of type b can only move from chamber A to B

Å This process would increase the order of the system, therefore decrease the total entropy 
and thus violate the second law of thermodynamics

Å Solution of this paradox: The demons generate a greater amount of entropy to recognize the 
particles Ą the total entropy increases

a

b



Demons Method

36

¢ƘŜ ƛŘŜŀ ōŜƘƛƴŘ ŘŜƳƻƴΩǎ ŀƭƎƻǊƛǘƘƳ

Å hōƧŜŎǘΩǎ ŜŘƎŜǎ ŀǊŜ ŎƻƴǎƛŘŜǊŜŘ ǘƻ ōŜ ǘƘŜ ǎŜƳƛǇŜǊƳŜŀōƭŜ ƳŜƳōǊŀƴŜǎ

Å The demons (effectors) sit at the interfaces and locally determine the appropriate 
deformation 

Å The moving 
image can then 
permeate the 
interfaces 

Thirion: Image matchingasa diffusiionprocess: an analogywith aŀȄǿŜƭƭΨǎdemons. Medical Image Analysis 2-3, 1998



Demons Method

37

Attractor based models

Å Intuitive idea to approach
the concept of matching

Å Analogy to gravitation:

ï Any point ὖin the deformable model -is
attracted by all similar points ὖᴂin the static 
model 3

ï The corresponding attraction can be written as

ᴆὪὖ

ᶰ

ὑὖȟὖᴂ

Ὀὖȟὖᴂ
ὖὖᴂ

ïὑὖȟὖᴂ: similarity criterion

ïὈὖȟὖᴂ: function of distance

Å Computationally very expensive ַײὲ
Č Possible solution: Limit the attractive force to the άŎƭƻǎŜǎǘ ŀƴŘ Ƴƻǎǘ ǎƛƳƛƭŀǊέ ὖ
(However; very susceptible ǘƻ ǘƘŜ ǇǊŜŎƛǎŜ ŘŜŦƛƴƛǘƛƻƴǎ ƻŦ άŎƭƻǎŜέ ŀƴŘ άǎƛƳƛƭŀǊέ)

Thirion: Image matchingasa diffusiionprocess: an analogywith aŀȄǿŜƭƭΨǎdemons. Medical Image Analysis 2-3, 1998

ὖ

ὖᴂ



Demons Method
Attractor based models

Å The concept of distance is more relevant for 
the matching of contours/surfaces

Å Iterative closest point (ICP) methods

Levi, Gotsman: D-Snake: Image Registration byAs-Similar-As-PossibleTemplate Deformation. IEEE transactions on visualization and computer graphics 19.2 (2013)
38



Demons Method

39

Demon based models

Å Relies on polarity (inside-outside) and 
the ability to determine it
Č sorts the image into inside & 
outside

Å Demons characteristics according to 
Thirion:
άƛǘ ǇǳǎƘŜǎ ǘƘŜ ƳƻŘŜƭ ƻǳǘǿŀǊŘ ǿƘŜƴ ƛǘ 
is outside the model, and inward 
ǿƘŜƴ ƛǘ ƛǎ ƛƴǎƛŘŜέ

Å [ƻŎŀƭƭȅ ŘŜǘŜǊƳƛƴŜŘ άŦƻǊŎŜέ

Thirion: Fast Non-Rigid Matchingof 3D Medical Images.[Research Report] RR-2547, INRIA



Demons Method

40

Demon based models
Example: rigid registration of two disks on one another

Thirion: Fast Non-Rigid Matchingof 3D Medical Images.[Research Report] RR-2547, INRIA

Attractor-
Based
Registration

Demon-
Based
Registration



Demons Method
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Demon based models
Example: rigid registration of two disks on one another

Thirion: Fast Non-Rigid Matchingof 3D Medical Images.[Research Report] RR-2547, INRIA

Attractor-
Based
Registration

Demon-
Based
Registration



Demons Method
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Possible Demons ςOptical flow

Å The optical flow describes the apparent 
motion over time of objects, as seen by some 
observer

Å Let Ὅὼȟώȟᾀȟὸbe the image brightness 
(intensity) at the voxel ὼȟώȟᾀat time ὸ

Å The idea: A motion/displacement
ὼ ὼȟώ‏ ώȟᾀ‏  ᾀbetween two frames‏

at ὸand ὸ ὸwill not‏ change the image 
brightness of any moving object in space

Å Assumption: the illumination is constant, i.e. a 
moving object is as bright at ὼȟώȟᾀas it is at 
ὼ ὼȟώ‏ ώȟᾀ‏ ᾀ‏

Å Ansatz:

Ὅὼȟώȟᾀȟὸ Ὅὼ ὼȟώ‏ ώȟᾀ‏ ᾀȟὸ‏ ὸ‏

Horn, Schunck: Determiningopticalflow. Artificial Intelligence, 1980

Frame at ὸ: Frame at ὸ :ὸ‏

Optical Flow:
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Possible Demons ςOptical flow

Å Ansatz:

Ὅὼȟώȟᾀȟὸ Ὅὼ ὼȟώ‏ ώȟᾀ‏ ᾀȟὸ‏ ὸ‏

Å We use the Taylor series and expand 
Ὅὼ ὼȟώ‏ ώȟᾀ‏ ᾀȟὸ‏  ὸabout the point‏
ὼȟώȟᾀȟὸ:
Ὅὼ ὼȟώ‏ ώȟᾀ‏ ᾀȟὸ‏ ὸ‏

Ὅὼȟώȟᾀȟὸ
‬Ὅ

‬ὼ
ὼ‏

‬Ὅ

‬ώ
ώ‏

‬Ὅ

‬ᾀ
ᾀ‏

‬Ὅ

‬ὸ
ὸ‏

ײַ ώ‏ὼȟ‏ ȟ‏ᾀ ȟ‏ὸ

Å Plug the expansion into the ansatz & divide by ‏ὸ
‬Ὅ

‬ὼ

ὼ‏

ὸ‏

‬Ὅ

‬ώ

ώ‏

ὸ‏

‬Ὅ

‬ᾀ

ᾀ‏

ὸ‏

‬Ὅ

‬ὸ

Å Define ᴆὺ ὺȟὺȟὺ ϳ‏ὼ‏ὸȟ ϳ‏ώ‏ὸȟ ϳ‏ᾀ‏ὸ

ᴆὺẗ​Ὅ
‬Ὅ

‬ὸ

Horn, Schunck: Determiningopticalflow. Artificial Intelligence, 1980

Frame at ὸ: Frame at ὸ :ὸ‏

Optical Flow:
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Possible Demons ςOptical flow

Å We can apply the optical flow equation in order to calculate possible demons

Å The static image Ὓ(with intensity function ί) and the moving image ὓ (with 
intensity function ά) are considered to be two frames of some optical motion

Simoncelliet al.: ProbabilityDistributionsof Optical Flow.IEEE Conference on Computer Vision andPattern Recognition, Mauii, Hawaii, 1991

Å άand ίare separated by one unit of 
time:

‬Ὅ

‬ὸ
ί ά

Å Thus, the velocity ᴆὺcan be 
determined through

ᴆὺẗ​ί ά ί

Å Solve via minimization of

Ὁᴆὺ ᴆὺẗ​ί ί ά

Å Linear Least-Squared Estimate (LLSE) ς
set the gradient of Ὁᴆὺ to zero

Å ​ẗὉᴆὺ ╜ẗᴆὺ ὦ π

╜

ί ίί ίί

ίί ί ίί

ίί ίί ί

ὦ ί ά

ί
ί
ί

Å However, the matrix ╜ is singular, i.e. 
ÄÅÔ╜ π

Å Č the system has no unique solution as to 
be expected
Aperture problem

ί
‬ί

‬Ὥ
Ὥ ὼȟώȟᾀ
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Aperture problem

Å Only motion perpendicular to the 
image gradient can be estimated

ᴆὺẗ​ί ά ί

ᴆὺẗÃÏÓ—ẗ​ί ά ί

ὺ
ά ί

ί ί ί

Å The estimation of the optical flow 
underlies a certain ambiguity 

Å Analogy: The BarberpoleIllusion: The 
perceived motion depends on the 
aperture

Å Possible Solution: Add additional 
constraints to the objective function 
Ὁᴆὺ, e.g. global smoothness

www.opticalillusion.net/optical-illusions/the-barber-pole-illusion/
Nakayamaet al.: The apertureproblemςI. Perceptionof nonrigidityandmotiondirectionin translatingsinusoidallines. Vision Res. Vol. 28, No. 6, 1988

perpendicular 
to the edge, i.e. 
parallel to the 
gradient

http://www.opticalillusion.net/optical-illusions/the-barber-pole-illusion/
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Possible Demons ςOptical flow

Å We can also give a local formula of ᴆὺ, by applying an 
appropriate constraint

Å A first order approximation of ίat 0is a hyperplane 
through the point 0ȟί0

Å The corresponding surface normal points towards 

​ίὖȟρ

Å ᴆὺẗ​ί ά ίȡstates that the vector ᴆὺpoints along 
the 0th order approximation of ά(hyperplane through 
0ȟά0 ) to the intersection of the approximations 

(hyperplanes) of άand ί
ï 1D case: only horizontal shifts (horizontal ᴆὺs) are 

allowed

ï The hyperplane through ίis in 1D a line through ί

ώ
Äί

Äὼ
ẗὼ ​ίẗὼ

ὼ: length of ᴆὺ
ώȡdifference between άand ί

ᵼά ί ​ίẗὺᴆ

Thirion: Image matchingasa diffusiionprocess: an analogywith aŀȄǿŜƭƭΨǎdemons. Medical Image Analysis 2-3, 1998

ώ
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Possible Demons ςOptical flow

ï 1D case: ά ί ​ίẗᴆὺ

ï Notice that if the gradient vanishes, we cannot 
determine a ᴆὺ, as it would have to be infinitely long

ï Note: the 1D case has no aperture problem

Å In two or higher dimensions:

ï 2D Gradient pointingonly in ὼ-direction:
ὺ
ὺ ẗ

ί
π

ά ί

ᵼὺ canbe arbitrary

ï 3D case:

ά ί ​ίẗᴆὺẗÃÏÓ—

ᵼThe angle —introduces the ambiguity

Å Without any other information, we choose the shortest 
ᴆὺ, along the gradient

ᴆὺ
ά ί​ί

​ί

Thirion: Image matchingasa diffusiionprocess: an analogywith aŀȄǿŜƭƭΨǎdemons. Medical Image Analysis 2-3, 1998

ώ

​ί

ᴆὺ

—
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Possible Demons ςOptical flow

Å Does this Demon follow our requirements?

ï If ά ί, then the force ᴆὺpushes along ​ί(inwards)

ï If ά ί, then the force ᴆὺpushes along ​ί(outwards) 

Å Our solution is however unstable for small gradients

Å Ideal case: 

ï The force should be given by ᴆὺ ά ί​ί ​ί for large gradients

ï The force should be close to zero for small gradients

Å Empirical solution: replace ​ί ​ί Ὧ

Å One possible choice: Ὧ ά ί

ᴆὴ
ά ί​ί

​ί ά ί

Å Does not diverge for ά ίᴼπor ​ίᴼπ!

Thirion: Image matchingasa diffusiionprocess: an analogywith aŀȄǿŜƭƭΨǎdemons. Medical Image Analysis 2-3, 1998

ᴆὺ
ά ί​ί

​ί

Independent of the 
absolute values of the 
intensities:

άᴼὯẗά
ίO Ὧẗί
ᴆὴO ᴆὴ



static image ί

moving image ά
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Some advanced Demons

Å Depending on the respective problem, there are some more 
advanced Demons

Å For specific situations, they perform better than others

For example:

Å Consider structures that exist in ίbut not in ά

Å It will cause a large displacement (ᴆὴ), as ά ίand ​ίwill be 
large
Č unreasonable deformation and/or dilation

Å Unproblematic, if the structure is in άbut not in ί
Ą expression of  ᴆὺis asymmetric

Å Possible solution ​ίO ϳ​ί ​ά ς

ὺ
ςά ί ​ί ​ά

​ί ​ά

Thirion: Image matchingasa diffusiionprocess: an analogywith aŀȄǿŜƭƭΨǎdemons. Medical Image Analysis 2-3, 1998

ᴆὴ
ά ί​ί

​ᴆί ά ί



static image ί

moving image ά
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Some advanced Demons

Å Again, we want to suppress the deformation, if either 
gradient is close to zero or equal to zero

Å We can introduce a similarity coefficient ί:ὺᴼίẗὺ

ί

ς​ίẗ​ά

​ί ​ά
ÉÆ​ίẗ​ά π

π ÅÌÓÅ

Å The gradient of the moving image (​ά) has to be 
recalculated/interpolated/deformed at every iteration ς
computationally cumbersome

Å Alternative formulation only using ​ά , which limits the 

deforming effects of dissimilar structures:

ὴ
τά ί​ί​ί​ά

​ί ​ά ​ί ​ά ςά ί

Thirion: Image matchingasa diffusiionprocess: an analogywith aŀȄǿŜƭƭΨǎdemons. Medical Image Analysis 2-3, 1998

ὺ
ςά ί ​ί ​ά

​ί ​ά
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Demons Algorithm

Å Iteratively calculate the SSD between the moving image άand 
the static image ί

Ὀ άȟί

╧ɴ

ά ╧ Ὀ╧ ί╧

ÅCalculate the displacement field and control the length with an 
additional parameter ‌

Ὀ
ά ί​ί

​ί ‌ ά ί

ÅRegularize the field (e.g. Gaussian smoothing)

ÅMultiscale implementation

Kristy K. Brock, Image Processing in Radiation Therapy, CRC Press,ISBN: 9781439830178
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Thirion: Fast Non-Rigid Matchingof 3D Medical Images.[Research Report] RR-2547, INRIA
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Thirion: Fast Non-Rigid Matchingof 3D Medical Images.[Research Report] RR-2547, INRIA
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Thirion: Image matchingasa diffusiionprocess: an analogywith aŀȄǿŜƭƭΨǎdemons. Medical Image Analysis 2-3, 1998

Reference Image
Average of 10 

patients (matched)
Average of 10 patients 

(w/o matching)

Atlases
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Non-parametric DIR
Morphons Algorithm
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Morphons Algorithm

Å One application is the registration of a high-resolution planning 
CT (fan-beam CT) with a low-resolution cone-beam CT (CBCT)

Å multi-modal & intra-ǇŀǘƛŜƴǘ όǎŜŜ ƭŀǎǘ ǿŜŜƪΩǎ ƭŜŎǘǳǊŜύ

Å Usually only used for patient positioning prior to the radiation 
treatment

Å Deformable registration enables adaptive radiotherapy

Å Metrics based on intensities/absolute values (CT numbers) (e.g. 
cross-correlation, mutual information) are not well-suited for a 
pCT-CBCT registration

https://www.for.org/en/treat/treatment -guidelines/cone-beam-ct-cbct
57

The idea

Planning CT (pCT) CBCT After registration

fan-beam CT                 cone-beam CT
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Gonzalez, Woods: Digital Image Processing. (2016)
58

The phase angle contains almost all of the image details!

ὼ Ὥẗώ ὃẗÅØÐὭ•

Amplitude ὃ ὼ ώ
Phase Angle• ÁÔÁÎώȾὼ

The phase angle of Fourier transforms
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Gonzalez, Woods: Digital Image Processing. (2016)

(d) Woman reconstructed using 

only the spectrum. 

(e) Reconstruction using the 

phase angle corresponding to the 

woman and the spectrum 

corresponding to the rectangle in 

Fig. 4.24(a). 

(f) Reconstruction using the 

phase of the rectangle and the 

spectrum of the woman 

We can use the local phase 
difference between two images in 
order to calculate the deformation!

The phase angle of Fourier transforms

Q: How can we extract directional 
displacement information from a 
scalar phase difference?

A: Steerable filters!
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Freeman, Adelson: The Design andUseof SteerableFilters.IEEE Transactions on Pattern Analysis andMachineIntelligence, Vol. 13, No. 9, September 1991
60

Steerable filters 

Å Filter with angular asymmetry in the frequency- or 
image-domain are steerable

Å Simple 2D example based on Gaussian filter:
Ὃὼȟώ ÅØÐὼ ώ

ὋЈὼȟώ
‬

‬ὼ
Ὃὼȟώ ςὼÅØÐὼ ώ

Ὃ Јὼȟώ
‬

‬ώ
Ὃὼȟώ ςώÅØÐὼ ώ

Å Afilter with an arbitrary orientation can be 
obtained through

Ὃ ÃÏÓ—ὋЈ ÓÉÎ—Ὃ Ј

Å An image Ὅfiltered in an arbitrary direction can be 
calculated given just Ὅfiltered with the basis 

functions (ὙЈ ὋЈ Ὅz,Ὑ Ј Ὃ Ј Ὅz):

Ὑ ÃÏÓ—ὙЈ ÓÉÎ—Ὑ Ј
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Å In general, a steerable filter can be written 
like (steering condition) 

Ὢ ὼȟώ Ὧ—Ὢ ὼȟώ

Ὧ—: interpolation functions

Ὢ ὼȟώ: basis filter

Å Q: How many basis filters ὓ are 
necessary to span all possible rotations?

Å We consider basis filters in polar 

coordinates (ὶ ὼ ώȟ‰
ÁÒÇὼȟώ) that can be written like 

Ὢὶȟ‰ ὥ ὶὩ

Å Substitute Ὢὶȟ‰ , rotated in addition by —
or —, into the steering condition 

Å Multiply both sides by Ὡ and integrate 
over Ὠ‰

Å Use the orthogonality relation from the 
Fourier series

Ὢὸ ὧὩ

ὧ
ρ

ς“
ὪὸὩ Ὠὸ

ρ

ς“
Ὡ Ὠ‰ ȟ‏

Å Repeat for all ὔ ά ὔ

Freeman, Adelson: The Design andUseof SteerableFilters.IEEE Transactions on Pattern Analysis andMachineIntelligence, Vol. 13, No. 9, September 1991
61

Steerable filters 
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Å We get for ὔ ά ὔ:

ὥ ὶὩ Ὧ—ὥ ὶὩ

Å For every non-vanishing ὥ ὶ πwe can 
divide by ὥ ὶand determine an equation for 
Ὧ—, given the chosen —-values

Å In matrix form 

Ὡ
ể
ρ
ể
Ὡ

Ὡ Ễ Ὡ
ể Ệ ể
ρ Ễ ρ
ể Ệ ể
Ὡ Ễ Ὡ

Ὧ —

Ὧ —
ể

Ὧ —

Å (rows, where ὥ ὶ π, should be excluded)

Å If the original series of Ὢὶȟ‰ has Ὕnon-
vanishing ὥ ὶ, then we need at least Ὕbasis 
filter functions to steer the filter

Example for the case of the steered 
derivative of the Gaussian

Å Expansion of the base filter at — πЈ

Ὢ ὼȟώ ὋЈὼȟώ ςὼὩ

Ὢὶȟ‰ ςὶὩ ÃÏÓ‰

Ὢὶȟ‰ ςὶὩ Ὡ Ὡ Ⱦς

Å The two non-vanishing complex 
exponentials of the cosine expansion 
require two base functions

Ὡ
Ὡ

Ὡ Ὡ
Ὡ Ὡ

Ὧ —

Ὧ —

Å For orthogonal filters — π& —
“Ⱦς, Ὧ — ÃÏÓ— and Ὧ —
ÓÉÎ— the matrix equation:

Ὡ
Ὡ

ρ Ὥ
ρ Ὥ

ÃÏÓ—
ÓÉÎ—

62

Steerable filters 

Freeman, Adelson: The Design andUseof SteerableFilters.IEEE Transactions on Pattern Analysis andMachineIntelligence, Vol. 13, No. 9, September 1991
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Examples of steerable filters with different 
numbers of basis filters

Å Second derivative of the Gaussian:

ὋЈὼȟώ τὼ ςὩ

ὋЈὶȟ‰

Ὡ Ὡ Ὡ Ὡ

Å 3 non-vanishing values of ὥ ὶ
Č 3 basis functions to steer the filter

Å — πЈ, — φπЈand — ρςπЈ

Ὧ—
ρ

σ
ρ ςÃÏÓς— —

63

Steerable filters 

Freeman, Adelson: The Design andUseof SteerableFilters.IEEE Transactions on Pattern Analysis andMachineIntelligence, Vol. 13, No. 9, September 1991

Å Gaussian with higher order polynomial

ὌЈὼȟώ ὥὼ ὦὼ Ὡ

Å Č 4 basis functions necessary

ὋЈὼȟώ π

ὌЈὼȟώ π

ὌЈὶȟ‰

Ὡ
Ὡ

Ὡ Ὡ ϳὩ ψ



Morphons Algorithm

Å For the multi-modal registration we 
choose a filter functions that reduce 
the importance of the respective 
absolute intensities and focus more 
on structures/edges, but also does 
not create new structures
Č band-pass filter
Ą filter DC component
Ą gradual decrease towards higher 
frequencies

Å Quadrature filter pointing towards ᴆ–:

Ὄ ‫ … ᴆ–‫ ᴆ–‫ Ὑ ‫

Å Radial behavior

Ὑ ‫ ÅØÐÌÎ
‫

”
ÌÎς

… ‗
ρÆÏÒ‗ π
πÅÌÓÅ

64

Logletsςvector valued filters

M. Rädler: Time trends in adaptive radiation therapy for head and neck cancer.Bachelor Thesis ςLS Parodi, LMU Munich 2015

‫
‫

‫



Morphons Algorithm

Å Ὄ ‫ … ᴆ–‫ ᴆ–‫ Ὑ ‫

Å ᴆ–‫ ÃÏÓ‰ : angle between ᴆ–
and ‫

Å Ὄ ‫ ᶿÃÏÓ‰ Č in two 

dimensions, 3 basis filters are 
necessary 

Å ᴆ–
ÃÏÓ‰

ÓÉÎ‰

Å Conventionally one chooses 4 instead 
of 3 basis filters, accepting some 
redundancy 

‰ Ὧẗ
“

τ

π Ὧ σ

65

Logletsςvector valued filters

M. Rädler: Time trends in adaptive radiation therapy for head and neck cancer.Bachelor Thesis ςLS Parodi, LMU Munich 2015
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Å In 3D, one can show that 5 filters pointing in 5 
different directions into space are necessary

Å It is simpler to determine 6 vectors distributed 
uniformly in space 

Å The orientations are given by the vectors 
pointing to the vertices of a hemi-icosahedron

KnutssonH.: RepresentingLocalStructureUsingTensors.6th ScandinavianConference on Image Analysis, Oulu, Finland1989
66

Logletsςvector valued filters



Morphons Algorithm

Å The idea is to use at the local phase 
difference of the warped and fixed 
images filtered in different directions 
to determine the directionality

Å Fixed image Ὢfiltered in the Ὧth

direction

ή ὢȠὯ Ὢz ꞈ Ὄ ὢ

ή ὢȟὯ ꞈ ꞈὪẗὌ ὢ

Å Analogous for the warped image :‫ 
ή ὢȠὯ

Å We can write 

ή ὢȠὯ ὃ ὢȟὯẗὩ ȟ

with the phase ‰ ὢȟὯ changes, 

depending on the edges

Å Analogous for ‰ ὢȟὯ

Å Local phase difference 
ɝ‰ ‰ ὢȟὯ ‰ ὢȟὯ

ɝ‰ ÁÒÇή ὢȠὯήᶻὢȠὯ

Å The quadrature filters are peaked around the 
frequency ”

Ὑ ‫ ÅØÐÌÎ
‫

”
ÌÎς

Å The corresponding dephasing along the Ὧth

filtered image is then

ɝ‰ ὢ ”ᴆ–Ὀὢ

Å The resulting displacement field Ὀminimizes 
the objective function ɡ :

ɡ Ὢȟ‫ ÁÒÇÍÉÎ
ᴙɴ

ὧ ”ᴆ–Ὀ ɝ‰

Å ὧ ὢ ὃ ὢȟὯẗὃ ὢȟὯ, certainty map

67

Morphons algorithm ςdisplacement field estimation

G. Janssens: Registration models for tracking organs and tumors in highly deformable anatomies: applications to radiotherapy.PhD thesis, 2010
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G. Janssens: Registration models for tracking organs and tumors in highly deformable anatomies: applications to radiotherapy.PhD thesis, 2010

The phase variation depends on the frequency level
Č Requires a multi-scale implementation
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M. Rädler: Time trends in adaptive radiation therapy for head and neck cancer.Bachelor Thesis ςLS Parodi, LMU Munich 2015


