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Fourier transform & DFT

Å CƻǳǊƛŜǊΩǎ ƛŘŜŀΥ ŀ ǇŜǊƛƻŘƛŎ ŦǳƴŎǘƛƻƴ 
Ὢὼ Ὢὼ ὒ (with periodicity 
ὒ) can be represented by an 
infinite sum of oscillating functions 
with varying frequencies

Å Fourier expansion:

Ὢὼ
ρ

ὒ
ÅØÐὭ

ς“ὲ

ὒ
ὼὪ

Å Fourier components:

Ὢ

Ⱦ

Ⱦ

ÅØÐὭ
ς“ὲ

ὒ
ὼὪὼÄὼ

Fourier expansion
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Å For any non-periodic function (i.e. for 
an infinite periodicity ὒO Њ) the 
Fourier expansion becomes a Fourier 

integral Ὧ ȟÄὯ

Å Fourier transformation:

ὊὯ ÄὼὪὼÅØÐς“ὭẗὯὼ

Å Inverse Fourier transformation:

Ὢὼ ÄὯὊὯÅØÐς“ὭẗὯὼ

Fourier transform & DFT

Fourier transform

6



Å Discontinuous signals (i.e. sampled 
signals)

Ὢὼ Ὢὼ‏ὼ Ὦɝὢ

Ὢ ὪὮɝὢ Ὢὼ‏ὼ ὮɝὢÄὼ

Å Fourier transform of sampled signals

ὊὯ ὪὼÅØÐς“ὭẗὯὼ

ὪÅØÐς“ὭẗὯὮɝὢ

Å The Fourier transform of a sampled 
signal is infinitely periodic with the 
period ϳρɝὢ, i.e. ὊὯ ϳρɝὢ ὊὯ

Fourier transform & DFT

Sampling
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Å Due to the periodicity, the entire 
information in order to recover the 
original signal is contained in 
ϳρςɝὢȟϳρςɝὢ

Å Thus, the largest frequency, that the 
original signal can contain is given by

Ὧ
ρ

ςɝὢ
Å If Ὧ is the largest frequency 

contained in a signal, then the largest 
possible sampling is given by

ɝὢ
ρ

ςὯ
Å An under-sampled signal cannot be 

recovered 

Fourier transform & DFT

Nyquist-Shannon sampling theorem

over-sampled

critically sampled

under-sampled
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Wavelet 
transform (WT) 

introduction



Wavelet transform 
(WT) introduction

Å The Fourier transform decomposes a signal/image 
into oscillating base functions with different 
frequencies Ὧ: (ÅØÐς“ὭẗὯὼ)

Å These base functions extend to infinity thereby the 
temporal information is lost

Å The Fourier transform of a piece of music only tells us 
ǿƘƛŎƘ ƴƻǘŜǎ ǘƻ Ǉƭŀȅ ŀƴŘ Ƙƻǿ ƭƻǳŘ ǿŜΩǊŜ ǎǳǇǇƻǎŜŘ ǘƻ 
play them, but not when

Å The idea: decompose the signal into small wave 
packages with finite support, called wavelets
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Rationale for the wavelet transform / Disadvantages of the 
Fourier transform ȣ
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Å In general, any series expansion of a one 
dimensional signal Ὢὸis given by 
(summing over all integers Ὧ)

Å If the set of base vectors • ὸ and 
their dual vectors are • ὸ
orthonormal with respect to some inner 
product

• ὸȟ• ὸ •ᶻὸ• ὸÄὸ ȟ‏

Å then the coefficients of the expansion 
can be evaluated independently

ὥ • ὸȟὪὸ •ᶻὸὪὸÄὸ
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Series expansion with a general biorthogonal base

ὥ: coefficients
•Υ ōŀǎŜ ΨǾŜŎǘƻǊǎΩ

Ὢὸ ὥ• ὸ

Å Simple example:  Fourier series

Ὢὸ
ρ

ὒ
ÅØÐὭ

ς“ὲ

ὒ
ὸὪ

Å Basis vectors:

• ὸ
ρ

ὒ
ÅØÐὭ

ς“ὲ

ὒ
ὸ

• ὸ ÅØÐὭ
ς“ὲ

ὒ
ὸ

Å Inner product:

• ὸȟ• ὸ

ϳ

ϳ

•ᶻὸ• ὸÄὸ

Å Coefficient:

Ὢ

ϳ

ϳ

ÅØÐὭ
ς“ὲ

ὒ
ὸὪὸÄὸ

Wavelet transform 
(WT) introduction
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Scaling functions
Å We define and use scaling functions to 

represent a signal (or image) at different 
scales

Å A scaling function •ὸcan be shifted 
across the signal by Ὧand scaled by Ὦ

•ȟ ὸ ςϳ•ςὸ Ὧ

Å The larger the scale Ὦ, the better the 
resolution, since the width •ȟ ὸ

decreasing with increasing Ὦ, which also 
means that its Fourier representation 
becomes broader

Å Higher frequencies correspond to more 
details 

Å Simple example: Haarscaling function

•ὸ
ρ
π

ÆÏÒπ ὸ ρ
ÅÌÓÅ

Wavelet transform 
(WT) introduction
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Scaling function expansion
Å The scaling functions can be used as a 

base of a series representation, where we 
represent Ὢὸat different scales

Ὢὸ ὥ•ȟ ὸ

Å The corresponding coefficients are:

ὥ Ὢὸ•ȟ ὸÄὸȟ

where •ȟ ὸis its own dual base and 

both •ȟ ὸand Ὢὸare real-valued

Å The scales Ὦspan nested subspaces 

ὠ 3ÐÁÎ•ȟ ὸ

containing increasing amount of detail

Å Example Ὢὸ ÃÏÓὸ

Wavelet transform 
(WT) introduction
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Multi resolution analysis (MRA) requirements
1. The scaling function is orthogonal to its 

integer translates

2. The subscales spanned by the scaling 
function at lower scales are nested within 
those spanned at higher scales
ὠ ṒỄṒὠ ṒὠṒὠṒỄὠ

3. The only function that is common to all ὠ
is Ὢὸ π

4. Any function can be represented with 
arbitrary precision
ὠ ὒ ᴙ

ὒ ᴙ Ὢὼ Ὢὼ Äὼ Њ

Wavelet transform 
(WT) introduction
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Down-sampling
Å The base vectors of a coarser scale can always be 

represented by the base vectors of a finer scale 
(shifted accordingly)

•ȟ ὸ Ὤ ὲ• ȟ ὸ

•ȟ ὸ Ὤ ὲς ϳ•ς ὸ ὲ

Å We (arbitrarily) choose the scale Ὦ π, shifted by 
Ὧ πand obtain the refinement equation:

•ὸ Ὤ ὲ ς•ςὸὲ

Å Ὤ ὲ are the scaling function coefficients

Å Example: Haarfunction:

Å Scaling function coefficients for 
the Haarfunction:

Ὤ ὲ
ϳρ ς

ϳρ ς
π

ÆÏÒὲ π
ÆÏÒὲ ρ
ÅÌÓÅ

•ὸ
ρ

ς
ς•ςὸ

ρ

ς
ς•ςὸρ

ρ

ς
•ȟὸ

ρ

ς
•ȟὸ

Wavelet transform 
(WT) introduction
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Wavelet functions
Å Through down-sampling, we lose 

information (detail) and through up-
sampling we gain information (detail)

Å Purpose of the wavelet subspace: To fill 
the gap between two adjacent scales ὠ

and ὠ , i.e. to contain the information 

that is gained in the step ὠᴼὠ

Å The wavelet subspace ὡ

ὡ 3ÐÁÎ‪ȟ ὸ

spans the difference between ὠand ὠ :

ὠ ὠἅὡ

Å We also obtain the set of wavelets by 
scaling and shifting

‪ȟ ὸ ς ‪ςὸ Ὧ

Å The space of square-integrablefunctions 
can be described through the wavelet 
subspaces
ὒ ᴙ ὠἅὡἅὡἅȣ

Å The starting scale Ὦcan be chosen 
arbitrarily

ὒ ᴙ ὠἅὡ ἅὡ ἅȣ

Wavelet transform 
(WT) introduction
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Calculating wavelets
Å In order to simplify the final wavelet 

series expansion, we require 
orthogonality between the scaling and 

the wavelet functions: •ȟ ὸȟ‪ȟὸ

π, or alternatively at scale Ὦ π:

‪ὸ•ὸ ὯὨὸ π

Å Orthonormalityfrom the MRA 
requirements

•ὸ•ὸ ὯὨὸ‏Ὧ

Å Refinement equation

Å In analogy to the refinement equation, we 
can represent the wavelets through the 
scaling functions

‪ὸ Ὤ ὲ ς•ςὸὲ

Ὤ ὲ: wavelet function coefficients

Å In other words, the changes from Ὦ πto 
Ὦ ρcan be represented by the scaling 
functions of the higher scale

Å Given (1), (2), (3)and (4), one can show 
that the coefficients are connected 
through:
Ὤ ὲ ρ Ὤ ρ ὲ ςὯ

which is true for all integers Ὧ

‪ὸ•ὸ ὯὨὸπ (1)

•ὸ•ὸ ὯὨὸ‏Ὧ (2)

•ὸ Ὤ ὲ ς•ςὸὲ (3)

‪ὸ Ὤ ὲ ς•ςὸὲ (4)

Burrus, Gopinath, Guo: Introduction to Wavelets and Wavelet Transforms: A Primer, pages: 250-251

Ὤ ὲ ρ Ὤ ρ ὲ

Wavelet transform 
(WT) introduction
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Calculating wavelets: Haarfunction 
Å Ὤ ὲ ρ Ὤ ρ ὲ

Å And the scaling coefficients of the Haar
function

Ὤ ὲ
ϳρ ς

ϳρ ς
π

ÆÏÒὲ π
ÆÏÒὲ ρ
ÅÌÓÅ

Å We can calculate the coefficients of the 
wavelet

Ὤ ὲ

Ὤ ρ

Ὤ π

π

ÆÏÒὲ π
ÆÏÒὲ ρ
ÅÌÓÅ

Ὤ ὲ
ϳρ ς

ϳρ ς
π

ÆÏÒὲ π
ÆÏÒὲ ρ
ÅÌÓÅ

Å Eventually, we calculate the wavelet:

‪ὸ Ὤ ὲ ς•ςὸὲ

‪ὸ •ςὸ •ςὸρ

‪ὸ
ρ
ρ
π

π ὸ πȢυ
πȢυ ὸ ρ
ÅÌÓÅ

Wavelet transform 
(WT) introduction
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Wavelets: further examples

D. Lee Fugal: Conceptual Wavelets in Digital Signal Processing

Wavelet transform 
(WT) introduction
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Design of Wavelets

L. Chun-Lin: “A Tutorial of the Wavelet Transform” (2010)

Wavelet transform 
(WT) introduction

Å Beyond the requirements of Slide 17, one can influence the characteristics of wavelets with 
further conditions

Å Simple criteria:

ï A wavelet has ὴvanishing moments, if

ὸ‪ὸÄὸ πÆÏÒπ Ὧ ὴ

The wavelet drops faster, the more moments vanish

ï A wavelet with a finite support is desirable for easier implementation

ï Regularity

ï Normalization of the scaling function

ïΧ

Å DaubechiesΩ ǿŀǾŜƭŜǘǎ ƳƛƴƛƳƛȊŜ ǘƘŜ ǎǳǇǇƻǊǘΣ ƎƛǾŜƴ ǘƘŜ ƴǳƳōŜǊ ƻŦ ǾŀƴƛǎƘƛƴƎ ƳƻƳŜƴǘǎ
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Wavelet series expansion + discrete wavelet transform (DWT)
Å Since the scaling and wavelet spaces together span ὒ ᴙ (ὒ ᴙ ὠἅὡ ἅὡ ἅȣ), 

any function Ὢὼᶰὒ ᴙ , given a starting scale Ὦ, can be represented through

Ὢὸ ὧ Ὧ• ȟ ὸ Ὠ Ὧ‪ȟ ὸ

Å Approximation/scaling coefficients:

ὧ Ὧ Ὢὸȟ• ȟ ὸ Ὢὸ• ȟ ὸÄὸ

Å Detail/wavelet coefficients:

Ὠ Ὧ Ὢὸȟ‪ȟ ὸ Ὢὸ‪ȟ ὸÄὸ

Å DWT
ὡ ὮȟὯ

ρ

ὓ
Ὢὲ• ȟὲ

ὡ ὮȟὯ
ρ

ὓ
Ὢὲ‪ȟ ὲ

Ὢὲ
ρ

ὓ
ὡ ὮȟὯ• ȟ ὲ

Ὢὲ
ρ

ὓ
ὡ ὮȟὯ‪ȟ ὲ

Wavelet transform 
(WT) introduction
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Example: Wavelet series

Wavelet transform 
(WT) introduction
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Example: DWT

Burrus, Gopinath, Guo: Introduction to Wavelets and Wavelet Transforms: A Primer, pages: 250-251

Scaling function

Wavelet

Wavelet transform 
(WT) introduction



24Burrus, Gopinath, Guo: Introduction to Wavelets and Wavelet Transforms: A Primer, pages: 250-251
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2D Wavelet transform –Analogy to the 
Fourier transform
Å 1D Fourier transform

Ὢὼ ÄὯὊὯ• Ὧ

with the basis function

Å 2D extension:

Ὢὼȟώ ÄὯ ÄὯὊὯȟὯ •ȟ ὯȟὯ

with the 2D basis function

Wavelet transform 
(WT) introduction

• Ὧ ÅØÐς“ὭẗὯὼ

•ȟ ὯȟὯ • Ὧ • Ὧ

•ȟ ὯȟὯ ÅØÐς“ὭẗὯὼÅØÐς“ὭẗὯώ

•ȟ ὯȟὯ ÅØÐς“ὭẗὯὼ Ὧώ
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2D Wavelet transform
Å We extend the 1D scaling functions to 2D similar to the 

Fourier transform ὲȟὲ ᶰᴚ:

Ƞ ȟ ὼȟώ ‰ȟ ὼ‰ȟ ώ

Ƞ ȟ ὼȟώ ς ς ὼ ὲȟς ώ ὲ

Å ἤ ὠṧὠform a multiresolution ladder in ὒ ᴙ :

ỄἤṒἤṒἤṒἤ Ṓἤ Ễ

Å We obtain the 2D wavelets by definition

ἤ ὠ ṧὠ ὠἅὡ ṧ ὠἅὡ

ἤ ὠἆὠἅ ὠἆὡ ἅ ὡἆὠἅ ὡἆὡ

ἤ ḳἤἅἥ

Å The wavelets consist of 
three pieces

Wavelet transform 
(WT) introduction

I. Daubechies: “Ten Lectures on Wavelets” (1992)

ὠἆὡ ᵼ‰ȟ ὼ‪ȟ ώ

ὡἆὠᵼ‪ȟ ὼ‰ȟ ώ

ὡἆὡ ᵼ‪ȟ ὼ‪ȟ ώ

ÅWe define three wavelets

(ὬȟὺȟὨ: horizontal, vertical, diagonal)
ὼȟώ ‰ὼ‪ώ
ὼȟώ ‪ὼ‰ώ
ὼȟώ ‪ὼ‪ώ
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2D Wavelet transform - Example
Original image 3 level wavelet transform

Wavelet transform 
(WT) introduction
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Simple applications
Edge detection Noise removal
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Compressed 
sensing (CS)



Compressed sensing (CS)
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Introduction
Å ά¢ƘŜ ǎƻ-called fundamental limits 
ǿŜǊŜƴΩǘ ŦǳƴŘŀƳŜƴǘŀƭΦέ

Donoho

Å άL ŀŎǘǳŀƭƭȅ Ǝƻǘ ƛƴǘƻ ŀ ōƛǘ ƻŦ ǘǊƻǳōƭŜΣ 
ōŜŎŀǳǎŜ ǘƘŜȅ ǘƘƻǳƎƘǘ L ǿŀǎ ŦǳŘƎƛƴƎΦέ

Candes

Å ά¢ŜǊǊȅ ǊŜŀŎǘŜŘ ƭƛƪŜ ŀ ƳŀǘƘŜƳŀǘƛŎƛŀƴΦ 
IŜ ǎŀƛŘ LΩƳ ƎƻƛƴƎ ǘƻ ŦƛƴŘ ŀƴ 
counterexample. After a while, he 
ƭƻƻƪŜŘ ŀǘ ƳŜ ŀƴŘ ǎŀƛŘΣ ΨaŀȅōŜ ȅƻǳΩǊŜ 
ǊƛƎƘǘΦΩέ

Candesabout Tao

Å Alternative names: compressive sensing, 
compressive sampling, or sparse recovery

Donald MacKenzie: “Compressed Sensing Makes Every Pixel Count” (2009)
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Introduction
Å The sampling theorem places a restriction 

on the detectable frequencies, given the 
sampling width ɝὢ

Å Candes, Romberg and Tao showed that 
one can overcome the sampling theorem 
and acquire significantly fewer data to 
collect the same information as a signal 
sampled with the sampling theorem

Å The technique is referred to as 
ά/ƻƳǇǊŜǎǎŜŘ {ŜƴǎƛƴƎέ

Å ά²Ƙȅ ƳŀƪŜ мл Ƴƛƭƭƛƻƴ ƳŜŀǎǳǊŜƳŜƴǘǎΣ 
they asked, when you might need only 10 
thousand to adequately describe your 
ƛƳŀƎŜΦ ²ƻǳƭŘƴΩǘ ƛǘ ōŜ ōŜǘǘŜǊ ƛŦ ȅƻǳ ŎƻǳƭŘ 
just acquire the 10 thousand most 
relevant pieces of information [ΧϐΚέ

Å The limit is not given by the sampling 
theorem, but instead by the information 
content of the data

Original image Sampling in Fourier domain

Standard reconstruction CS reconstruction

Emmanuel Candes, Justin Romberg, Terence Tao: “Robust Uncertainty Principles: Exact Signal Reconstruction from Highly Incomplete Frequency Information” (2004)

Compressed sensing (CS)



32

Introduction
Å Requirement: The signal (e.g. an image) needs to have a 

sparse representation in some base, i.e. its information 
content must be compressible 

Å Compression: Only store the largest coefficients and 
discard the rest

Å Regular images can be 
compressed substantially 
through e.g. the wavelet 
transform

Å Counterexample (not 
compressible): random noise,
due to high entropy

Å If the data is compressible,
then the sampling theorem
does no apply

Original image Wavelet compressed

Donald MacKenzie: “Compressed Sensing Makes Every Pixel Count” (2009)

Compressed sensing (CS)
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Theory
Å We represent a discrete signal (or image) 

by the ὔ ρcolumn-vector ὀɴ ᴙ (any 
higher dimensional signal, e.g. an image, 
should be vectorizedto a long one-
dimensional vector)

Å ὀcan be written through a complete set 

of orthonormal base vectors ‪

ὀ ί‪ ὀ ɰἻ

where

Å ὀis ὑ-sparse, if only ὑof the coefficients 
ίare non-zero

or

ɰ ‪ȟȣȟ‪
ί ὀȟ‪

Å For ὑḺὔ, the signal is highly 
compressible 

Å Compression process: Acquire all ὔvalues 
of ὼ, compute ί ὀȟ‪ , store the ὑ
largest coefficients and discard the 
ὔ ὑ smallest coefficients

Å Requires acquisition of all ὔsamples

Richard G. Baraniuk:“Compressive Sensing” 2007

Compressed sensing (CS)
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Theory
Å We can significantly improve the efficiency of the data acquisition if we only detect the 

largest contributing coefficients of the sparse representation (i.e. detecting only ὑsamples, 
instead of all ὔsamples)

Å We consider a measurement process defined through the projections of the vectors 

‰ onto the signal ὀ(ώ ὀȟ‰ ). We only take ὓ ὔmeasurements, which can be 

summarized through
ὁ ɮὀ ɮɰἻ ɡἻ

where ɡ ɮɰis a ὓ ὔmatrix

Richard G. Baraniuk:“Compressive Sensing” 2007

Compressed sensing (CS)
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Theory
Å Two major questions arise:

1. How can we reconstruct ὀfrom only ὓ ὑmeasurements ὁ(underdetermined 
system)?

2. How should the measurement matrix ɮbe designed, so that no information is lost, i.e. 
all ὑnon-zero components can be recovered?

Å Brief reminder: p-norm (ὰ-norm)

ï The p-norm is defined through

ïὴ ςis the usual Euclidean norm

ï For ὴ ρ, ὀ does not satisfy the triangle inequality Čάǉǳŀǎƛ-ƴƻǊƳέ

ï Zero-norm: Count all the non-zero elements of ὀ
ὀ ÃÁÒÄὭȡὼ π

Davenport, Duarte, EldarKutynoik: “Introduction to Compressed Sensing”

ὀ
В ὼ ϳ

ÍÁØὼ
ὴɴ ρȟЊ
ὴ Њ

ÃÁÒÄẗ: cardinality

Compressed sensing (CS)
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1. Reconstruction
Å Starting from 

ὁ ɡἻ

Å If we assume that Ἳis sparse, then the 
simplest reconstruction is merely 
searching for the sparsest Ἳ, that satisfies 
ὁ ɡἻ

Å Using the zero-norm, we write this as
Ἳ ÁÒÇÍÉÎἻ , such that ɡἻ ὁ

Å Major problem: such a minimization is 
numerically unstable and NP-complete 
(i.e. basically, we can only solve it by 
testing every combination of the ὑnon-
zero components Č very exhaustive 

ײַ
ὔ
ὑ

)

Richard G. Baraniuk:“Compressive Sensing” 2007

Å Alternatively, we could also apply the 
classical least-square minimization 
Ἳ ÁÒÇÍÉÎἻ , such that ɡἻ ὁ

Å It has a convenient close form solution; 
define

ὪἻ ὁ ɡἻ
ὪἻ ὁ ɡἻ ὁ ɡἻ
ὪἻ ὁὁ ὁɡἻ Ἳɡὁ ἻɡɡἻ

Å And minimize through ​ὪἻ π:
​ὪἻ ςɡώ ςɡɡἻ π

ᵼἻ Ἳ ɡɡ ɡὁ

Å Major problem: the ὰ-norm minimization is 
not driven towards a sparse solution. Few 
and large components in the solution are 
suppressed due to the square weighting 
(i.e. it rather minimizes energy)

Compressed sensing (CS)
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1. Reconstruction
Å Solution: minimization through the ὰ-norm:
Ἳ ÁÒÇÍÉÎἻ , such that ɡἻ ὁ

Å Simple example:

ï ɡ ϳρς ρ (underdetermined)

ï Ἳ
ὥ
ὦ

(to be determined)

ï ὁ ρ(measurement)

ï The condition ɡἻ ὁcan be rearranged to 
an equation describing a line:

ὦ ϳρςὥ ρ

ï Finding the smallest solution can be 
ǳƴŘŜǊǎǘƻƻŘ ŀǎ άōƭƻǿƛƴƎ ǳǇέ ǘƘŜ ǳƴƛǘ ǎǇƘŜǊŜ 
of the respective p-norm until it touches the 
condition (i.e. line in this case) for the first 
time

Richard G. Baraniuk:“Compressive Sensing” 2007

ἻἻ Ἳ Ἳ

ɡἻ ὁ

ὥ ὥ ὥ ὥ

ὦὦὦὦ

Sparse (lower-
dimensional) sub-
spaces of  ᴙ

ᴙ case for 
ὴ ς

ᴙ case for 
ὴ ρ

Compressed sensing (CS)
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1. Reconstruction
Å Finding a solution to 
Ἳ ÁÒÇÍÉÎἻ , such that ɡἻ ὁ
is fortunately no NP problem, but also non-
ǘǊƛǾƛŀƭΦ Lǘ ƛǎ ƛƴ ƎŜƴŜǊŀƭ ǊŜŦŜǊǊŜŘ ǘƻ ŀǎ Ψōŀǎƛǎ 
ǇǳǊǎǳƛǘΩ

Å Many algorithms have been developed, 
which can be categorized into Greedy 
pursuit, Convex relaxation, Bayesian 
framework, Nonconvex optimization, Χ

Tropp, Wright: ‘’Computational Methods for Sparse Solution of Linear Inverse Problems” 2010

Compressed sensing (CS)

Å Simple example: Iterative hard thresholding

ï Linear model ὃὼ ώ

ïὌ : thresholdingby keeping only the Ὧ
largest coefficients (absolute value)

ï One has to know the final sparsity a-
priori
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Example: Sparse Fourier signal

Compressed sensing (CS)
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2. Design of the sampling matrices –The Restricted Isometry 
Property (RIP)

Å To answer the question whether a sampling matrix ɡ(size: ὓ ὔ) is able to recover a 
signal (length ὔ) from an underdetermined set of measurements (length ὓ ὔ) (i.e. can it 
preserve the information in ὀ), we consider the Restricted Isometry Property (RIP)

Å Definition: A matrix ɡsatisfies the RIP, if for some ‭ᶰ πȟρ

ρ ‭
ɡἾ

Ἶ
ρ ‭ȟ Ἶᶅɴ ɫ

where ɫ is the set of ὑ-sparse vectors

Å In other words: the matrix ɡmust preserve the lengths of ὑ-sparse vectors Ἶ

Å It can be shown, that if the RIP is satisfied, a sparse vector can be found, i.e. one is able to 
solve ɡἻ ὁin a ὑ-sparse space

Å Problem: finding a matrix, that fulfils the RIP is also NP-
complete (the upper condition has to be verified for all
possible combinations of sparse entries in ἾČ very
impractical)

Ben Adcock: “An introduction to compressed sensing”

Compressed sensing (CS)

Good and relatively compact 
summary of the mathematical proofs 
ŀǊŜ ŜΦƎΦ ƎƛǾŜƴ ƛƴ ά/ƻƳǇǊŜǎǎŜŘ 
{ŜƴǎƛƴƎΥ ¢ƘŜƻǊȅ ŀƴŘ !ǇǇƭƛŎŀǘƛƻƴǎέ 
(Chapter 1) by Eldarand Kutynoik
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2. Design of the sampling matrices –Randomness

Å However, one can also show that if the elements of ‰ȟare i.i.d. (independent and 

identically distributed) random variables from a Gaussian distribution, then the RIP can be 
achieved with high probability

Å Condition: one needs at least ὓ ὧὑÌÏÇmeasurements, which is still far below the 

traditional requirement (ὓḺὔ)

Å Intuitive explanation: Indeed, many solutions Ἳfit through an underdetermined set of 
random samples, but only few will be sparse and ideally, only one will maximally sparse

Richard G. Baraniuk:“Compressive Sensing” 2007

Compressed sensing (CS)
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Original signal in Fourier domain (sparse)
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Ambiguity in the reconstructed frequency 
domain due to the sampling below the Nyquistlevel

Ambiguity in the signal domain

Compressed sensing (CS)

2. Design of the sampling matrices

Lustig, Donoho, Santos, Pauly“Compressed Sensing MRI” (2008)
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CS applied to 
MRI
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Application to MRI
Å MRI suffers inherently from long 

scan times (20-40 minutes) since

ï it is acquired pixel by pixel in 
frequency domain

ï the relaxation times of the 
spins prevent simultaneous 
acquisitions

Å Fortunately it lends itself for CS 
since

ï Image generated through 
MRI are naturally 
compressible

ïMRI scanners naturally 
acquire encoded samples 
rather than pixel-by-pixel 
signals (i.e. spatial-frequency 
encoded)

Original image

Compressed (20x) 2D wavelet coefficients

Lustig, Donoho, Santos, Pauly“Compressed Sensing MRI” (2008)
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MRI data acquisition and spatial enconding

Olaf Dietrich: “Imaging in medical physics: Magnetic Resonance Imaging II” (2017)
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MRI data acquisition and spatial enconding
Å In MRI, we use pulse 

sequences of different 
spatial gradients to sample 
points in the frequency 
space of the image

Å By changing gradient 
strength and/or duration, 
ŘƛŦŦŜǊŜƴǘ Ǉƻƛƴǘǎ ƛƴ ǘƘŜ άƪ-
ǎǇŀŎŜέ ŀǊŜ ǎŀƳǇƭŜŘ

Olaf Dietrich: “Imaging in medical physics: Magnetic Resonance Imaging II” (2017)
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MRI data acquisition and spatial enconding

Olaf Dietrich: “Imaging in medical physics: Magnetic Resonance Imaging II” (2017)

Å The pulse sequences 
determine the so-ŎŀƭƭŜŘ άƪ-
ǎǇŀŎŜ ǘǊŀƧŜŎǘƻǊƛŜǎέ

Å Different trajectories have 
different advantages, e.g. 
simple reconstruction, less 
susceptible to noise, 
efficient use of hardware, 
etc.
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Sub-sampling in the Fourier domain

Adequate sampling
(long scan-times)

Low-frequency sub-sampling
(blurry)

Regular sub-sampling
(in-folding artifacts)

Random sub-sampling
(removablenoise)

Lustig, Donoho, Santos, Pauly“Compressed Sensing MRI” (2008)
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Side note:
In-folding/
ghosting
artifacts

Original image FT of the original image

ꞈ

ꞈꞈ Even components 
removed

Odd components 
removed

ꞈ : 2D Fourier 
transform

ꞈ : Inverse 2D 

Fourier transform

Ghosting artifacts
(negative)

Ghosting artifacts
(positive)
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51mriquestions.com/wrap-around-artifact.html

Side note:
In-folding/
ghosting
artifacts
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Å Caused by imperfections (differences) in the alternating positive and negative 
readout gradients

Å Potential solutions: correct the phase, or reconstruct the images from positive 
and negative readout gradients separately

Side note:
In-folding/
ghosting
artifacts



CS applied to MRI

53

Å Ghosting artifactsalong the phase encoding direction, since the acquisition along this 
direction is significantly slower

Å Can be corrected through respiratory gating or averaging of multiple images

Side note:
In-folding/
ghosting
artifacts
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Application to MRI
Å Perfectly random sampling does not always meet the hardware constraints (continuous 

trajectories in the Ὧ-space are easier to implement)

Å The information in the Ὧ-space is not uniformly distributed 

Lustig, Donoho, Santos, Pauly“Compressed Sensing MRI” (2008)
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Application to MRI

Lustig, Donoho, Santos, Pauly“Compressed Sensing MRI” (2008)

Å Especially for angiography, CS is beneficial since it is able to capture the dynamics of the 
contrast agent

Å Subsampling down to 10 % of the Nyquistlimit is possible
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Application to MRI –Enables single breath

Lustig, Donoho, Santos, Pauly“Compressed Sensing MRI” (2008)
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Application to MRI 

Lustig, Donoho, Santos, Pauly“Compressed Sensing MRI” (2008)

Å Here we can apply the wavelet transform, due to the high compressibility of brain images 
in the wavelet domain

Significant aliasing artifacts
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Thank you for your attention


