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ourer expansion AN
A C2dz2NASNXRa ARSEY | zy O ;
"We) @ 0) (with periodicity VAVAVAVAVAVAN

U) can be represented by an
infinite sum of oscillating functions
with varying frequencies

A Fourier expansion:

W6 % A @(ﬂ%b‘—%) "0

A Fourier components:
¥
Q A @(D QO—oo) @) Ad
¥
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Fourier transform )

A For any nomperiodic function (i.e. for
an infinite periodicityd © Hb) the

Fourier expansion becomes a Fourier A
integral (?Q -hAQ —)
A Fourier transformation: w2 0wz
"a’Q Aw@e) A ABce TQd F(k)
Wi
. . AW F(k) = / Ae2mkx g
A Inverse Fourier transformation: * W2

"Qw) AQTQA A& TRQdh ~ AT ww)
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Sampling
A Discontinuous signals (i.e. sampled N\/\/\
signals) -

Q) A (0 2w
RIS

©—2AX-AX0 AX 2AX -

QT QoY (0 @D)A® \ \ ‘ ‘ ‘ ‘ ‘

A Fourier transform of sampled signals £69 sax®)
T a@Ade i IHH o
e e \\,f/’/[ f\f’T\t e
QA B¢ “ tTXd) —ZAX—GAff(Ej:;I)ZAX
A The Fourier transform of a sampled . T
signal is infinitely periodic with the e
periodp) 3, i.e.”@Q pj 3 AQ S S S B AR —
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NyquistShannon sampling theorem /\
A Due to the periodicity, the entire o k

Information in order to recover the £l
over-sampled

original signal is contained in
"ol oot cath VAVAVAVAVAS

A Thus, the largest frequency, that the wex e o K onx
original signal can contain is given by  critically sampled
0 P
% . CS‘{I‘) —2/AX 1/AX1/2AX 0 1/2AX1/AX 2/=AX k
A 1f°Q isthe largest frequency ndersamoled
contained in a signal, then the largest /\_/\E’/W
possible sampling is given by o Dadhath
" P ~3/AX —2/AX -1/AX 0 1/AX 2/AX 3/AX
3
A An undersampled signal cannot be %\ T\ A ﬁ M\ /\ /\ /\ /\
recovered *
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Wavelet
transform (WT)
Introduction
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(WT) introduction

Rationale for the wavelet transform / Disadvantages of the
Fourier transform WWWAMMWMAMMg

A The Fourier transform decomposes a signal/image /WMVVWW\
into oscillating base functions with different

frequenciesQ A A& TIQY) VAVAVAVAVAVAN

A These base functions extend to infinity thereby the
temporal information is lost &

A The Fourier transform of a piece of music only tells
GKAOK y2(3Sa G2 LIXlIe |yR SQ|
play them, but not when

A The idea: decompose the signal into small wave
packages with finite support, callechvelets

SIAM J. MATH. ANAL. © 1984 Society for Industrial and Applied Mathematics
Vol. 15, No. 4, July 1984 009
L
[N

DECOMPOSITION OF HARDY FUNCTIONS INTO
SQUARE INTEGRABLE WAVELETS OF CONSTANT SHAPE*

$ :
A. GROSSMANN' AND J. MORLET Daubechies’ Wavelet ¥ 20
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(WT) introduction

Series expansion with a general biorthogonal base

In general, any series expansion of a on
dimensional signaflo) is given by
(summing over all integer§

W : coefficients
e Y Ol &Ss
If the set of base vectofs (0)} and
their dual vectors ar¢e (0)}

orthonormal with respect to some inner
product

(+ OF ©)

we (0

Qo)

+ (O QR0 T

then the coefficients of the expansion
can be evaluated independently

eA Simple example: Fourier series

) o A E:ﬁ—o) Q
0 0
A Basis vectors:
YVAHAS OU 2 NA 8 :
e (0 A EH—O)

. (© AQ(EI&D—‘ )

A Inner product:
j

(« (OF (9) + (0 (040

A Coefficient:
j

&

.,ECO o) @) Ao

Q A b




 |LUDWIG-
MAXIMILIANS-
UNIVERSITAT
MUNCHEN

* 7 (@©® ¢le(co Q
A The larger the scal@®the better the
resolution, since the widtlk j (0)

decreasing with increasiri@Qwhich also
means that its Fourier representation
becomes broader

A Higher frequencies correspond to more
details L
A Simple exampladaarscaling function
s p EQ@ o0 p
© 7 Al 0A

[ay

o

e10(t) =2 ¢(20)

@o,0(t) = ()

(WT) introduction =

Scaling functions

A We define and use scaling functions to
represent a signal (or image) at different
scales

A A scaling functiom () can be shifted
across the signal b@and scaled by

o
1x1 /&;\Level 0 (apex)
2x2 Lt Tevell
4x4 <j>\l,evel 2
// - \\\ ° .
// [ \\ °
/ N —
N/2XN/2,/ yLevel/—1
\
/ \
/
NXN/ \ Level J (base)

wo1(t) =e(t—1)

I I
1

|
|
|
| |
0

1 2 3

e11(8) =\2 (2t - 1)

1

|
|
|
|
0 1 2 3 0 1 2 3
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Scaling function expansion
The scaling functions can be used as a

base of a series representation, where we

represent’(@0) at different scales

Q0

we (0

The corresponding coefficients are:
W "MO)e  (0)Adh
wheree | (0) is its own dual base and

bothe j (0) and™@0) are realvalued
The scale¥3pan nested subspaces

& 3Dkl )

containing increasing amount of detalil
Exampledo)

AT(®

00

500

(WT) introduction =
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1. The scaling function is orthogonal to its
integer translates

2. The subscales spanned by the scaling
function at lower scales are nested within
those spanned at higher scales
w OEOw OwOwOldEw 0al0) = £(0)

(WT) introduction

Multi resolution analysis (MRA) requirements

3. The only function that is common to all

is"@o) T

)
|

4. Any function can be represented with

arbitrary precision 5

w {0 ()}

e10(t) =2 ¢(20)

1

0(f) {Q [d| Ab H

wo1(t) =e(t—1)

1

e11(8) =\2 (2t - 1)

1

ViV,

|
|
|
|
0

1

2

3

|
|
|
|
0
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A

o I

. ¢o0(t)eV.

Down-sampling S AN
The base vectors of a coarser scale can always be
represented by the base vectors of a finer scalel ¢11/\7
(shifted accordingly) // b

) Q) [ (9

oI\
QE)XC T e(¢ o &) ¢10/V2
t
0 1 2 3

We (arbitrarily) choose the scal@ T, shifted by

"Q Tmand obtain therefinement equation A Scaling function coefficients for

the Haarfunction:

. () Q(E)Vee (¢ 0 &) pive E® m
. . " Q (&) i AEIt0 p

L1/ \ pJ C ~ pd
Q (&) are thescaling function coefficients o Al OA

ExampleHaarfunction:

5 Pive i Py (¢
© PNeGH Ve ool
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(WT) introduction

. Vo=V, ®©W,=V,® WD W,
Wavelet functions 2=V1OW1 =V O W, & W,

Through dowrsampling, we lose
information (detail) and through up
sampling we gain information (detail)
Purpose of the wavelet subspace: To fill
the gap between two adjacent scales
andw , i.e. to contain the information
thatis gainedin the ste@m © w

The wavelet subspaae

® 3DKT;©} A The space of squaii@tegrablefunctions
_ , , can be described through the wavelet
spans the difference betweekn andw subspaces
®  0dw b(a) OE®am &8
We also obtain the set of wavelets by A The starting scal® can be chosen
scaling and shifting arbitrarily
RO ¢ 1(co 0(3) Gaow o &8
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Calculating wavelets

A In order to simplify the final wavelet
series expansion, we require
orthogonality between the scaling and

the wavelet functions{e  (OF (0)
TG, or alternatively atscal& Tt

F (@« (0 QQo m 1)

A Orthonormalityfrom the MRA
requirements

« (@ (06 QQo 1 (Q )

A Refinement equation

. (0 QENWe (co &) (3

(WT) introduction

A In analogy to the refinement equation, we

can represent the wavelets through the
scaling functions

1 (9 QEWG (o &) (9

"Q (¢): wavelet function coefficients

In other words, the changes froi2 Ttto
'Q pcan be represented by the scaling
functions of the higher scale
Given(l), (2), (3)and(4), one can show
that the coefficients are connected
through:

QE) (pQ@p ¢ ¢D
which is true for all integer§

QE) (p Qp ¢)
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Calculating waveletsiHaarfunction

A Qe (p Q@ & A Eventually, we calculate the wavelet:
A And the scaling coefficients of tttaar " (0) Q (&)Vee (¢ 0 £)
function
pive AE® m c(¢d» *(gop
Q (&) iV A0 p p T O ™
Pl V@ s ‘
It Al OA P T™® O p
. nm Al OA
A We can calculate the coefficients of the 8) = bool®) na(t) =t =2)
wavelet | g
"Q (é) ,D (T[) [EI\ éo, p -1 | -1 |
T Al OA R T R o1 2z 3t
] y U10(8) =2 y(21)
pive  AEB® m T
pjvg  /ElEO p :
,T Al OA | J
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Wavelets: further examples

| wwwnmw J\(\ #J\”u

Haar Shannon or Sinc Daubechies 4 Daubechies 20

/\
A Q\A: i Y

Gaussian or Spline

Biorthogonal Mexican Hat Coiflet

D. Lee Fugal: Conceptual Wavelets in Digital Signal Processing




MAXIMILIANS-

‘ LuDWIG- . . ",,4\ (E
MU= (WT) introduction 7

Design of Wavelets

A Beyond the requirements @lide 17 one can influence the characteristics of wavelets w
further conditions

A Simple criteria:

A wavelet hag vanishing moments, if
Or (WAO 1 AInO Q 1

The wavelet drops faster, the more moments vanish

A wavelet with a finite support is desirable for easier implementation
Regularity

Normalization of the scaling function

X

A Daubechie®@ ¢ @St Sia YAYAYAT S (KS &dzLlLi2 NI =

“A Tutori al of t he Wavel et Transform”
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Wavelet series expansion + discrete wavelet transform (DWT)

A Since the scaling and wavelet spaces together $p&m) (0 (8) w6 w Gw G 8),
any function@w M 0 (a), given a starting scal®, can be represented through

Qo) w0 (Q+ (9 QCQr (9

A Approximation/scaling coefficients:
®(Q (Tk () @Y (040
A Detail/wavelet coefficients:

Q(Q (@h 7 (®) @O (A

A DWT o Com We)e () ©2) o (UQe (&)

o (69 Qe (&)

3o Slo
S

o (GQr ()
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Example: Wavelet series
3 {x2 0=x=<1

0  otherwise

! 1 Bl 1
co(0) = / x2¢00(x) dx = / dx =21 ==
0 ’ 0 3 0 3
1 0.5 1 1
do(0) = / x2o0(x) dx = / x2dx — / 2dx = —
0 0 05 4
1 025 05 2
d,(0) = / X%y o(x) dx = / ¥*V2dx — / ¥*V2dx = ——=
0 0 025 32
1 0.75 1
d(1) = / X1 (x) dx = / ¥*V2dx - / ¥*V2dx = _3v2
0 05 075 32
1 1 V2 3v2
y = §¢0,0(x) + |:—4l,llo’0(X):| + [_32,¢,1’0(x) - 32(//1’1(1;)] + ...
H J \ -~ v} - . J
N VO Wo ) Wl

Vi =Vo®W,
V=VieW =V, 0Wo0&W;

y=x
0.5
0 ______
—-0.5
0 025 05 075
1 W
03 —1/44p
1/4 \
0 I - — -1 _— _ pu—
—1/4
-0.5
0 025 05 075
1 Wi
7 —342/32 ¢4
—N2/32 ¢
3/16 \ \
1716 _ ~— |
-1/16 _|_~\—_
—-3/16

Introauction

0

0.25

0.5

0.75

Vo
1/3 ¢o0
0.5
1/3
o— — — — — — —
-0.5
0 0.25 0.5 0.75 1
1
Vi
712
mp—
-0.5
0 0.25 0.5 0.75 1
1
37/48 | V2
19/48
7/48 _—l_’_
a8t _]
-0.5
0 025 05 075 1
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Example: DWT
Doppler *WWWNNW/\/\v/\\u//m\\\/////’ﬁ\\\\\\\__//////’/’f’ﬂ—__——_&‘5‘*‘“*‘"‘

do (k) + -
ds (k) b -

R

sk N

PR PR

(k) S

wp L

w0 \

Figure 2.8. Discrete Wavelet Transform of a Doppler, using ¥ pg with a gain of V2 for each
higher scale.

Scaling function

1t
0.8
odl
0.4
9.2
o /\“_,__
-0.2: /
[+3 1 2 3 4 5 8
¢ps .
Wavelet

Burrus Gopinath Gua Introduction to Wavelets and Wavelet Transforms: A Primer, pages:-250
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Figure 2.9. Projection of the Doppler Signal onto V' Spaces using ¢psr
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Figure 2.10. Projection of the Doppler Signal onto W Spaces using v ps/

rus Gopinath Gua Introduction to Wavelets an

Wavelet Transforms: A Primer, pages:-
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2D Wavelet transform

We extend the 1D scallng functions to 2D similar to t I:I
Fourier transform(¢ R )N u:
N R @) %op (W% (&)
¢ (¢ o ¢hg o &)
N w$ wform amultiresolutionladderio (a ):
Efq Of O/ O Of E
We obtain the 2D wavelets by definition

~

i b S0 (060)S (GEd) L0
6& @8 [(68 6 )a (& & 6)& (¢ & & )] ElEEE

knan (b) the basis

The wavelets consistof A We define three wavelets images of a

three pieces (QvF horizontal, vertical, diagonal) e seale 8 %8

Wd W + %o (O ;5 (@ (odm) %) (0 transform with

@86t T (@%f (D (G T (@)% bt foatias,

wawt [ f (@ 7 @ () T (O (W |

|.Daubechies “ Ten Lectures on Wavelets” (1992)
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2D Wavelettransform - Example

Original image




Simple applications
Edge detection

ab
cd

FIGURE 7.27
Modifying a DWT
for edge
detection: (a) and
(c) two-scale

ab
cd

FIGURE 7.25
Computing a 2-D
three-scale FWT:
(a) the original
image; (b) a one-
scale FWT; (c) a
two-scale FWT;
and (d) a three-
scale FWT.

decompositions
with selected
coefficients

deleted; (b) and
(d) the
corresponding
reconstructions.

Noise removal

ab
clld
cl it

AGURE7.28
Modifyinga DWT
for noise removal:
(a) anoisy CT ofa
human head; (b),
(¢) and (e) various
reconstructions
after thresholding
the detail
coefficients;

(d) and (f) the
information
removed during
the reconstruction
of (c¢) and (e).
(Original image
courtesy
Vanderbilt
University
Medical Center.)




Compressed
sensing (CS)
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A & ¢ K Salladdfundamental limits

Introduction

6SNBY Qi Fdzy Rl YSv (i e
Donoho “

L | OQldz- tte 320G Al

0SOldzaS GUKS& (K?2d:
Candes

¢ SNNE NBI OGSR f AHufnuelCandey | (]

S alAR LQY 32AY Ipmins |

u

SR Fi YS$S IyR
Candesabout Tao

Alternative namescompressive sensing
compressive samplin@r sparse recovery
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NI

. A The limitis not given by the samplin

Introduction theorem, but ingtead bi// the infor?nat?on
The sampling theorem places a restriction  content of the data
on the detectable frequencies, given the
sampling widthe-®
CandesRomberg and Tao showed that
one can overcome the sampling theorem
and acquire significantly fewer datato
collect the same information as a signal
sampled with the sampling theorem

The technique is referred to as

G/ 2YLINB&aaSR {Syaay3Ié
G2 Keé YI1S mMn YAfttAZ2Y
they asked, when you might need only 10
thousand to adequately describe your
AYF3ASo 22dzZ RyQld A0 o
just acquire the 10 thousand most

relevant pieces of information6 K &

Standard reconstruction CS reconstruction
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Wavelet Coefficients

x 10*

Introduction :

. . . 1.5¢
Requirement: The signal (e.g. an image) needs to have |
sparse representation in some base, i.e. its information ol
content must be compressible ]

Compression: Only store the largest coefficientsand 5
discard the rest

Regularimages can be
compressed substantially
through e.g. the wavelet
transform

Counterexample (not
compressible): random nois¢a
due to high entropy

If the data is compressible,

then the sampling theorem
does no apply

ompressed ensi
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Theory

A We represent a discrete signal (or imagJa) A
by thed pcolumnvectoroN s (any
higher dimensional signal, e.g. an imagg, A
should bevectorizedto a long one
dimensional vector)

A 06 can be written through a complete set

of orthonormal base vectors } A
o (T or O Wl

where

w (¢ B )

i (oh )

A 6is0-sparse if only) of the coefficients
[ are nonzero

Foru L 0, the signalis highly
compressible

Compression process: Acquiretaialues
of @y computei  (Oh ), store they
largest coefficients and discard the

(0 0)smallest coefficients

Requires acquisition of all samples

v

Z

K-sparse

EEE EEEEE BN EEERY

ompressi ve ensi ng
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Theory

A We can significantly improve the efficiency of the data acquisition if we only detect the
largest contributing coefficients of the sparse representation (i.e. detectingwshmples,
instead of alb samples)

A We consider a measurement process defined through the projections of the vectors
{%0}  ontothe signab (® (0f%o)). We onlytak&  § measurements, which can be

summarized through

o Bo Bul gl
whereg B wisad 0 matrix

BN N
|

N
K-sparse

HEN EEEES BN sEnlo))
EEE EEEEE EE-EEElC)
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Theory
A Two major questions arise
1. How can we reconstruc from onlyd 0 measurement® (underdetermined
system)?
2. How should the measurement matitgxbe designed, so that no information is lost, i.

allb non-zero components can be recovered?
A Brief reminder;p-norm (& -norm)

I The pnorm is defined through /\ /\
Blal)! qn pib KJ \/
I

Ald| n Hb p=1 p=2 p =00 p=3

Unit spheres in R? for the £, norms with p = 1,2, 00, and for the ¢, quasinorm with p = %

I N c¢isthe usual Euclidean norm
i Fornl p, o]l does not satisfy the triangle inequali®y & |j dzy & N €

I Zeronorm: Count all the notzero elements 0b — -
loll  AACHE T A A @ Acardinality

1ol

Davenport, DuarteEldarKutynotkk  “ I nt roducti on to Compressed Se
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1. Reconstruction
A Starting from A Alternatively, we could also apply the
o gl classical leastquare minimization
A If we assume thalis sparse, then the I AOCI"HIT,suchthag™ o6
simplest reconstruction is merely A It has a convenient close form solution;
searching for the sparsed that satisfies define
o g’ ‘@) lo gl
A Using the zerenorm, we write this as (6 g') (G g1)
I AOCII'BIT, suchthalg’l o oo ogl 1Tgo 1gagl
A Major problem: such a minimizationis |A And minimize through"@"1) Tt
numerically unstable and Nédbmplete ‘@1) g w g9 gl ™
(i.e. basically, we can only solve it by t 11T (gg) go
testing every combination of the non- | & nvajor problem: thet -norm minimization i
zero componente very exhaustive not driven towards a sparse solution. Few
0 ((U )>) and large components in the solution are
v suppressed due to the square weighting

(i.e. it rather minimizes energy)

Richard GBaraniuk® Compr essi ve Sensing” 2007
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1. Reconstruction

A Solution: minimization through thé-norm:
I AOCII"8|T,suchthatg’l ©

A Simple example:
i g (pj¢ p)(underdetermined)

[ (g) (to be determined) p=1 p=2 p=oc P=73
. . Best approximation of a point in R? by a one-dimensional subspace using the £,
| (0] p (m easurement) norms for p = 1,2, 00, and the £, quasinorm with p = 1.
i The conditiong™ 0 can be rearranged to

an equation describing a line:

W  pPIC® p RN
i Finding the smallest solution can be
dzy RSNRU22R & dGof 207
of the respective morm until it touches the
condition (i.e. line in this case) for the first

time Sparse (lower s case for s case for
dimensional)sub N ¢ n p
spaces of

Richard GBaraniuk® Compr essi ve Sensing”™ 2007
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1. Reconstruction

A Finding a solution to A Simple example: Iterative hattiresholding

I AOCI"HIT,suchthag” o i Linear modeb & ®
Is fortunately no NP problem, but also non th %
: . . resholdin only theQ
UNROGATL T ® LU Aa Ay EIS sEcog}'l’éenégi\@ﬁﬂ?e ﬁl%)
LJdzNE dzA G Q ) .

. i One has to know the final sparsity a
Many algorithms have been developed, oriori
which can be categorized intéreedy
pursuit, Convex relaxation, Bayesian
framework, Nonconvex optimizatipi

Algorithm 1.2 Iterative Hard Thresholding
Inputs: CS matrix/dictionary A, measurement vector y, sparsity level k
Initialize: 7o = 0.
for + = 1; ¢ := 7 + 1 until stopping criterion is met do
T; = Hy, (T + AT (y — AZi 1))
end for
Output: Sparse representation T

Tropp Wr i1 g
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Example: Sparse Fourier signal

151 061 | | | | | | |
1k i 04
0.5 B 0.2} ]
o 1. ! 0‘ I [‘T HT 11, “r. HT I l ?TLI? ”n] .
1“1 l 1)) l lllll Hll l
-0.5 -0.2
4 -0.4
-15 -0.6
-30 -20 -10 0 10 20 3Io -30 -20 -10 0 10 20 30
8
1.5
6l
1k
4
0.5
: . Ll :
0
-0.5
—2F
1+
_4_
-15F
_—%.5 —014 —0?3 —0:2 —0?1 (IJ 0?1 0?2 0?3 0?4 0.5 —SIO —2IO —1I0 (IJ 1I0 2I0 3IO

Fig. 1.2 Top: 5-sparse vector of Fourier coefficients of length 64. Botfom: real part of time-domain  Fig, 1.3 Top: poor reconstruction via fz-minimization. Bottom: exact reconstruction via
signal with 16 samples £1-minimization
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2. Design of the sampling matricesThe Restricted Isometry
Property (RIP)

To answer the question whether a sampling magyigsize:d  0) is able to recover a
signal (length ) from an underdetermined set of measurements (length 0) (i.e. can it
preserve the information i), we consider thd&Restricted Isometry Property (RIP)

Definition: A matrixg satisfies the RIP, if for sorme N (Tip)
g Mll . -
f = i h LN
171l

wheret is the set olb -sparsevectors
In other words: the matrixy must preserve the lengths of-sparse vectord

It can be shown, that if the RIP is satisfied, a sparse vector can be found, i.e. one is at
solveg”l  Oin av -sparse space

T : : , Good and relatively compact
Problem: finding a matrlx,.t.hat fulfils the RIP_ IS alse NP summary of the mathematical proofs
complete (the upper condition has to be verified forall || NE So30® IAGSYy Ay
possible combinations of sparse entriesli@ very {SyaAy3ay ¢KS2NE |}I
impractica) (Chapter 1) b¥eldarand Kutynoik

AdCOC
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2. Design of the sampling matricesRandomness

A However, one can also show that if the element&%eaf arei.i.d. (independent and

identically distributed) random variables from a Gaussian distribution, then the RIP car
achieved with high probability

A Condition:one needs atleat U | (6) measurements, which is still far below the
traditional requirement) L 0)

A Intuitive explanation: Indeed, many solutiofifit through an underdetermined set of
random sampledyut only few will be sparse and ideally, only one will maximally sparse

! ! ! ! ! ! ! ! !
-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5

Richard GBaraniuk® Compr essi ve Sensing” 2007




LUDWIG-
MAXIMILIANS-
UNIVERSITAT
MUNCHEN

2. Design of the sampling matrices
LR J ° 0 O WIS 400 & S 0200 40 00 e 00 0
c L O B B BN B BN BN B B BN DY B BN BN BN PN R B BN BN DR B B B RN N B B B BN
2
o
»
IS
c
2
> I _
{o equispaced under-sampling |
Frequency e random under-sampling J
Original signal in Fourier domain (sparse) Original signal in the sampling domain
! ! ! ! ! ! ! -
. /i \
=)
c
o
= i |
c
2
) '
Frequency L | | | | | | | | g
Ambiguity in the reconstructed frequency Ambiguity in the signal domain

domain due to the sampling below tidyquistevel
ompr essed ensing




Algorithm 1.2 Iterative Hard Thresholding
Inputs: CS matrix/dictionary A, measurement vector y, sparsity level k
Initialize: 7o = 0.
for + = 1; ¢ := ¢ + 1 until stopping criterion is met do
T; = Hy, (Tio1 + AT (y — AZi 1))
end for
Output: Sparse representation x

Sampling Reoovery

\ m*—‘mwwww
(e);

B

e .. B

(@) (b)

—)

(d) (f) (h)

[FIG5] Heuristic procedure for reconstruction from undersampled data. A sparse signal (a) is 8-fold undersampled in its 1-D k-space
domain (b). Equispaced undersampling results in signal aliasing (d) preventing recovery. Pseudo-random undersampling results in
incoherent interference (c). Some strong signal components stick above the interference level, are detected and recovered by
thresholding (e) and (f). The interference of these components is computed (g) and subtracted (h), thus lowering the total interference

level and enabling recovery of weaker components.
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CS applied to
MRI
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CS applied to MRI " ;

Application to MRI

A MRI suffers inherently from long
scan times (2@0 minutes) since
I itis acquired pixel by pixel in
frequency domain
I the relaxation times of the
spins prevent simultaneous
acquisitions
A Fortunately it lends itself for CS
since

I Image generated through
MRI are naturally
compressible

I MRI scanners naturally
acquire encoded samples
rather than pixelby-pixel
signals (i.e. spatidtequency
encoded)

2D wavelet coefficients
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MRI data acquisition and spati@nconding

NUCLEI IN MAGNETIC FIELDS

" Case 2: Resonant radio-frequency magnetic field B(t) = By + B,(t)
= Precession of macroscopic net magnetization in xy plane

= Induction of voltage in receiver coil (“antenna”, resonant LC circuit)
close to sample (nhear-field situation)

(Maxwell-Faraday equation): VE = _"‘Z(tf)

5O O MWW
90°

B, B, B,
1 180°

== (==

v

A

u(e) I\N\/\’ u(t) uet)

KLINIKUM DER UNIVERSITAT MUNCHEN®

June 2017 KLINIK UND POLIKLINIK FUR RARTOLQGIE
JOSEF LISSNER LABORATORY FOR BIQMEDICAL IMAGING

- e e - e e s e
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MRI data acquisition and spati@nconding

PULSE SEQUENCES: 2D GRADIENT ECHO

JOSEF LISSNER LABORATORY FOR BIOMEDICAL IMAGING

excitation pulse RF signal excitation pulse
RF events >
t t
90° readout 90°
Slice-sel. >
gradient t t
Freg.-enc. -~ R
gradient t' ¢ "
nlines
Phase-enc. R R
gradient t' t -
f repeat Miines
echo time, TE
repetition time, TR
KLINIKUM DER UNIVERSITAT MUNCHEN®
July 2017 KLINIK UND POLIKLINIK FUR RADIOLQGIE

A In MRI, we use pulse

seguences of different
spatial gradients to sampls
points in the frequency
space of the image

By changing gradient
strength and/or duration,
RAFTFSNByYy (G 4L1J2
aLl OS¢ I NB a

time coordinate, t

gradient coordinate (steps, n)
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MRI data acquisition and spati@nconding

A The pulse sequences
determinetheseO I f f-
aLl OS UNI 2SC

excitation reming RF signal RF signal RF signal RF signal RF signal RF signal RF signal A Different trajeCtorieS have

PULSE SEQUENCES: 2D ECHOPLANAR IMAGING

oo ] B e,

180° readout readout readout readout readout readout readout

susceptible to noise,
suced-_selt efficient use of hardware,
gradien
t etc.
Freqg.-enc.
gradient
i - - - t
Phase-enc. R
gradient = | I ] L ¢

ec:ho spacing

KLINIKUM DER UNIVERSITAT MUNCHEN®

July 2017 KLINIK UND POLIKLINIK FUR RARTOLQGIE
JOSEF LISSNER LABORATORY FOR BIQMEDICAL IMAGING
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Adequate sampling Lowfrequency subsampling Reular subsampling Random subsampling
(long scartimes) (blurry) (in-foldingartifacts) (removablenoise)
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Side note:
In-folding/
ghosting
artifacts

Ghostingartifacts ~~__ Even components Odd components
(negative) removed removed

FT of the original image

- 2DFourier
transform

_ ‘lInverse 2D
Fourier transform

ey

Ghostingartifacts
(positive)
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Side note: Phase Encoding—>
In-folding/
ghosting
artifacts

P0° 360°

Mismépped uMismapped
as +270° as +90°

mriquestions.com/wrap-around-artifact.htmi
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Side note:
In-folding/
ghosting
artifacts

A Caused by imperfections (differences) in the alternating positive and negative
readout gradients

A Potential solutions: correct the phase, or reconstruct the images from positive
and negative readout gradients separately
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Side note:
In-folding/
ghosting
artifacts

(b)
Motion artefacts due to (a) respiration and (b) cardiac motion

A Ghostingartifactsalong the phase encoding direction, since the acquisition along this
direction is significantly slower

A Can be corrected through respiratory gating or averaging of multiple images




Application to MRI

A Perfectly random sampling does not always meet the hardware constraints (continuou
trajectories in theQspace are easier to implement)

A The information in théQspace is not uniformly distributed

100

10-2-
1074

[FIG6] PSFs of various sampling trajectories: (a) random lines in 2-D, (b) random points in 2-D or cross section of random lines in 3D,
(c) radial, (d) uniform spirals, (e) variable density spirals, and (f) variable density perturbed spirals. The height of the red lines measures
coherence.
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Application to MRI

A Especially for angiography, CS is beneficial since it is able to capture the dynamics of

contrast agent
A Subsampling down to 10 % of thyquistlimit is possible

3-D Cartesian
Sampling Configuration

X

[FIG8] 3-D Contrast enhanced angiography. Right: Even with 10-fold undersampling CS can recover most blood vessel information
revealed by Nyquist sampling; there is significant artifact reduction compared to linear reconstruction; and a significant resdution
improvement compared to a low-resolution centric k-space acquisition. Left: The 3-D Cartesian random undersampling configuration.
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D DR D

rigger Trigger rigger
Ao A A )
Real Time w A - )
. . ) () (0]
Localization o [ Nt @) )
ultislice ulfislice ultislice - )

Start of Breath—HoId‘[

[AGY] Single breath-hold whole-heart coronary artery imaging. (a) the imaging sequence timing diagram. (b) A dlice through
the volume of the heart showing the right coronary artery (3). The incoherent artifacts of undersampled variable-density spirabk
(white arrow) appear as noiselike interference in the linear gridding reconstruction (left). These artifacts are suppressed inthe CS
reconstrudtion (right) without compromising image quality. The dlice shows: (1) aorta, (2) chest walll, (3) right coronary artery,

(4) right ventride, (5) left ventride, and (6) liver.
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Application to MRI

A Here we can apply the wavelet transform, due to the high compressibility of brain imac
in the waveletdomain

Significant aliasing artifacts

Multislice 2-D Cartesian

Sampling Configuration NI LOTHACEIR;

Sampling Sampling Linear Wavelet + TV

[AG10] CS exhibits better suppression of aliasing artifacts than linear reconstruction from incoherent sampling, improved resolution
over a low-resolution acquisition with the same scan time, and a comparable reconstrudtion quality to a full Nyquist-sampled set.
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