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SPATIAL DOMAIN
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Spatial domain enhancement

𝑔 𝑥, 𝑦 = 𝑇[𝑓(𝑥, 𝑦)] Enhancement operator in the spatial domain:
• Operates in a defined neighborhood
• The neighborhood is moved from voxel to 

voxel to generate the output image
• Size and shape of the neighborhood can be 

adjusted

Limit case  1x1 neighborhood

𝑔 𝑥, 𝑦 = s 

f 𝑥, 𝑦 = 𝑟

s = 𝑇[𝑟]

Intensity mapping



Intensity mapping

Contrast stretching Thresholding

Improve contrast Segmentation



Intensity mapping



Negative transformation

Example : digital mammography

Cranio-caudal (CC) projection Medial-lateral-oblique (MLO) projection



Negative transformation
s = 𝐿 − 1 − 𝑟

Digital mammogram (courtesy of GE Medical Systems)



Log transformations

s = 𝑐 log( 1 + 𝑟)

Fourier spectrum Log transform (c = 1)

Expand the range of dark pixels while compressing higher-level values

where c is a constant and it is assumed r ≥ 0



Power-law transformations

s = 𝑐 𝑟γ

Plot with c = 1

The effect is dependent on the value 
of γ (1 is the threshold)

 γ correction

where c and γ are positive constants, 



c= 1
γ = 0.6

c= 1
γ = 0.4

c= 1
γ = 0.3

MRI of a fractured spine
(Dr. David R. Pickens, Vanderbilt University 
Medical Center

Example: MRI

Purpose  extend range of darker pixels
(γ < 1)



Piecewise linear transformations

Model arbitrary complex functions



Gray-level slicing



Histogram processing

ℎ 𝑟𝑘 = 𝑛𝑘

p 𝑟𝑘 =
𝑛𝑘
𝑛
=

𝑛𝑘
𝑀𝑁

The histogram of a digital image with gray levels 
[0, L-1] is a discrete function:

Where nk is the number of pixels having gray 
level k, with k = [0, L-1].

It is typically normalized by the total number of 
pixels in the image n. 

Probability of occurrence of gray level rk in the 
image 



s = 𝑇 𝑟 0 ≤ 𝑟 ≤ 1

Histogram transformation function

Let us assume:  a)                 is single-valued and monotonically increasing

b)

𝑇 𝑟

0 ≤ 𝑇(𝑟) ≤ 1 for 0 ≤ 𝑟 ≤ 1



𝑝𝑠 𝑠 𝑑𝑠 = 𝑝𝑟 𝑟 𝑑𝑟

p𝑠 𝑠 = p𝑟 𝑟
𝑑𝑟

𝑑𝑠

Intensity probability distribution

s = 𝑇 𝑟

𝑟

𝑠

𝑑𝑟

𝑑
𝑠

𝑟

𝑝𝑠 𝑠 𝑑𝑠 = 𝑝𝑟 𝑟 𝑑𝑟

𝑝𝑟 𝑟 𝑑𝑟

𝑝𝑟(𝑟)

𝑝
𝑠
(s
)

𝑝
𝑠
𝑠
𝑑
𝑠



p𝑠 𝑠 = p𝑟 𝑟
𝑑𝑟

𝑑𝑠
=

1

𝐿−1
0 ≤ 𝑠 ≤ L-1

s = 𝑇 𝑟 = (𝐿 − 1)න
0

𝑟

p𝑟 𝑤 𝑑𝑤

Let us consider:

Output image with L intensity 
values in the [0,…,L-1] range 

d𝑠

𝑑𝑟
=

d𝑇(𝑟)

𝑑𝑟
= (𝐿 − 1)

d

𝑑𝑟
0׬
𝑟
p𝑟 𝑤 𝑑𝑤 = L − 1 p𝑟 𝑟

Histogram equalization

Uniform probability

independently of p𝑟 𝑟

Cumulative distribution function of r:
• Single-valued
• Monotonically increasing
• Defined in the [0, 1] range



Histogram equalization
Let us now consider discrete values:

s = 𝑇 𝑟 = (𝐿 − 1)න
0

𝑟

p𝑟 𝑤 𝑑𝑤 𝑠𝑘 = 𝑇 𝑟𝑘 = (𝐿 − 1)෍
𝑗=0

𝑘

𝑝𝑟(𝑟𝑗)

Suppose that a 3-bit image ( L = 8) of size 64 x 64 pixels (MN = 4096 )



Histogram equalization

𝑠0 = 𝑇 𝑟𝑜 =෍
𝑗=0

0

𝑝𝑟(𝑟𝑗) = 𝑝𝑟 𝑟0 = 0.19 𝑠0 = 0.19 x 7 = 1.33

Rescale to
maximum intensity (7)

Apply the same calculation, and round to the closest integer (in the [0, 7] range)



Histogram equalization

Divide by MN = 4096



Histogram equalization



Histogram matching

s = 𝑇 𝑟 = (𝐿 − 1)න
0

𝑟

p𝑟 𝑤 𝑑𝑤 Cumulative distribution function of r

Let us define a variable z (and corresponding probability distribution) so that:

G 𝑧 = (𝐿 − 1)න
0

𝑧

𝑝𝑧 𝑡 𝑑𝑡 = 𝑠

G 𝑧 = 𝑇(𝑟) z = 𝐺−1[𝑇 𝑟 ]

Procedural steps for histogram matching:
• Calculate T(r) from input pr(r)

• Calculate G(z) from desired pz(z)

• Compute G-1

• Obtain output image values by applying G-1 to T(r) [i.e. matching pz(z)]



Histogram matching: graphical representation

G(z) given



25

Suppose that a 3-bit image (L=8) of size 64 × 64 pixels (MN = 4096) has the 
intensity distribution shown in the following table (on the left, same example as 
before). Get the histogram transformation function and make the output image 
with the specified histogram, listed in the table on the right.

Histogram matching example
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Obtain the scaled histogram-equalized values (see previous slides),

Compute all the values of the transformation function G,

0

0

0

( ) 7 ( ) 0.00z j

j

G z p z


 

1 2

3 4

5 6

7

( ) 0.00                         ( ) 0.00         

( ) 1.05                         ( ) 2.45

( ) 4.55                         ( ) 5.95

( ) 7.00

G z G z

G z G z

G z G z

G z

 

 

 



0

0 0

1 2

65

7

Histogram matching example

𝑠0 = 1, 𝑠1 = 3, 𝑠2 = 5, 𝑠3 = 6, 𝑠4 = 6, 𝑠5 = 7, 𝑠6 = 7, 𝑠7 = 7
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Obtain the scaled histogram-equalized values,

Compute all the values of the transformation function G,
0

0

0

( ) 7 ( ) 0.00z j

j

G z p z


 

1 2

3 4

5 6

7

( ) 0.00                         ( ) 0.00         

( ) 1.05                         ( ) 2.45

( ) 4.55                         ( ) 5.95

( ) 7.00

G z G z

G z G z

G z G z

G z

 

 

 



0

0 0

1 2

65

7

s0

s2 s3, s4 

s5 s6 s7

s1

Histogram matching example

Find s = G (z)

27

𝑠0 = 1, 𝑠1 = 3, 𝑠2 = 5, 𝑠3 = 6, 𝑠4 = 6, 𝑠5 = 7, 𝑠6 = 7, 𝑠7 = 7
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0

1

2

3

4

5

6

7

kr

Histogram matching example

𝑠0 = 1, 𝑠1 = 3, 𝑠2 = 5, 𝑠3 = 6, 𝑠4 = 6, 𝑠5 = 7, 𝑠6 = 7, 𝑠7 = 7
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0 3

1 4

2 5

3 6

4 7

5 7

6 7

7 7

k qr z

















Histogram matching example

𝑝𝑧 3 =
790

4096
= 0.19

𝑝𝑧 0 = 𝑝𝑧 1 = 𝑝𝑧 2 =0

𝑝𝑧 4 =
1023

4096
= 0.25

𝑝𝑧 5 =
850

4096
= 0.21

𝑝𝑧 6 =
656 + 329

4096
= 0.24

6

𝑝𝑧 7 =
245 + 122 + 81

4096
= 0.11
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Histogram matching example



Histogram matching: CBCT / CT example

Phys Med. 2017 Jan;33:68-76.



Local histogram processing

• Global histogram processing may fail to enhance details over small areas, whose intensity 
distribution does not match the gray level content of the entire image

• Histograms can be defined locally, considering specific neighborhoods centered at a 
predefined location (x,y):



Local histogram processing



Local histogram statistics for enhancement

𝑚𝑆𝑥𝑦 = ෍

(𝑠,𝑡)∈𝑆𝑥𝑦

𝑟𝑠,𝑡 𝑝(𝑟𝑠,𝑡)

𝑆𝑥𝑦Let us consider         , i.e. a neighborhood (subimage) of specified size, centered at (x,y)

𝜎𝑆𝑥𝑦
2 = ෍

(𝑠,𝑡)∈𝑆𝑥𝑦

[𝑟𝑠,𝑡 −𝑚𝑆𝑥𝑦
]2 𝑝(𝑟𝑠,𝑡)

Local mean (average gray level)

Local variance (measure of contrast)

where              is the neighborhood normalized histogram component for corresponding 
gray level

Can be used to implement simple enhancement techniques based on statistical measures 
that have a close, predictable correspondence to image appearance.

𝑝(𝑟𝑠,𝑡)
𝑟𝑠,𝑡



Local histogram statistics: example

𝑔 𝑥, 𝑦 = ൝
𝐸 𝑓 𝑥, 𝑦 𝑖𝑓 𝑚𝑆𝑥𝑦 ≤ 𝑘0𝑀𝐺 𝑎𝑛𝑑 𝑘1𝐷𝐺 ≪ 𝜎𝑆𝑥𝑦 ≪ 𝑘2𝐷𝐺

𝑓 𝑥, 𝑦 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

With  E > 1, k0 < 1   and MG / DG  are the global image mean / variance



Local histogram statistics: example

𝑔 𝑥, 𝑦 = ൝
𝐸 𝑓 𝑥, 𝑦 𝑖𝑓 𝑚𝑆𝑥𝑦 ≤ 𝑘0𝑀𝐺 𝑎𝑛𝑑 𝑘1𝐷𝐺 ≪ 𝜎𝑆𝑥𝑦 ≪ 𝑘2𝐷𝐺

𝑓 𝑥, 𝑦 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

With  E > 1, k0 < 1   and MG / DG  are the global image mean / variance



Spatial filtering

M x N image
m x n filter mask (odd filter size)

𝑤 ∗ 𝑓 𝑥, 𝑦 = ෍

𝑠=−𝑎

𝑎

෍

𝑡=−𝑏

𝑏

𝑤 𝑠, 𝑡 𝑓(𝑥 + 𝑠, 𝑦 + 𝑡)

with: 𝑎 =
𝑚 − 1

2

𝑏 =
𝑛 − 1

2

Image convolution with a filter 
(kernel)



Spatial filtering: border effects

Origin

x

y
f (x, y)

e

e

e

e

e e

e

Possible solutions:

• Ignore the contribution of 
missing pixels/voxels (null term)
– Border effects visible 

(considering reduced number 
of samples)

– Slow-down (need to check 
when you reach the border)

• Image Padding
– Assign a reference values 

outside (e.g. 0)
• Mirroring at the border (up to 

half of the kernel size)
• Resize the output image (the 

filtered image will be smaller)



Smoothing spatial filters

• Used for blurring and noise reduction

• Smoothing filtes average the pixels contained in the neighborhood of the 
filter mask

• Reduces sharp transitions in gray levels

• Negative effects on contour preservation (sharp transition by definition)

Average Weighted average

𝑔 𝑥, 𝑦 = ൘
σ𝑠=−𝑎
𝑎 σ𝑡=−𝑏

𝑏 𝑤 𝑠, 𝑡 𝑓(𝑥 + 𝑠, 𝑦 + 𝑡)
σ𝑠=−𝑎
𝑎 σ𝑡=−𝑏

𝑏 𝑤 𝑠, 𝑡



Original image Original image + Gaussian noise 

3 x 3 average 9 x 9 average



Order statistics filters

• Rank pixels / voxels in a given neighborhood and replace with a value 
determined by ranking results 

• An example in the median filter (50%)  effective for salt & pepper noise

3 x 3 median

Salt & pepper



Gaussian filter kernels

𝑤 𝑠, 𝑡 = 𝐺 𝑠, 𝑡 = 𝐾𝑒
−
𝑠2+𝑡2

2𝜎2 = 𝐾𝑒
−
𝑟2

2𝜎2
Circularly symmetric Gaussian kernel



Gaussian filter kernels



Sharpening filters

• Highlight image discontinuities (gray level changes)

• Typically rely on first / second derivative

)()1( xfxf
x

f






)(2)1()1(
2

2

xfxfxf
x

f








The Laplacian operator is defined as:

Where partial derivatives are calculated as follows:

y

f

x

f
f

2

2

2

2
2











),(2),1(),1(
2

2

yxfyxfyxf
x

f






),(2)1,()1,(
2

2

yxfyxfyxf
y

f






Laplacian filter

),1(),1([2 yxfyxff 

)]1,()1,(  yxfyxf

),(4 yxf



fyxfyxg 2),(),( 

- =

Original image Laplacian Image subtraction

Laplacian filter



Unsharp masking

𝑓𝑢𝑚 𝑥, 𝑦 =
1

𝛼 − 𝛽
[𝛼𝑓 𝑥, 𝑦 − 𝛽𝑓𝑙𝑝 𝑥, 𝑦 ]

Blurred version of the original image

𝑤𝑖𝑡ℎ 𝛼 ≥ 𝛽 > 0 Unsharp masking

𝑓𝑢𝑚 𝑥, 𝑦 = 𝑓𝑙𝑝 𝑥, 𝑦 +
𝛼

𝛼 − 𝛽
[𝑓 𝑥, 𝑦 − 𝑓𝑙𝑝 𝑥, 𝑦 ]

𝛼𝑓 𝑥, 𝑦 − 𝛽𝑓𝑙𝑝 𝑥, 𝑦 = 𝛼𝑓𝑙𝑝 𝑥, 𝑦 + 𝛼[𝑓 𝑥, 𝑦 − 𝑓𝑙𝑝 𝑥, 𝑦 ] − 𝛽𝑓𝑙𝑝 𝑥, 𝑦

Gain factor at high frequency





Image gradients

𝛻f x, y =
𝐺𝑥
𝐺𝑦

=

𝜕𝑓

𝜕𝑥
𝜕𝑓

𝜕𝑦

𝛻𝑓(𝑥, 𝑦) =
2
𝐺𝑥
2 + 𝐺𝑦

2

x

y

x

y



Image gradients

𝛻f x, y =
𝐺𝑥
𝐺𝑦

=

𝜕𝑓

𝜕𝑥
𝜕𝑓

𝜕𝑦

𝛻𝑓(𝑥, 𝑦) =
2
𝐺𝑥
2 + 𝐺𝑦

2

-1 0

1 0

-1 1

0 0



Image gradients

x

y

Roberts operator
(cross-gradients)

Sobel operator



Immagine originale horizontal

verticalboth

Image Sobel (X)

Sobel  (Y)Sobel (X+Y) = 
Sobel (X) U Soble (Y)

Sobel operator: example


