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Image processing system
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Image processing system

Digital image processing performed at 2 levels:
e Hardware level

* Digitizer (transform into a digital image) B
Acquisition front-end:
e ALU (Arithmetic Logic Unit): performs arithmeticand — Optimized for
logical operations in parallel on the entire image (e.g. speed
averaging frames)

— * Manages
operations that
have to be
performed fast)

e Software level:

* Image processing software

* GPUs (Graphic Processing Units) often used to run
software to improve performance (parallel coding)




Image enhancement

Image enhancement

* Image processing procedure aiming at producing an output
image which is more suitable for a specific application

* Available techniques are problem oriented

We can classify two main techniques:
* Enhancement in the spatial domain
— Direct manipulation of pixels/voxels (spatial samples) Combinations
—

* Enhancement in the frequency domain thereof
— Modification in a transform domain (e.g. Fourier)




Image sampling / quantization

Let us assume x=0,1,2,...M-1 andy=0,1,2,...,N-1

Y‘Orig'n ( )
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X, M
LCenter
where each single entry can take intensity values
coded in a given number of bits. Let us assume L is
Image f(x, y) the total number of bits, then intensity values are
- 1 in the range:
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Noise and saturation

Dynamic range = range of values spanned by the imaging system (min / max measurable
intensities)

The upper limit is determined mainly by saturation and the lower limit by noise (more
visible at lower intensities)

Image contrast = difference in intensity between the highest and lowest intensity levels in
the image

noise

saturation




Digital image size

In an M X N image where intensities are coded with L bits, the number of bits b that is
required to store the image is:

b=M XN XL
1 1 | 1 1 | 1 | 1 1
Assuming M =N 100 L=% _
. T
80 - 6
b=N?XxL 101 5

= Megabytes (2 x10°)
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Indexing of image coordinates

Pixels / voxels are identified by their 2-3D coordinates. In programming image
processing algorithms, identifiers are often replaced by a linear index a (line or column

Shown are several
2-D coordinates (in
parentheses) and
their corresponding
linear indices.

wise)
a=My+x x = a mod, M y = (a—x)/M
Remainder of the division
(0, 1) o=M
FIGURE 2.22 ~
Hustration of 0,0 a=0 « (0.2 a=2M o
column scanning .' I
for generating ' [
linear indices. A‘\ 4&
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Spatial resolution

Spatial resolution is a measure of the smallest discernible detail in an image

Quantitatively it can be expressed as:

* Line pairs per unit distance (more common in medical imaging) = number of
discernible line pairs per unit distance (cm or mm)

* Dots (pixels) per unit distance (e.g. DPI = dots per inch)
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Spatial resolution

Original 512 x 512 pixels




Modulation transfer function
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Modulation transfer function

The modulation Transfer Function (MTF) is a way to incorporate spatial resolution and
image contrast into a single specification

At a given spatial frequency f :
* Compute intensity modulation

My W

input  output

M(f) =

max(intensity) — min(intensity)

MTF

max(intensity) + min(intensity)

* Normalize modulation values

between 0 and 1 (divide by \/\N\I AN
maximum modulation) 2> MTF(f)

input  output

Frequency [lp/cm]
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Intensity resolution

Intensity resolution is the smallest discernible change in intensity levels

It is common practice to quantify the intensity resolution with the number of bits
used to quantify intensities

Based on hardware considerations the number of intensity levels is usually a
power of two, with most common choices at 8 bits or 16 bits (in most medical
images)

The real discernible change depends on noise, saturation and the capabilities in
human perception
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FIGURE 2.24

{a) 774 = 640,
256-level image.
(b)-(d) Image
displayed in 124,
&4, and 32 inten-
sity levels, while
keeping the
spatial resolution
constant.
{(Original image
courtesy of the
Dr. David R.
Pickens,
Department of
Radiology &
Radiological
Sciences,
Vanderbilt
University
Medical Center.)

Intensity resolution

e f
2 h

FIGURE 2.24
(Continued)
(e)-(h) Image
displayed in 16, 8,
4. and 2 intensity
levels.




Image interpolation

Interpolation is the process of using known data to estimate values at unknown locations

This applies also to digital images when we need to calculate image intensities at spatial
locations that differ from the samples we have (known intensities in correspondence of
the sampling grid)

Example of applications:
* Image zooming / shrinking (change of resolution)

Change of sampling grid
* Application of image transformations & Ping &

! f !
4 A ,
Simplest approach: pick the intensity values of the closest ~@f§ ) ¢ 1
known sample : ) --|-e--
: :I I|
‘ fﬁk““Jl-h_,_ \Iu

Nearest neighbor interpolation Original grid —— | o

Updated grid — — —



Image interpolation

A more suitable approach is bilinear interpolation, in which we use the four nearest
neighbors to estimate the intensity at a given location.

Let (X,y) denote the coordinates of the locations where we need to assign an intensity
value v (x,y).

For bilinear interpolation, the assigned value is obtained using the following equation:
v(x,y) =ax+by+cxy+d

Where the four coefficients (a,b,c,d) are determined from the 4 equations that can be
written using the four nearest neighbors.

The next level is bicubic interpolation, which involves the sixteen nearest neighbors of a
point:

3 3
v(x,y) = ZZ aijxiyj
=O =0




Image interpolation

Example: image rotated and then rotated back using different interpolation methods:

Original image Nearest neighbor Bilinear Bicubic




Relationships between pixels

We review here the most important relationships between pixels / voxels in a
digital image:

* Neighbors of a pixel

* Adjacency, connectivity regions and boundaries

* Distance measures




Neighbours

Neighborhoods are defined based on pixel coordinates:
* 4-neighborhood N,(p)
* 8-neighborhood Ng(p) = N,(p) + Np(p) includes the 4-neighborhood plus diagonal

pixels
(x.v+1) Ke=Ly+1) (x+1) ljx+1,y+1)l
(=Ly) | (x| (x+19) (=Ly) | (xy) | (e+Ly)
(xy-1) (x=Ly-1) (xy-1) l(r+1.y—1)|
4-neighbourhood 8-neighbourhood

Neighborhoods are said to be closed if they contain the central pixel (X,y), open
otherwise




Adjacency

Adjacency is defined based on the intensity value (same intensity or intensities in the
same range V).

Three types of adjacency are defined:
* 4-adjacency = Two pixels p and q are defined 4-adjacent if g is in the set N,(p)
 8-adjacency = Two pixels p and q are defined 8-adjacent if q is in the set Ng(p)
* m-adjacency (mixed adjacency) - Two pixels p and g are m-adjacent if:

* (isintheset Ny(p) or

* (isin the set Ny(p) and the set N,(p) N N,(q) has no pixels whose values are

fromV
01 1 0 1--1 0 1--1
010 0 10 0 1 0
0 0 1 0 0 1 0 0 1

8-adjacency m-adjacency

AAAAAAAAAA



Digital path and connectivity

A digital path (or curve) from pixel p with coordinates (X;,Y,) to (X,,Y,) is a sequence of
distinct pixels with coordinates:

(XO ’yO)l (Xl ’yl) 1oy (Xn’yn)
where points (X;,Y;) and (X;_;,Yi.;) are adjacent for 1 <i <n (length of the path).

If (X5,Y0) = (X,,Y,) the path is a closed path.

0 1 1 0 1--1 0 1--1
010 0 10 010
0 0 1 0 0 1 0 0 1




Digital path and connectivity

* Let Srepresent a subset of pixels in an image.

* Two pixels p and g are said to be connected in S if there exist a path between them
consisting entirely of pixelsin S

* For any pixel pin S, the set of pixels that are connected to it in Sis called a
connected component of S

* If S has only one component, and that component is connected, then S is called a
connected set

* A connected set in a digital image is called an image region R




Connectivity regions

* Two regions R; and R; are said to be adjacent if their union forms a connected set.
* The type of adjacency (4-adjacency and 8-adjacency) must be specified

* Two regions that are not adjacent are said to be disjoint

1 1 1 \ Example

1 , 9\ 1R These 2 regions are 8-adjacent but not 4-adjacent
0 1.0,

0 0.1

1 1 1R

11 1

/




Boundaries and borders

Suppose an image contains K disjoint regions, R,, k = 1,2,...,K, none of which
touches the border

Let R, denote the union of all the K regions, and let (R,)¢ denote its complement (the
complement of A is the set of elements that are not in A).

We call all the points in R, the foreground of the image, and all points in (R)¢ the
background

The boundary (also called border or contour) of a region R is the set of pixels in R
that are adjacent to pixels in the complement of R

In other words, the boundary of a region is the set of pixels in the region that have
at least one background neighbor (please note the type of adjacency needs to be
defined

The boundary of a region is also called inner border, whereas the outer border is the
corresponding border in the background



Boundaries and borders

O 0 0 0O The circled point is not a member of the border of the
01 1 00 1-valued region if 4-connectivity is used to define
01100 adjacency
0 1 ‘:'_l,\' 1 0 As a rule, adjacency between points in a region and its
O 1 1 1 0 background is defined using 8-connectivty to handle
000 0O these situations

0 0O G-G- '9 The outer border typically satisfies the property

0O 1 0 (i) 1 QJ of being a closed path

010 1 0

0O 1 0 1

0 1 0 1

O 0 O 2t




Boundaries and edges

The boundary of a finite region forms a closed path and is thus a “global” concept

An edge is instead a “local” concept, as it manly relies on measures of intensity level
discontinuity at a given point (typically the gradient)

It is possible to link edge points into segments and sometimes these segments are
linked in such a way that they correspond to boundaries, but this is not always the
case

The only case where boundaries and edges correspond is when binary images are
considered




Distance measures

For pixels p, g and s, with coordinates (X,y), (u,v) and (w,z), respectively, D is a distance
function or metric if these conditions are satisfied:

* D(p.a)=0 (D(p,q) =01ifp=q)
* D(p.a) = D(a.p)
* D(p.s) =D(p,q) + D(q.9)

Examples of distance functions:

1
D.(p,q) = [(x —uw)?*+(y — v)?]z Euclidean distance

D,(p,q) = |x—ul+|y—v| City-block distance

Dg(p,q) = max(|x —ul,|y — v|) Chessboard distance




Distance measures

D,(p,q) = |x—ul+|y—v| City-block distance
Pixels having D, distance = 1 form a diamond around the central point (4-neighbors)

2
2 1 2
2 1 0 1 2 values represent the D, distance from the center (0)
2 1 2
2

Dg(p,q) = max(|x —ul,|y — v|) Chessboard distance
Pixels having Dg distance = 1 are the 8-neighbors of the central point

2 2 2 2 2
2 1 1 1 2
2 1 0 1 2 values represent the Dg distance from the center (0)
2 1 1 1 2
2 2 2 2 2




Basic mathematical tools

* Elementwise vs. matrix operations

* Linear vs. non linear operations

e Arithmetic operations




Elementwise vs. matrix operations

* Let us consider the following 2 x 2 images:

[a11 a12] b1 b12]
azq aso an b21 bzz

* The elementwise product (denoted with ) is:

[an a12] [b11 b12]=[a11b11 a12b12]
az1 QAz2 by1 byl laziby;  azyby;

e Matrix multiplication:

[all alZ] b11 b12]_[a11b11 + aj3by;  aq1byy +a12b22]

Az1 Q22| byy  byy) lazibyq + azabyy  az1bipy + azyby;

* We will assume elementwise operations unless stated otherwise




Linear vs. nonlinear operations

* Consider a general operator H that produces an output image from an input one:

Hf(x, )] = g(x,y)

* Given the arbitrary constants a and b, and two arbitrary images f;(x,y) and f,(x,y), H
is said to be a linear operator if:

}[[afl(x,y) + bfZ(xry)] = agl(xry) + bgz(x,y)

* Some important operators are linear, other even simple operators are not, such as
the max operator.

0 2 6 5
Example:a=1,b=-1 fl:z 3] and f2=4 7]

O S B e [

(Dmaxi|, |li+(Dmaxy|, “lfi=—-4 L



Arithmetic operations

Basic arithmetic operations, to be intended as elementwise operations:

* suy)=fy) +g9xy) sum

« dxy) =f(x,y)—gx,y) difference
* plx,y) =flx,y) xglxy) product

* vy =fny) =9 y) ratio

These operations require the images to be of the same size




Using image addition to reduce noise

Suppose that g(X,y) is a corrupted image formed by the addition of noise to a noiseless
image f(x,y):

gx,y)=fxy) +nlxy)

If we assume that the noise is uncorrelated at each pixel positon, zero on average and
uncorrelated to image intensities, then considering:

K
_ 1
Gy =% ) gi6y)
i=1
It follows that:
E{g"(x, y)} = f(X, Y)

1
2 — 2
I9(xy) = F OnCey)

AAAAAAAAAAA



Using image addition to reduce noise

Example: Diffusion weighted MRI

A 1x Signal Averaging B 6x Signal Averaging

- o~

-

nitude vata

via

(18]
i
(T
=
E
Q
) o

10.1016/j.neuroimage.2015.07.074
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Image subtraction to improve contrast

ab
cd

FIGURE 2.31
Digital
subtraction
anpiography.

(a) Mask image.
(b) A live image.
(c) Dafference
between (a) and
(b). (d) Enhanced
difference image.
(Figures (a) and
(b) courtesy of
the Image
Sciences
Institute,
University
Medical Center,
Utrecht, The
Netherlands.)




Shading correction

abc

FIGURE 2.33 Shading correction. (a) Shaded test pattern. (b) Estimated shading pattern. (c) Product of (a) by the
reciprocal of (b). ( See Section 3.5 for a discussion of how (b) was estimated.)
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Image masking

b A

FIGURE 2.34 (a) Digital dental X-ray image. (b) ROI mask for isolating teeth with fillings (white corresponds to 1 and
black -:-urru:ap-;mdn to 0). () Product of (a) and (b).
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Set and logical operations

e Subset4A € B
e UnionAUB
 IntersectionANBAB

disjoint / mutually exclusive AN B =Q)
« Complement A¢ = {w|w ¢ A}
e DifferenceA— B ={w|lw € A,w & B} =AnB*
» Reflection B = {w|w = —b, b € B}
* Translation (4),={c|lc =a + z,a € A}




Set and logical operations

TABLE 2.1

Some important
set operations
and relationships.

Description
Ovperations between the
sample space and null sets

Union and intersection with
the null and sample space sets

Union and intersection of a
set with itself

Union and intersection of a
set with its complement

Commutative laws

Associative laws

Distributive laws

DeMorgan's laws

Expressions
=y @@= MU= NS=a

AU@=A; AN@=G;, AUL=(k AN{l=A
AUA= A, ANA=A
AUA =) ANA =D

AUB=BUA
AMNB=BMNA

(AUB)UC=AU(BUC)
(ANB)NC=AN(BNC)

(AUB)NC=(ANC)JU(BNC)
(ANB)UC=(AUC)N(BUC)

(AUBY = AN B
(ANB) = AU B

LUDWIG-




Set and logical operations

W) A" ANB AR

Y

b

A-B B AME AM(BUC)

abcd
ef 8h

FIGURE 2.35 Venn diagrams corresponding to some of the set operations in Table 2.1. The results of the operations,
such as A°, are shown shaded. Figures (e) and (g) are the same, proving via Venn diagrams that A—- B = AMB°
[see Eq. (2-40)].




Logic operations

* The principal logic operations used in image
processing

are: AND, OR, NOT (COMPLEMENT)

* Logic operations are preformed on a voxel by
voxel basis between corresponding voxels
(bitwise)

* Other important logic operations :
XOR (exclusive OR), NAND (NOT-AND)




Logic operations , NOT(A)

XOR
=

[INOT (A)] AND(B)

o

i
H
(A)XOR(B)
i
H




Geometric transforms

Affine transformation, expressed in homogeneous coordinates:

!

X X aip Qg2 Adg3
y'|=AlY| = a21 azz a23
1 1

This transformation can scale, rotate, translate or sheer the image, depending on the
values of single elements in the matrix.




TABLE 2.3

Affine
transformations
based on

Eq. (2-45).

Transformation
MName

Identity

Scaling/Reflection
{For reflection, set one
scaling factor to -1
and the other to 0}

Rotation (about the

origin)

Translation

Shear (vertical)

Shear (horizontal)

Affine Matrix, A

=D =]
(=
= o =

o o n
e~ o
=

cosf —sing 0

sin# oos8 0

Coordinate
Equations

=
I

x'= xcos#— ysin@
¥ = xsinf+ ycos#@
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Image transforms

Let us consider a 2D linear transform:

M-
T (u.

\_Y_/

Transform
variables

1N-
Z o)y, )

Forward transformation
kernel

Similarly, an inverse transformation kernel exists from the transform to the image domain.

giﬁfiiq:wm“h T(u.v) Operation RITUWI verse
E:,, WD:’l{.i]lg[il] the f(x,y) = > Transform ——— > i, — randorm a(x,y)
nedar iransiorm

domain domain

Transform domain




Image transforms

The forward transformation kernel is said to be separable if:

r(x, Y, U, U) = rl(x' u) rZ(y' U)

In addition, the kernel is said to be symmetric if the separable functions are functionally
equal, i.e.

T(X, y' u, U) — T'l(x, u) Tl(y' U)

The same definitions apply also to the inverse kernel




Image transforms

A transform of particular importance is the Fourier transform:

ux vy
i1
r(x,y,u,v) =e’ Gr+ )

1
s(x,y,u,v) =r~(x,y,u,v) = N

ux v
2GR0

Therefore, the direct and inverse transform can be expressed as follows:

M—-1N-
T(u U — Z Zf(x y) e—]Zn’(%+ﬂ)

e wx vy
flx.y) = N Z Z T(u,v) /"Mt
x=0 =O

It can be shown that the Fourier kernel are separable and symmetric.
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