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Problem set 2

Lie algebras, Classical Yang-Mills

1 Lie algebras

(i) What are the Lie algebras u(N), su(N), o(N), sl(N,R), gl(N,C) of Lie groups U(N), SU(N), O(N),
SL(N,R), GL(N,C)? What are their dimensions?

(ii) Choose a basis of the Lie algebra sl(2,C) given by the matrices

H =

(
1 0
0 −1

)
, E =

(
0 1
0 0

)
, F =

(
0 0
1 0

)
. (1)

Consider now the 3-dimensional adjoint representation and express the generatorsH, E and F explicitly
as 3× 3 matrices. Verify that the commutation relations are the same as before.

(iii) Show that the bilinear form given by a trace in the fundamental representation

Bfund(X,Y ) = Trfund(XY ) (2)

is invariant in the sense that
B([Z,X] , Y ) +B(X, [Z, Y ]) = 0. (3)

for any elements X, Y and Z of the Lie algebra sl(N,C). In the case of sl(2,C) evaluate the components
of Bfund in the basis E,H,F .

(iv) In the case of Lie algebra sl(2,C) evaluate explicitly the components of the the Killing form

BK(X,Y ) = Tradj adX adY (4)

(evaluated this time in the adjoint representation). Show that the Killing form is invariant. Here the
operator adX in adjoint representation acts via Lie brackets,

adX Y ≡ [X,Y ] . (5)

(v) In simple Lie algebra like sl(2,C) all the invariant forms are proportional to each other. What is the
relative normalization between the two invariant forms that we introduced in the case of sl(2,C)?

(vi) Consider a general Lie algebra with commutation relations

[Ta, Tb] = iCcabTc. (6)

where Ta form a basis of g as a vector space. Write the matrix elements of the Killing form B(Ta, Tb)
in terms of the structure constants Ccab.

(vii) (*) Use two times the Jacobi identity

[X, [Y,Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0 (7)

to show that the Killing form is always invariant.



2 Gauge fields, curvature

(i) Consider a set of fields ψ transforming under gauge transformations as

ψ(x) 7→ ψ′(x) = U(x)ψ(x) = e−iθ
a(x)Taψ(x) (8)

where Ta are some matrices satisfying the commutation relations [Ta, Tb] = iCcabTc. Let us introduce
a covariant derivative

Dµψ = ∂µψ + igAaµTaψ ≡ ∂µψ + igAµψ. (9)

Find the transformation law for the gauge fields Aaµ such that Dµψ transforms under the gauge trans-
formations in the same way as ψ.

(ii) Show that under infinitesimal gauge transformation we have

δAaµ =
1

g
∂µθ

a + Cabcθ
bAcµ. (10)

(iii) Define the curvature tensor Gaµν by

[Dµ, Dν ]ψ = igGaµνTaψ ≡ igGµνψ. (11)

Express the matrices Gµν in terms of Aµ and the components Gaµν in terms of Aaµ.

(iv) How do the quantities Gµν transform under gauge transformations? How do Gaµν transform under
infinitesimal gauge transformations?

3 Yang-Mills action and equations of motion

(i) Show that the Lagrangian (QCD)

L = −1

2
Tr [GµνG

µν ] + iψ̄j( /Dψ)j −mψ̄jψj (12)

is invariant under local gauge transformations. Here the fields ψ form a vector in fundamental N -
dimensional representation of SU(N) and the invariant form is normalized such that TrTaTb = 1

2δab.

(ii) Find the Euler-Lagrange equations of motion.

(iii) Consider now the pure Yang-Mills action, i.e.

L = −1

4

[
GaµνG

µν
a

]
. (13)

(where due to our normalization of the gauge fields we use the metric δab to raise and lower the indices
in the adjoint representation). It is in particular invariant under the global transformations. Find the
corresponding Noether currents.

(iv) Use the equations of motion to show that these currents are conserved.


